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1 Introduction

The goal of this course is to give a modern introduction to mathematical methods for
solving hard mathematics problems that arise in the sciences — physical, biological
and social. The toolbox of applied mathematics has changed dramatically over the past
fifteen years.

There are two major factors that have contributed to this change. First, the dra-
matic increases in inexpensive computational speed have made large scale computation
much more prevalent. Computers are now sufficiently fast that algorithms with,minimal
sophistication can perform once unthinkably large computations on a laptep PC. The
consequence of this is a dramatic increase in numerical computations in the scientific
literature; it is an understatement to say that most theoretical papebsiim the engineering
sciences contain numerical computations. Even in the biologicalgsciences it is becoming
more and more fashionable to supplement traditional arguments, with simulations of one
kind or another.

The second major change in the toolbox of applied Tathematics is the advent of
fast, reliable and easy to use packages for routinegumerieal and symbolic computations
(Matlab, Mathematica and Maple). These packages have cut the time for writing small
scale computer codes dramatically, and likewigegshave dramatically increased the size and
accuracy of analytic computations that ca,

he bar of required knowledge for carrying
out numerical calculations. Arme ledge of how to run a computer package,
it is possible to carry out nuin calculations solving for example a set of coupled
highly nonlinear partial différentialfequations. Although the computer will readily spit
out answers, the question then is what do these answers mean?

4
1.1 Compute;'%ra and Mathematical Models

Additionally, they have, as it were, 1

The most dramatic version of this question is to ask what is the difference between
the numerical solution to a mathematical model, and a computer graphics animation
of the same phenomenon. A computer graphics animation of fire aims to reproduce the
salient features of the combustion process and visualize it so that it looks as realistic
as possible. But a combustion scientist simulating this same fire does not care if the
solution visually looks like fire: she is interested instead in whether the chemical and
transport mechanisms are reliably represented, in order to refine understanding of why
and how burning occurs. Such a scientist will be more interested in understanding for
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Figure 1.1. A real picture of fire (left, iStockphoto.com) compared with an animation of fire
(right, quaife.us).

example the nature of the flame front — what is burning; which chemicals are leading
to the color variation; what sets the characteristic scale of the flaine; and of the small
features in the flame — than in making a simulation that visiblyaloeks like fire.

Somewhat remarkably, a computer graphicist trying to simulaté fire might use exactly
the same mathematical structure as the scientist, despite,their completely different ends.
Modern algorithms for computer graphics often solvegionlinear equations motivated by
physics.

Another famous example comes from the wonderfilmovie Finding Nemo. The motions
of the fishes in this movie greatly resembld thosé of real fishes. To achieve this the
animators no doubt needed to learn andwstudy fish physiology. However, the actual
mechanisms of fish locomotion are gaite diffetent than those underlying the animation.
Scientists who try to study the mechanisins for fish locomotion also carry out numerical

simulations of the motion; inste focusing on their visual appeal they instead try to
create as faithful a representagi he motion as possible, in order to discover how it
works.

el aims to understand something animation aims to
emulate it. The di e 1S easy to ascertain when going to the movies. But suppose
in the course of your résearch into some phenomenon you write a computer program to
simulate it. You worked hard on your simulation and are proud of it. Is your simulation
compufer ies, or does it actually teach you something about the phenomenon in
questio‘lie An do you know?

Whereas a mathe

1.2 Calculating while computing

The answer to this question depends both on the model that you have formulated,
and the way that you have analyzed it. Creating good models is in itself a fascinating
subject, but this is not the topic of the present course. The topic of this course is how to
analyze the output of a computer simulation to understand why the output is what it is.
If you solve a horribly complicated mathematics problem, whether a nonlinear partial
differential equations, a set of coupled differential equations, the eigenvalues of a large

10



matrix, etc. it is the contention of this course that you should nonetheless be able to
understand in explicit terms why the solution is the way that it is. It may be difficult, it
may require some approximation, but our contention is both that it is possible in general
to do this, and moreover that without doing it you do not really understand what you
have done.

Indeed, in recent years, an emerging trend is that while there is more and more inter-
est in inventing algorithms for doing fast computation, or doing them on the computer
architectures that have emerged, etc, there is correspondingly less interest in both learn-
ing and teaching analytical methods. After all, why should one learn how to carry out
a difficult and possibly tedious approximate analytic calculation when there exist all
purpose computer programs for solving all problems?

Our answer to this question is that you cannot understand the output of a computer
simulation, however sophisticated it may seem, without some analysis to back™ip the
calculation. You must convince yourself that the calculation is correct, andsmereover
you must understand its essential feature. It is not enough to say ” Lok, my €omputer
simulation looks like the ocean.” You need to explain why it looks like #heloceén, which
numbers you put into the computer mapped into which numbers pharécteristic of the
ocean, etc. Without being able to do this you simply aren’t do’iﬁg good science and
additionally you have little basis to explain why you believe thélanswer that the computer
simulation has given. \

Our aim therefore is to teach, within a broad suite offexamples, how computer sim-
ulations and analytical calculations can be effectiyely Emeined. In this course, we will
begin with problems that are simple—polynomial éqgéttions and first order differential
equations — and slowly march our way towards the#tudy nonlinear partial differential
equations. We will show that a set of simple% provides a framework for developing
an understanding all of these problems.

1.3 What is an analytitQ&ion?

By and large, the analyti
different than thosé@th

computations that we will emphasize in these notes are quite
» usually taught in mathematical methods text books. Our
focus will be on intededuci hods which are structurally stable, in the sense that they
work equally well when t thematics problem is changed. This is opposite to the type
of understanding that is usually taught. For example, in calculus, students are taught
how to carry out a series of integrals which can be carried out exactly. For example,
every calculus student learns that

1 -1
/ 722 dr = tan™ " (z), (1.1)

so that

> 1 s
I = dr = —. 1.2
1 /{)1”2 r=7 (1.2)

11



Calculus students pride themselves on learning these formulas; but in truth we must
admit that they only have content if you happen to know how to compute tan~!(x),
which is after all defined by the integral!

To drive this point home, here is another example of an integral that has long been
taught to (advanced) calculus students, the so-called elliptic integral.

k) / \/1—k2t2
E(x;

— (1.3)

Probably many of you have never heard of the elliptic integral. But in many circles
people still say that a problem has an analytical solution if it can be reduced to elliptic
integrals!

Historically, this view of what it meant to derive an analytical selution to a problem
was quite a reasonable one. Since computers for carrying out dir lutions to math-
ematics problems did not exist, the only way to solve a ~o~e@ was to reduce it to
a problem whose solution had already been tabulated nu r~'- iCa . Tables of functions
(like the arctangent, the elliptic integral, the logarit Whatnot) were collected
together—and indeed copies of these tables were inc& n the back of mathematics
textbooks. For example, the classical two-volu ethods of Theoretical Physics,
Morse and Feshbach included tables of the foll nctions:

Trigonometric and Hyperbolic Functi

Hyperbolic tangent of comple uéa

Logarithms and Inverse Hype@ unctions

i; rguments

inary arguments

Spherical Harmonic Funct

Legendre functions fo
Legendre functig

Legendre f; of half integral degree

® N e ol W=

Bessel fu r cylindrical coordinates
. functions

10 spheric functions

11. L’egen nctions in spherical coordinates
12. Cylindrical bessel functions

13. Mathieu functions

In 1953 when this book was published, learning the properties of these functions and
how to reduce an arbitrary problem you are confronted with to a form that one of these
functions can be used was the critical skill required to do calculations. In contrast, most
of you have never heard of these functions and will have no need for them at any point
in your life. Today, computer calculations have completely replaced the use of tables of
special functions and hence the analytical manipulations that accompany their use.

12



So what does it mean to develop an analytical understanding to a mathematics prob-
lem? Leaving aside its outdated pragmatic nature (and the fact that no human being
can compute elliptic integrals in their head), the main problem with the historical point
of view is that it obscures why a value of an integral has the value that it does. Remem-
bering the name of a function does not give any intuition about its properties — why it
behaves one way and not another.

For example, what if we perturb our nice arctangent integral to be:

100 1
Ir(a) :/0 [ dx (1.4)

There is no special function with this name. Thus within the current system of math-
ematics education there is only one way to solve it — with a computer. A simple com-
putation with Matlab yields that I3(a = 0.1) ~ 1.03. Although this is a very_efficient
way to solve the problem it does not lead to any real understanding of why theintégral
has the number that it does. But on the other hand, we note that Is(a = 0d) is close to
/2 (=~ 1.57). Is it an accident or is it a coincidence? Under what circumstances can the
integral have a much different value? For example, examining the difference between I
and Iy, it seems evident that Iz(a = 0) should be very close to I1¢ ‘Indeed, a numerical
computation shows that I(0) — 7/2 ~ —0.01. What determmes the magnitude of this
difference? What determines the rate at which I>(a) — I; aswe <07

The goal of this course is to develop methods and ideasyfor answering this type of
question in the context of the variety of different préblems that arise in applications.
The ideas we will discuss are weighted roughly equally befween learning the mathematics
and learning how to use a computer to expose and discover the mathematics. Whereas
in 1953 students asking the question ”howﬁb( a) depend on a?” were forced to
rely solely on their wits, today comput e used to help prod one’s wits into
understanding a problem.

It is our belief that developin hinking about mathematics this way is cru-
cial for educating modern stfid n applying mathematical and numerical methods
to the sciences. Despite the'relative’ease of producing plausible answers to hard prob-
lems, learning numerical computation by itself is not enough. First, without having any
understanding of Wy a lem has the answer that it does, one does not understand
how the answer W11>14f(2han n the problem changes. Simply producing a graph with
numbers to be compare phenomenon does not lead to any understanding of why
the phenomenon behaves as it does. Second, without having an understanding of the
answer, it is extremely difficult to determine when the numerical results are erroneous.
A numerical method can be erroneous for two different reasons: either the numerical
method can not solve the intended equation accurately enough, or the equation itself
could be inaccurate, due to unjustified approximation. We will illustrate herein that
both of these situations can be quite subtle; only with careful understanding can it be
debugged and understood. Finally, an understanding of why the answer has the value
that it does allows one to design numerical algorithms for much more difficult problems
than would be possible if such an understanding did not exist.

13
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2 Solving Unsolvable Problems: An
Introductory Example

2.1 Pig farming and Polynomials

We begin this course with an example. This example is in a sense a simple one, though the
procedures we use to analyze it are not. We will use these same procedures throughott the
course, starting with polynomial equations and ending with nonlinear partial'différential
equations. The mathematics will be more complicated but the general logic remains the
same.

Suppose that in the course of your research on pig farming you learnishat the number
of pigs that will be on a farm in a given year are related to the sélutions of the following
polynomial equation

apr® —ayx +ag =0. _ (2.1)

This equation arises as the balance between the cost of pigs, which is agz® + az, and
the profit that is made from the pigs a;x. The, €68t contains two terms the first agz®
represents the fact that pigs eat more food @here are many pigs around since they
tend to chase each other around a lot; @ as is the fixed cost of maintaining the

pig farm. @
Since this is a quintic equatiﬂe are five solutions; this is because of a theorem

from Gauss in 1799, that showe at an n'" order polynomial equation has n com-
plex roots. We need to determine how all of these solutions depend on the parameters

ap, ar, az. 0‘

> &
How do we procééd?
L4

2.2 Analytical Solutions to Polynomial Equations

At this point you might remember that at some point in your life you learned how to solve
polynomial equations analytically. For example, the quadratic equation az? +bx +c =0
has the solution

. —b+ Vb? — dac

2a

(2.2)

15
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Evidently, the definition of an ’analytic’ solution used here is that the solution can be
reduced to a single formula requiring only the evaluation of square roots. Indeed, fifty
years ago the predominant computational device was the slide rule, which did allow the
user to compute square roots. This formula was useful, because it was a mechanism to
use the slide rule to solve an arbitrary quadratic equation.

It is therefore natural to wonder whether such formulas exist for arbitrary polynomial
equations.

Indeed, you will be heartened to know that the cubic equation
oyt tay+r=0 (2.3)

also has such an analytic solution. Substituting y = x — p/3, an arbitrary cubic can be
reduced to

2 tar+b=0 q (2.4)
with a = (3¢ — p?)/3 and b = (2p® — 9pq + 27r)/27. Defi é
b2
—+

a3
27

(2.5)

1/3
(2.6)

then the solutions are z = A —|— —(A+ B)/2 £ (A — B)/2y/-3. The price
to pay for solving the cubic rst, more ar1thmet1c operations are required; and
second, it is necessary to Qo efficiently calculate cube roots in addition to square
roots. Happily, slide that too.

Even less illu
tion

is the exact solution of the quartic: An arbitrary quartic equa-

< B st rard +b2 +ecx+d=0 (2.7)

L LN

can be*solved y through the following procedure. First solve the cubic equation

y? —by? + (ac — 4d)y — a’d + b*d — 2 = 0. (2.8)

If y is any root of this equation and R = y/a?/4 — b+ y is nonzero then if we let

D = +/3a%/4 — R% — 2b+ (4ab — 8c — a3) /4R (2.9)

and

E = /3a%2/4 — R2 — 2b — (4ab — 8¢ — a3) /4R (2.10)

16



then the four roots of equation ( 2.7) are x = —a/4+ R/2+ D/2 and v = —a/4— R/2+
E /2. The formula is not pretty; as a computational device for a person who can compute
roots (with a slide rule!) it is quite useful though.

The complexity of these solutions is sufficiently daunting that you will probably be
left with mixed emotions on learning the theorem due to Abel and Galois that there is
no such formula which allows solving quintics or any higher order polynomial equation
exactly with a finite number of arithmetic operations. Any disappointment at the lack
of such a solution is mitigated by the realization that even the formulas for the cubic
and the quartic are of marginal use for computing or understanding the solutions. The
fact that the method of solution breaks down for quintics and higher order equations
reflects that the method of solution is not robust.

In ancient times, the lack of solutions to such equations was problematic because it
literally meant that there was not a simple method for finding the roots to higlier order
polynomial equations.

2.3 Dominant Balance and Approximate Solutions X

So what are we to do? The history of applied mathematics has given two different
approaches for finding solutions that are structurally stable;"in that they allow finding
solutions to arbitrary equations, without regard to the eguation’s order:

1. Numerical solutions. These generate numbezs tto.’a.n'y desired degree of accuracy.Modern
computers allow solving for finding all therootsiof arbitrary polynomial equations
quite easily.

2. Alternatively, one can relax the re
(with a finite number of arithmeti
which approximate the soluti

t that the analytic solutions are exact
tions) and instead seek analytic formulas
rhaps arbitrarily) high degree of accuracy.

We will see in what follows thatthese two approaches complement each other well:
numerical solutions robustly produce arbitrary answers with arbitrary accuracy, whereas
approximate solutigns uce simi)le formulae which capture the solution (with some
error) over a wide’&ram ace. In some cases we will see that approximate solutions
give crucial input go‘gen proved numerical calculations, whereas in other cases
the numerical calculatio ill give us confidence that the approximations we have made
are good ones.

In what follows, we will solve our quintic using a very simple but exceedingly powerful
idea — that we will return to again and again during our course — the so-called Method
of Dominant Balance. The idea is as follows:

17



The Method of Dominant Balance

Suppose you are given an equation in the form
A+B+C+ D=0,

where A,B,C,D are different terms in the equation. These terms could represent elements
of a polynomial equation (e.g. 2°) or could represent terms in an ordinary differential
equation or for that matter terms in a nonlinear partial differential equation. It is in-
variably the case (unless you are extraordinarily unluckly) that two of the terms are
larger than all of the others. For example, it could be that A, D are larger in size
than B, C. If this were the case we can then ”approximate” the original equation by the
neglecting B, C' entirely and instead solving

4+D=0 <
We can then check that this reduced equation is ” corgisb aking the solution to

the reduced equation, plugging it back into the origin ion, and verifying that the
neglected terms (B, C') are indeed smaller than the terms we have kept. If they are,
our hypothesized solution is ”consistent”; if n@ ution is ”inconsistent” and we

must find another dominant balance. ;Q
We will employ the method of domin n@e continuously in the rest of this course.

\ 4

2.4 Nondimensionaliza%

Let us now return to our he first step in making progress is perhaps the easiest:
tion depends on the parameters ag, a1, as . Let us write
te this into (3.2). This substitution yields

we are interested in
x = az/ary, and
5
? 2
LY 2 1
};y L 4
Now din by a9 yields

a

%<)yﬁﬁmy—n:0 (2.11)

a

5
‘10<a2> 5 _y+1=0. (2.12)
as \ a1
If we now define
4
e =002 (2.13)
aj
the equation is
exd —x+1=0. (2.14)

18



(where we have taken the liberty to rename y again by x).

At first sight these might seem like mere algebraic manipulation. But we have learned
something already that is very important about the solutions to this equation: namely
they depend only on a single combination of the parameters ag, a1, as. Hence if we
determine how the solutions depend on the single parameter ¢ we will have learned their
dependence on all of the parameters of the problem.

We will now proceed to discuss how to find out the dependence of the solutions on e.
Our goal here is twofold: first, we want to answer a qualitative question about the roots
to the equation (2.14): How many of them are real? We will see that a rational guess
for this can be developed without having to compute the values of the roots explicitly.
Then we will become more adventurous, and develop accurate analytic expressions that
approximate each of the roots to this equation. We will see that with enough work
(without the help of a computer), one can develop formulae that are accura@ any
desired accuracy. A

We begin by seeking expressions for the roots in the two limits e — 0 ax ", > 00, and
then try to match the expressions in the middle to find the answer& estion.

2.4.1 A Dominant Balance: ¢ — 0 é
(

First we consider the limit where ¢ — 0. There are thre in equation (2.14), ez®,
—x and 1. For the equation to be satisfied, these ter st sum to zero; typically in
a distinguished limit (like that of € — 0) two ﬂ@r\s will be much larger than
the other. To discover formulae for the roots V\@ o examine each of the possible

balances and decide which ones are consiste%

o~

e between —x and 1. This balance implies that
his balance to be self consistent we need ex® < 1,
11. Hence, this balance is consistent.

Balancing —z ~ 1

The first natural possibility i
to a first approximation, x
which is satisfied as long

We can de\{elggﬁn 1
making in satlsfylng*he
sion

rmula for this root by noting that the error we are
when we set © = 1 is O(e). This motivates the expan-

z=1+) ane". (2.15)
n=1

To find the values of the a,,’s, we plug equation (2.15) into equation (2.14), and choose
the a,’s to satisfy the equation order by order in e. Plugging in, we obtain

[e'e] 5 [ele}
6<1+Zanen) 1Y ae =0, (2.16)
n=1 n=1
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At leading order O(e) this gives € — aje = 0 , implying a1 = 1. At O(e?) we have
5aie? —age? = 0, implying as = 5a; = 5. At O(e?) we have that 635a2+6310a%—63a3 =0,
or ag = 35. Hence we have shown that

r=14e+5e%+356 + ... (2.17)

With enough energy one could of course compute this to any order. A bit later we will
discuss how such calculations can be done with symbolic manipulation packages (such
as Matlab or Maple).

Before proceeding to find the other roots, note one important feature of the expan-
sion in equation (2.17): the magnitude of the coefficients a,, are increasing with n. The
consequence of this is that we anticipate that the radius of convergence is going to be
less than 1, implying that this formula is not going to work all the way to e = 1 (our
goal)! Roughly speaking, the radius of convergence of the series i@;ation (2.17) can

n+1
be estimated as ‘%‘ < 1, therefore e < %2 =1/7. @
n 3 E

. L/
Balancing 2° ~ —1 x
We have so far only found one solution to our e &.14), but we know there must
be five! We must therefore turn to other possi ing order balances. Consider the

5

balance ex® ~ —1. This implies that x ~ or this balance to be consistent the

neglected term = ~ —e~ /% must be sm n the terms we have kept. But it is not!
In the limit € — 0, the size of the siegle term diverges, whereas the two terms we

have kept are order unity. Therefore thi is not a consistent balance.

a consistent balance we would have been in real
which would have led to a grand total of 6 solutions
impossible!

Of course, if this had turne
trouble. There are five root
to our quintic, which we

Balancing 2°

11/4

The ¢ balance is ex® ~ 2. This balance leads to the four roots x ~ 77
Thesize, of ted term 1 is much smaller than the size of the terms that we have
kept Ov(e_l/ S is balance is self consistent. These four solutions together with the
solution we derived above make up the four roots of our quintic!
To develop better approximations to these roots, it is convenient to write x = 613//4.
Plugging this into our quintic equation (2.14) leads to the equation for y
v —y+elt=0, (2.18)
so we anticipate that there will be an expansion in ¢'/4. We write
o0
y =144 b (e/hn, (2.19)

n=1

20



and plug into equation (2.18). To leading order in ¢!/* we find that b; = _Tl, and so on.

Let us now reflect on what we have found. In the limit ¢ — 0 we have found five roots,
3 of which are real, and 2 of which are purely imaginary. Based on the coefficients in the
perturbation series for the first real root we expect something to happen to this root for
€ ~ 1/7. Thus we are not able yet to make a statement about the number of real roots
at e =1.

2.4.2 The Second Dominant Balance : ¢ — oo

The other natural limit to consider is € — oco. Considering the balance arguments we

made above, the only consistent possibility in this limit is that ez® ~ —1, implying that

(=pt/e 1/5

x ~ 55— Letting x = y/e'/° we have

PP +1) —y=0. "(2.20)

Letting y = (=1)Y/5 + 32°° ¢, (¢'/%)" gives a set of equations (order By Ordef in €'/%)
for the ¢,,’s. ¥

The most important qualitative lesson from this limit is that sificethe roots at € — oo
are fifth roots of unity, there is only one purely real root, andfous complex roots. This
should be contrasted with the situation for ¢ < 1 where gherésare three real roots and
two complex roots. :

2.5 Testing the theory with num%ical’éimulations

We have thus developed an analytical h sis for the nature of the roots in both the
limit of small € and large e. We now test the theory, to see how well it works.
Figure 2.1 plots the numerically, @i positive real roots of equation (2.14) (solid
lines), as well as the analyti€ expe€ssions derived above (dashed lines). Note that the
figure is a log-log plot, expressing the logarithm of the root as a function of the logarithm
of e. {

.
The great advamfage o

is that if z = €? for som
straight line on a log-log

le log plots (which we will use frequently in these notes)
er p, then log(z) = plog(e). Hence the power law is a
ot and the power can be read off as the slope.

You can see that the two positive real roots merge at ¢ ~ 0.08 after which they no
longer exist. The dashed lines follow the roots very accurately up to this merger point.
The dotted line shows the e~1/4 law, that is valid to leading order at small e. Figure 2.2
shows the negative real root. This real root exists for all . The plot shows that the root

diverges as e /4 at small ¢ and decreases as e 1/ at large €, just as predicted.

All in all, the theory works extremely well.
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Figure 2.1. Plot of the numerically calculated negative re
as well as the analytic expressions derived a

Program 1 MATLAB code used to creat

o

equation (2.14) (blue line),
ack lines).

2.1

$Calculate the numerical roo

o

nn=—6:0.001:—1.2;

eps=10."nn;

for i=1:1length (eps)
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end
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%$Plot the analytic expressions
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[
w
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'—k',eps,y2,'—", "linewidth', 2);
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as well as the analytic expressions derived above (bl At small € the root

Figure 2.2. Plot of the numerically calculated negative real roots (2.14) (blue line),
)-
1/4

diverges as €~ /%, whereas at large ¢ it decreases

0

2.6 A bifurcation (phase transition

This transition in the beha the solution is an example of a mathematical bi-
furcation. An important qug nderstanding the qualitative structure of solutions
to equations is to understa ‘and why bifurcations occur. Here we can understand

n ] [ yme intuition from quadratic equations: from equation
(2.2) for the roots m qua equation, we see that the solutions can transition from
two real roots to tvvo cory roots when the discrimanant b? — 4ac switches sign. This
would be a simple mechanism for two of the real roots to annhilate each other and form
two complex roots at an intermediate value of €, and would occur if the two roots had
the behavior x ~ +4/€, — € for € ~ e,. When € < €, there are two real roots, while when
€ > €, there are two complex roots.

There is a simple analytical way of testing this theoretical idea. At the value of € when
the number of complex roots changes from 2 to 4, there has to be a transition value of
€ where the two roots that change are both real, and where they are identical. This is
what happens in the mechanism from quadratic equations outlined above.
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This can be expressed in mathematical terms as follows: At the critical ¢, F(y) =
€y’ —y + 1 can be factored in the form F(y) = (v« — y)?>G(y). The consequence of this
is that at the critical €, dF'/dy = 0 is also satisfied! We can use this to our advantage.
Since dF/dy = 5ey* — 1, we have y = 1/(5¢)'/4. Using this in the equation F' = 0 gives
a formula for €, namely

& =R= ((5{1/4}>1 - (5{5/4}>1>4 (2.21)

or e = 0.0819...

Note that this transition occurs precisely at this value. The singularity that the radius
of convergence is pointing to is precisely the one that causes the number of real roots to
switch. Thus from examining the behaviors of the roots near both € ~ 0 and € ~ co we
have a rather complete qualitative picture of the solutions!

2.7 Lessons Learned :f.‘

Let us now summarize the lessons from this examples

1. The first step in our analysis was nondimqﬁsionalization. By this, we mean the
rescaling that occurred when we transitidned the equation agz® — a1z 4+ as = 0 to
the equation for x depending only on, é4This step demonstrated that the solution
set should only depend on a single:’ parameter combination ,and set us up for the
idea that the solutions might have two regimes, one at small € and another at large

became large or small.

€.
2. The second step was t& the various possible limits when our parameter €

In these limits use the idea of dominant balance — namely of the three
terms in thiee ion, only two dominate. Assuming different dominant balances
we were able tonmderstand quantitatively why the solutions were what they are.
We deyeloped a theory for how many real and complex roots there are and how it

3. Vifg»the d our theory with numerical simulations and demonstrated it to be
1vely accurate. Indeed any lack of confidence you might have felt from the
analysis should have been completely assuaged with the numerical simulations

In the rest of this course, we will apply this procedure to examples of increasing
mathematical complexity. First we will continuing with more on polynomial equations
to give you more experience and flavor for these arguments; then we will move on to
ordinary differential equations, integrals and eventually to nonlinear partial differential
equations. Although solving the individual mathematical problems that arise will become
harder, the logical framework will remain the same.
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3 Dimensions and Dimensional Analysis

3.1 Introduction

Before proceeding with more mathematical examples, we want to take a moment and
think about the "nondimensionalization” step in the introductory example. Recall that
we made the substitution x = (a2/a1)y, and substituted this into (3.2). The substitution
ultimately led to our favorite quintic, namely ez® —z + 1 = 0.

Why did we call this dimensionalization? Every mathematical equation, iliclutling this
one, arises in applications as relationships between different quantitiespofyinterest. For
example, one might wish to formulate an equation for the price of &gtoekas a function
of time; or the wind velocity as a function of position in the middle of*Boston Harbor;
or the energy levels of a molecule. o

A simple statement can be made about the structure gf'the’equation without any
knowledge of the underlying system: Namely, the equationyrelates quantities to each
other that have different dimensions. For this reasghjythe relationship must contain
certain constants which allow the equation to cofivert between the different dimensions.
This observation is so simple that one might expeet.it4o have very little content: however,
the opposite is the case! One can learn a lot t a problem by just thinking through
the dimensions.

There are two consequences of th rst, one can often guess the form of an
answer just by thinking about w t imensions of the answer should be, and then
expressing the answer in terms antities that are known to have those dimensions.

Second, the scientifically interesting results are always expressible in terms of quantities

that are dimensionless, nef depending on the system of units that you are using.

the different terms in the quintic agz® , —a12 and as all
ose x is the number of pigs, and the equation represents
sociated with owning the pigs. For example:

In our polynomia ,Pro
have the same dimensions?
different dollar amounts

e aoz® could represent the amount of money spent on food required to house x pigs

e ay denotes the cost of owning a barn and a;x denotes the money made on selling
X pigs.
Hence in terms of dimensions,

e ag has the units of dollars/(number of pigs)®.

e ay has the units of dollars/(number of pigs).
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Actually, any function of
this dimensionless num-
ber is also dimension-
less.

How many are there?

e a9 has the units of dollars.
The only dimensionless number is the combination

apaj

5 b
aj

(3.1)

which indeed our expression for e.

In the present polynomial problem, there is only a single dimensionless parameter. If
we had considered the more general quintic agz® + a1z + agz® + asx® + aux + a5 = 0
the number of dimensionless parameters will be larger .

There is a famous theorem that determines how many dimensionless parameters are
needed to specify a given problem. The theorem summarizing this is called Buckingham’s
theorem, the general principle of dimensional analysis. We will present,this theorem, and
then present some simple examples of dimensional analysis to illustraté the power of the
approach. And finally we will demonstrate in a few expligit examf)les how to put an

R 2

equation into dimensionless form, thus illustrating how 7ge & "aziSes in some concrete
cases. "

3.2 Buckingham’s m Theorem

This theorem was discovered/formalized by E. Buckingham Phys. Rev. , 4, 345-376,
1914. It is amusing to note that Bugk'rnéhz{m worked at the U.S. Bureau of Standards!,
building upon an earlier idea thati (he jgredits to) Fourier that all of the terms of a

meaningful equation must have ate dimensions.

The idea is the following;: e you are given a problem which is characterized
by some number of para Q;},i = 1...N . These parameters in general have
dimensions, and for jdai they are not all independent. Buckingham’s theorem
states that any me ul"statement about the system

P[{Qi} =0 (3.2)

o’gher statement

. °.
is equ%{}en

4

U[{Il,}]=0 n=1..N—r, (3.3)

where the variables II,, are dimensionless. The main point is that the second relation
contains r fewer variables than the first relation.

The basic reason behind Buckingham’s theorem is that any problem has some num-
ber of ”fundamental units” that must be specified for the problem to make sense. For
example, in a problem involving Newton’s laws of motion, we must specify the units of
mass, length and time. Equation (3.2) contains quantities specifying this list of units,
whereas equation (3.3) does not, since the variables II,, are dimensionless. The number
r is therefore just the number of fundamental units that need to be specified.
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3.3 Examples

The main point of Buckingham’s theorem is that the best way to write a mathematical
relation between variables is in dimensionless form. Sometimes, by writing the problem
in dimensionless form one can learn everything one wants to know about it. This lucky
situation sometimes happens, and sometimes doesn’t; when it doesn’t, calculation is
needed, hence requiring the methods of this course!

In what follows we will go through several examples of dimensional analysis, exposing
both when it works and when it doesn’t work.

3.3.1 The Pendulum

This is a problem that you all know quite well. Consider a pendulum with len and
mass m , hanging in a gravitational field of strength acceleration of gravi “What
is the period of the pendulum? We need to construct a quantity wi i f time
involving these numbers. Mathematically we are seeking for the fer m,L,g),
to balance the dimensions in both sides, the mass must not ap, the function.
ThereforeThe the only possible way of doing this is the combinati L/g . Therefore,

we know immediately that

Tyendutum = C\/Z-. @@ (3.4)

Here c is a dimensionless constant Thus, we arriiw\e result that doubling the length
of the string increases the period by v/2 .

Before celebrating too much about thi @ , let’s think about the assumptions and
limitations. In writing equation (3.4 ave assumed that various parameters were
not important, including (a) &d (b) the amplitude of the oscillation. The
damping parameter v has t sions of time™! , whereas the amplitude A has the
dimensions of length. Agai ooking for the function T'= f(m, L, g,v, A). There
are 3 fundamental unitss s and length. According to Buckingham’s theorem,
it has 3 indepedgyga di parameters in this problem. Therefore if we account
for these effects, th%%est a we can write for the period is

L VL A
Tenuum: —® - 7 |- .
pendut g <\/ g L) (35)

Here, ®(«, ) is function of the two dimensionless variables, and ®(0,0) = ¢ . Thus
we have learned that as long as ®(«, ) is not singular as «, 5 — 0 our original result
(3.4) holds; however in general we expect the relationship between period and these
parameters to be more complicated.
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The only way to uncover this relationship is to solve the equation of motion. For a
pendulum displaced an angle 8 from the vertical, according to force balance, the equation
of motion is given by

d*(L0) d(L9) .
o2 my == + mgsin(6) = 0. (3.6)
It is simplified as
d%0 db )

To proceed further and compute ® we would like to rewrite this equation so that only
the dimensionless variables appear: to do this, we need to rescale time in terms of y/L/g
. Therefore we introduce the new time variable ¢t = \/L/gT. If we now rewrite equation
(3.7) in terms of T" using the chain rule

d dT d @
il @ (3.8)
we obtain

®
20 Ao N
a7e + a s + sin(0) =0 (3.9)
The equation therefore now apparently involv gle parameter, o = L

In order to fully specify a solution to equa .9) we must also give initial conditions.
If these conditions are given as (T =, !‘ and (T = 0) = 0 , we then have specified
the second dimensionless parameter 5 =6y . The solution to equation (3.9) encodes the
dependence of the period on thege imeters. Clearly we see the dimensionless form

T= \/§¢(a, 6p) is recovered

Now, to find out more Q(a, B) we need to actually solve the equations—this is
where 'physics’ ends ematics begins! If this were a course in pure mathematics
we would try to y demonstrate the properties of the function ® . The approach

of this course w, be to take the approach of examining the limiting cases a, 5 —
0,00 , and th t the limiting cases together.

VX;&?HI ut a study of the limiting cases here, other than to note certain
first natural limits to assume are 3,a — 0 . Here it is natural to
g that the limit is a regular one, so that nothing singular happens to
the function ® . In this case ®(a, 8 — 0) — ®(0,0). We expect the corrections to this
limit to be O(a, B) (i.e. linearly proportional to « and 3 .) It is straightforward to verify
that in the present problem the limit is indeed regular, though we will see in this course
that this is not generally the case.

3.3.2 Planetary orbits

Present a derivation of Kepler’s laws, starting from Newtonian mechanics and the r—2
law.
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3.3.3 The size of atoms

The size of an atom is given by the solution to the Schrodinger equation, namely

2

ih%@(r, t) = h Vzlll(r t)+ V(r)¥(r,t), (3.10)
where V(r) is the interaction potential between the electrons and the nucleus. For the
hydrogen atom this is particularly simple and the solution to this equation gives the
probability distribution that the electron will be a distance r away from the nucleus.
But we can solve for the characteristic scale even without solving the equation. The
parameters in the equation are /i , Planck’s constant, the mass of the electron m, and
the electric charge e. Planck’s constant has the dimension of Energy-Time, whereas we
must recall that e?/Length is also an energy scale (recall Coulomb’s law). The only way
to make a length scale out of these numbers is through

2
a0 = " =053 x 10~%cm. [£ 0.053 nm b@ 3.11)
Mmee

This is the famous Bohr radius.

We can also extend this argument to estimate the density ter Roughly we say
there is one proton for every bohr radius: remember th mber of protons and
electrons increase together to maintain electrical neutr “Hence the density is given
by

po = 2 = 1.4g Jew? (3.12)
o

3.3.4 Fluid Viscosity Q
{4

Let us compute the viscosity
v with units of Length?/Ti
Momentum transport is r
each other. Whata@m

dimensional analysis. The viscosity is a number
haracterizes the momentum transport in a fluid.
racterized by the molecules in a fluid bumping into
rize these interactions? For a fluid at temperature T'
, we have the soﬁ'hd"eloc f given by dimensional analysis as ¢ < /kgT/m, with
m the mass of a patticle, e intermolecular scale a . Now by dimensional analysis,
the viscosity must have the functional form

v~ oeXa. (3.13)

Now, the speed of sound in water (and indeed in most fluids) is about 1000m/sec ;
the characteristic distance between water molecules is about ¢ = 10~?m . Hence the
viscosity of water should be about

v~ 10°m/sec x 107%m = 107%m? /sec = 10 2cm? /sec. (3.14)
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Indeed, this is essentially exactly the viscosity at room temperature! Note that our little
theory also gives the temperature and molecular weight dependence of the fluid viscosity.

More serious theories of viscosity (based e.g. on the so-called Chapman Enszkog expan-
sion of the Boltzmann equation) solve an integral equation for v :since the parameters in
the equation are necessarily those that we have used here ¢ and a , the theory computes
our answer up to a prefactor, typically of order unity.

A thought question If the argument we have given here is correct then really all simple
fluids should have the same viscosity: after all, the molecular size is essentially constant,
and the sound velocity is also rather constant. However if you look in the CRC handbook,
you will note that there are some fluids e.g. glycerol that have much higher viscosity than
that predicted by our simple argument. Why?

The size of animals

A famous essay in biology was written by the evolutlonary blologrst J.S. Haldane, On
Being the Right Size. In it he wrote

The most obvious differences between different animal‘s. are differences of size,
but for some reason the zoologists have paidgsifgulawly little attention to them.
In a large textbook of zoology before me I findyno indication that the eagle is
larger than the sparrow, or the hz’ppopot'awius bigger than the hare, though
some grudging admissions are madedan the case of the mouse and the whale.
But yet it is easy to show that g hafescduld not be as large as a hippopotamus,
or a whale as small as a herfing. For every type of animal there is a most
convenient size, and a larg ange in size inevitably carries with it a change
of form. %

He then goes on to ask
are. He points out se

1. The weight/of
Indeed yout ¢an asSume the density is roughly that estimated above in terms of the

Q the constraints that lead to things to be the size they
ictfacts: Let us call the size of an animal by R.

nimal increases like R? , assuming that the density is constant.

fundamental eonstants of nature!
2. Bhe 1 h@ﬁ'something is, the easier it is to break when it falls over.
This*leads nteresting question, that I’'m hoping one of you will fill in the answer

to: What is the critical size of an animal so that it breaks when it falls over?

3.3.5 Atomic Energy Scale

What is the characteristic energy of electrical binding in atoms? We know that the
interactions are electrostatic, and we have already calculated the size of an atom ag .
Therefore the electrostatic energy is

= . (3.15)
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Evaluating this number, it is about 27eV.

3.3.6 Man’s Size

Bill Press, when teaching a physics class at Harvard, took this argument a step further.
He asked whether he could express the size of a human in terms of fundamental physical
constants, and argued that the size of man is given by

h2 62 1/4
() (G) a0

where e is the electron charge, m., m,, is the mass of electrons and protons, G' is Newton’s

gravitational constant.

3.3.7 The Radius of the Earth qg

Press also gives a very interesting argument for the radius of the eart argues that
~ al velocity of

the earth’s atmosphere does not contain hydrogen, and therefore t
hydrogen in the atmosphere must be above the escape veloc%

For a body to escape the earth’s gravitional field, it nee city

GMear
p? = S earth (3.17)

Rearth y @

On the other hand, the thermal velocity of h

is Boltzmann’s constant, and 7T is the temp
need

is given by v2 = kﬂ‘i—T, , where kp
P

of our atmosphere (300K). Thus we

kp1;

arth
. (3.18)
Rearth
This gives one relations en the mass of the earth M., and its radius.
Another relationship co r claim that the density of matter is given by the
expression abovg.‘

M th m
= a—g’ (3.19)
0

If we combine these two equations, we arrive at the following expression for the radius

of the earth
[ kT
Rearth = a0< —Gm%/CLo) (320)

Note the number in brackets is dimensionless: this is the (square root of the) ratio of a
thermal energy to the gravitational energy between two protons separated by the Bohr
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radius! Assuming 7 = 300K , the thermal energy kT = 4.1 x 1072! J, whereas the
gravitational attraction between two protons separated by the Bohr radius is Gmf, Jag =
3.5 x 107°* J. Hence we have that

Rearth = 3.5 x 10%4qy, (3.21)

which is 1.8 x 10® cm.

This is to be compared with the actual answer of 6.4 x 103 !
3.3.8 Another Calculation of the Earth’s Radius
I was very enthusiastic about the elegance of this formula, and once enthused about it

to Prof. P. Chaikin, from NYU. Chaikin pointed out to me that t roblem with this
argument is that it assumes that one has made a measurement o mosphere of the

earth, to check that there is no hydrogen. He argued that if w going to make such
a measurement we might as well just measure g, the gravit eleration of a body,
and use that to make our calculation. So let’s try this.‘& combine
GMearth *
Rearth @
with
M
. 2. (3.23)
eart )

These give another beautiful for@ namely

QQM = ap (#M) (3.24)

he Bohr radius multipled by the ratio of the measured gravi-
d the acceleration that a mass feels one Bohr radius away from

so the earth’s r
tational accele
the center of

we find that the ratio of these accelerations is 2.28 x 10'7, so that
Rearth ~ 1.17 x 10%m. (3.25)

This overestimates the radius by a factor of two!

3.3.9 Taylor’s Blast

This is a famous example, of some historical and fluid mechanical importance. The myth
goes like this: In the early 1940’s, there appeared a picture of the atomic blast on the cover
of Life magazine. GI Taylor, an applied mathematician at Cambridge, wondered what
the energy of the blast was. When he called his friends at Los Alamos and asked, they
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informed him that it was classified information. So he resorted to dimensional analysis.
Let’s imagine that the energy of the blast is Ey . The blast starts from a spatial point.
The dynamics basically just pushes the air out of the way. The speeds of this process
are enormous so viscosity isn’t important. The only important material parameter is the
density of air pg . So, let’s ask: what is the radius R(t) of the blast as a function of time ¢
from the detonation time? We need to create an object with units of length out of Ejy, pg
and ¢ .

Now Eqy/po has the dimensions of L?/T? . Thus, (Ey/pot?)'/ has the units of length.
Therefore

R(t) = c(Eo/pot®)'®. (3.26)

Now suppose you want to estimate the energy of the blast. ¢ is a constant we don’t
know, but it is probably ~ 1 . We can measure the radius of the explosion ffom the
cover of Life magazine. We know how long it has been since the blast, since the limits of
strobe photography are around 1u sec . We know the density of air. This, one can solve
for Ey . &

The story is that Taylor called up his friends at Los Alamos and told ‘gh’em the correct
number. They were deeply worried that security had been breache.,d’. |

The mathematical basis for Taylor’s calculation requires ﬁndmg a particular solution
to the equations of gas dynamics, assuming that the gas ighnitially at very high density.

3.3.10 Pythagorean Theorem:

Now we try to prove the Pythagorean theore dimensional analysis. Suppose you are

given a right triangle, with hypotenuse le and the smallest acute angle ¢ . The

area A of the triangle is clearly A = A Since ¢ is dimensionless, it must be that
A

4 ) (3.27)
, where f is some function that wetdon’t know.

Now, the right triangle can be divided into two little right triangles by dropping a line
from the other aa@ a hich is perpendicular to the hypotenuse. These two right
triangles have hypeténus ich happen to be the two other sides of our original right
triangle, let’s call them b . So we know that the area of the little right triangles
are a®f(¢) and b?f(¢) (where, elementary geometry shows that the acute angle

¢ is the same for the two little trianges as the big triangle.) Moreover, since these are
all right triangles, the function f is the same for each! Therefore, since the area of the
big triangle is just the sum of the areas of the little ones, we have

L*f =d%f +b*f (3.28)
or,

L* = a® + b2 (3.29)
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3.3.11 McMahon’s Rowers

Professor T. McMahon from Harvard asked the following simple question in 1970. Con-
sider the crew boats which row on the Charles. How does the speed of the boats, scale
with the number of rowers in a boat? L.e. If a crew boat existed with 128 oarsmen, how
much faster would it be than a crew boat with only 2 oarsmen?

The way that the boat works is that the power being imparted to the water from the
rowers is balanced by the drag on the boat. If there are N oarsmen, the power that is
provided is proportional to the number of oarsmen: P = kN . What is the drag? The
drag force depends on both the velocity of the boat V' , and also the area of the surface
of the boat. If the length of the boat is approximately L , then dimensional analysis says
that the drag force is

pV?L?,

where p is the density of water. E @

(3.30)

The power required from friction is therefore 0\
pV3L2. & (3.31)
Equating these two gives 0

pV3L% =Yy (3.32)

To finish this off, we need a relation between L and N . Roughly speaking, the volume
of the boat is proportional to th r of oarsmen. Therefore we expect

@ ula gives

V o N9 (3.34)

(3.33)

Combining this in t

that a 128 person boat is exactly 641/9 = 1.6 times faster than

Thugy t
a 2‘%36&’11 b
*

3.3.12 Lessons learned

Dimensional analysis is a powerful method to understand the relation between physical
quantities in a given problem. The basic idea is, all scientifically interesting results are
expressed in terms of dimensionless quantities, independent on the system units you are
using. There are two consquences of this idea: first, one can often guess a resonable form
of an answer just by thinking of the dimensions in complex physical situations, and test
the answer by experiments or more developed theories. Second, dimensional analysis is
rountinely used to check the plausibility of derived equations or computations.
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A general principle of dimensional analysis is formalized by Buckingham, known as
Buckingham’s 7 theorem. It states that every physically meaningful equation involving n
variables can be equivalently rewritten as an equation of n—m dimensionless parameters,
where m is the number of fundamental dimensions used. Furthermore, it provides a
method for computing these dimensionless parameters from the given variables.
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4 Polynomial Equations: Random and
Otherwise

4.1 Solving Polynomial Equations

The introductory example described how to solve a quintic polynomial equation. We
introduced the method of dominant balance, and combined it with computer simiilations
to develop analytical approximations for all of the roots of the polynomial. Adthough we
implied that our methods were very robust, it must be admitted that ¢helanalysis was
carried out on polynomials with a quite well defined structure. A perféctly wéasonable
objection to our claim of generality is that we have provided no evidenéde for whether
the mode of analysis we employed works on arbitrary problems. Peihaps the choice of a
quintic was contrived. ¢

To address this head on, here we consider what happens whemwe analyze truly random
problems: namely, we will consider (in this case) polynémials, in which we choose the
coefficients of the polynomials to be anything at all-#.ghwe will choose the coefficients
from a probability distribution. s

Consider the roots of a general quartic polyaomial

p(z) = apx + a3 + aqx + as. (4.1)
Let us first review the method balance applied to such polynomials. The
method consists of two stepsfi sertion that in general two of the terms in this

polynomial will be larger than the others and will represent the dominant balance. Second
we need to test whether the solution to the simplified equation for the dominant balance
indeed implies thafgth ected terms in the equation are indeed smaller than those
that we have kept..g,

For example suppbse t e two terms are the first two, so that the dominant balance
is apz* + a1z ~ 0. The roots of this equation are either z = 0 or x = —ay/ag . We can
find out if either of these possibilities is self consistent by plugging the solutions into
the original equation and requiring that the terms are small. Now the x=0 root has no
chance unless all of the other coefficients are zero. As for = —aj /ag , for this to be self

4
consistent we need the size of the terms we have kept in the dominant balance ag (Zé)

to be much larger than the other terms that we have neglected.

4 3 4 2
For example, ag <Z(1)> >> a23 = as (Z(l)) and ao(;é) >> a3z = a3 (Zé)

37

Unless you are unlucky,
but by definition this is
unlikely!



Famous? Be serious.

Indeed each of the possible dominant balances correspond to a series of inequalities
of this type. For each fourth order polynomial each of the roots presumably obeys some
dominant balance or other. The question is how to discover what the dominant balance
is for a given root. When discovered, the dominant balance will give understanding into
the value of a root, and how the value will shift when the coefficients of the polynomial
are changed.

4.2 Having courage: finding roots by iteration

Before moving on to more general polynomials, we first revisit our now famous quintic
and discuss another method for finding roots. This method is intuitively quite clear, but
has a slightly different spirit.

Recall our quintic: @
ex® —x+1=0. @ (4.2)

L/
We argued before that as ¢ — 0 there was a root near 2=, . We then were interested in
trying to find the corrections to this root and to thi osited the perturbation series

(4.3)

By plugging this back into the or@ ation and equating powers of € we were able
to find that o = 1 + € + 5¢2 + 35e2gh ™% we then argued that the radius of convergence
of this series is of order 0.08 . e concluded that approximating a root as close to
x =1 1isn’t a very good ide € > 0.08 or so.

@ ery good one and has a mathematical foundation that
. However here we outline a different approach that shows

one can make more progress.

This argument is o
you have experi
that with a litt

correction to the root at x = 1 . Instead of writing a series lets
where § is the as yet unknown error, and then plug this ansatz
tic. We then obtain

€(1+0)°—(1+6)+1=0, (4.4)
or
(1 + 58 + 1062 + 106% 4 561 +6°) — 6 = 0. (4.5)
Rewriting we have
14+ (5— %)6 +106% 4 108% + 56* 4+ 6° = 0. (4.6)
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So far our treatment is exact. Now, instead of constructing a perturbation series in € ,
let us reapply dominant balance on this equation. We might think that if € is small the
balance will be

1
1-|—(5—g)6%0, (4.7)
or
1
0= . 4.8
% -5 (4.8)
If we take e = 1/2 , for example, our formula gives § = —1/3 . Was it consistent to

neglect the other terms in the equation? If § = —1/3 , then 1062 ~ 10/9 and 105% ~ 10/27
. Thus in this case it is OK to neglect the 6% and higher terms but not the 62 term. If
we take e = 1/8 , then 6 = 1/3 and we have the same conclusion.

Thus, it seems to make sense to consider d to be the solution to the quadratic@tion
(

1
14 (5—=)6 +106* = 0. 4.9)
€
The answer is (The second root is neglected because we need When’ 0 —0)
—(5—8) = /(512 —40 d
0= . 4.10
20 (4.10)
Figure 4.1 compares the approximate solution to the b above with the numerical

solution for the real root. Note that this agrees ex ﬁ ell with the numerics, much
better than the more tedious perturbation seri n , also note that the quadratic
equation also predicts that at a critical € there aginary roots. This occurs when
the following condition is met: é

5 40. (4.11)

Solving this for € gives that

— 0.0883, 412
Vi (4.12)

) S
amagzingly closegto the al

e the root is predicted at e = 1/2 . Our quadratic then
—3+V3li
20

For fun, lets see how a
predicts the roots x =1 . Numerically evaluating this gives x = 0.85 1+ 0.2784¢

On the other hand, the exact roots are 0.8752 + 0.3519: . At ¢ = 1/5 our formula
predicts that = 1++/40/20i = 1+£0.3162¢ , compared with the exact roots 1.04+0.305¢

Note that the entire approach is quite different from our expansions from before:
Indeed the formula for § is equivalent to an infinite series in € ; but the infinite series
works well beyond the radius of convergence of the original Taylor series! One reason for
this improved performance is that the current method easily allows transitions from real
to complex roots, which the straightforward series expansion does not allow. The added
flexibility in the answer surely improves the convergence properties of the solutions.
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Analytic versus Numerical Roots

0.1

107 |

10°°

&

.
Figure 4.1.

m

mparison between the numerical roots to the polynomial equation (dots), the
analytical approximation we invented in the last class (pink line) and the solution
to the quadratic equation above (red line).
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4.3 Random Quartic Polynomials

We now apply our methodologies to quartic polynomials; to demonstrate the power of
the approach we will draw the coefficients randomly from probability distributions, and
ask to what extent can the solutions to the resulting equation be understood in a simple
way. We will use the computer to discover dominant balances, and simplified equations,
for each of the different roots.

4.3.1 Our first random polynomial

We choose the coefficients for our polynomial from a normal distribution with unit
variance, giving

p(x) = 0.13872" — 0.85952% — 0.75232% 4 1.2296 + 1.1508 @.13)
Using matlab’s ‘roots’ command, we find the roots of this polynomia
®
z1 = 6.7793 (\ (4.14)
xg = 1.2963 @ (4.15)
234 = —0.9386 + 0.252 @ (4.16)

We now want to understand why these are the @amd even discover simple formulas

for each of them. The easiest way to proce o take each roots, one by one, and
evaluate the sizes of the various terms i ynomlal to see if they are all equally
important.

Let’s start with the root x = zes of alx asx3, azx?, asx, as can be eval-
uated to be

p(6.7793) = 292 7.8022 — 34.5724 + 8.3359 + 1.1508. (4.17)

terms in the equation are most relevant; the dominant

We therefore SthTlg th
balance is therefore,

arzt + aga® =0, (4.18)
or
x=-22-619. (4.19)
a1

This is fairly close to the root we started with! To obtain a better calculation for the
root, we could include the first three terms in our dominant balance, namely

arzt + agz® + azz? = 0. (4.20)
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It is readily shown that this quadratic equation has the two roots 6.97 and —0.77 . The
positive root is quite close to our root.

What about the negative root? If we evaluate the sizes of the terms in the equation
for x = —0.77 we find that p(—0.77) = 0.0487 +0.3924 — 0.4460 — 0.9468 4+ 1.1508 . Thus,
for x = —0.77 , the largest terms in p(x) are the last two terms—but in deriving this as a
solution we have assumed that the first three terms are largest. This is a contradiction
and shows that this solution is not correct.

One can continue this line of argumentation to uncover the reasons for the other three

roots of the equation: For the root at x = 1.296 , the sizes of the various terms are given
by

p(1.296) = 0.3917 — 1.8722 — 1.2642 + 1.5939 + 1.1508. (4.21)

The last four terms are the same order of magnitude; nonethele @n‘cinue by taking
the largest terms and looking at the resulting equation. T 1@ two terms are

agr® +agr =0. @, ; (4.22)

This balance gives that z = 1.43 . An even better &te is obtained using the three
terms asz® + asz? + agz = 0 , which gives x = 1.

The two complex roots are even more interésting: One can see that the real part of the
complex roots follows directly from the 1 erms: i.e. a4z 4+ a5 = 0 , which implies
that x = —as/aq = —0.936 . Direct n shows that with this balance, the other
terms have magnitudes [0.1 0.69 —0.65] , zespectively, so that this is a consistent balance.

e root? Let’s write xt = o+ § , with o« = —0.936 ,
uation we obtain that

What about the complex par

and solve for § . Plugging in Q
(daja + az 53 (6a2a1 + 3aas + a3)52 +

4a1a + ZQA 3+ aq)d + ( ala + aga® + aza? + aga + az) = 0. (4.23)

The numerical; the coefficients of this equation are [0.13 —1.3 2.39 —.07 0.1522]

4.3.2 Our second random polynomial equation

To demonstrate that the previous example was no fluke, we consider another random
polynomial, this time with coefficients obtained from a uniform distribution between in
[-5 5]. The polynomial is

p(x) = 0.15512* 4 2.83332% 4 3.74372% — 1.7996x + 3.3924 (4.24)
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Using Matlab’s ‘roots’ command, we find the roots of this polynomial to be

z) = —16.784 (4.25)
z9 = —2.1315 (4.26)
234 = 0.32379 + 0.71172i (4.27)

As before, we now want to discover why each root has the value that it does, and
develop simple formulas for each of the roots. We begin with x; ; evaluating each term
of this polynomial, by substituting this value of the root back into the original polynomial
equation gives

p(x) = 12307 — 13395 + 1054.6 + 30.204 + 3.3924 4.28)

From this, we can see that the dominant balance is between the figt @ as) implying
the dominant balance (\

0 = 0.1551z* + 2.833343 0 (4.29)
or @
2.8333 @
- _ — 6 4.30
1T 01551 (4.30)
To improve upon this approximation, we i e the 3rd term, which gives
0=0.1551z" + 3 1 3.74372° (4.31)

ives two roots, x = —16.8337, —1.4339 . The

first root is quite close to t ical value for z; .

Does the second root ¢
whether the negleeted

to 29 7 We can either investigate this by asking
ot at x = —1.4339 are larger than the terms we kept,
or we can procedd aé‘n ou ample and evaluate the sizes of the various terms of the
equation for zo . Both ar ts give the same answer, that the neglect of terms is not
allowed: For the second argument, we see that p(x = —2.1315) = 3.2—27.44+18+3.84+-3.4
. Thus the second and third terms are the largest. The first term which we have kept
is smaller than the fourth and fifth terms that are deleted—and hence this argument is
formally not admissible. Instead we get an approximation for x5 by equating the second
and third terms, namely as2z® + azz? =0, or x = —az/az = —1.3211 . We can improve
this solution by letting

z=-132+46 (4.32)
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Substituting this ansatz into our original polynomial equation, we have

0= 0.1551(—1.3211 + 6)* + 2.8333(—1.3211 4 6)> +
3.7437(—1.3211 + 6) — 1.7996(—1.3211 + §) + 3.3924 (4.33)

Expanding in & gives the equation 0.15515% + 2.01376% — 5.861302 + 1.71265 + 6.24.

Neglecting the terms 0.155164,2.013782 , the resulting quadratic equation has two
roots 6 = —0.8961,1.18 . The first root implies z = —1.32 + § = —2.2161 , rather close
to the exact root.

Finally we turn to the approximations for the two imaginary roots. Substituting x3
and x4 into the original polynomial equation we find that the terms are

p(zs) = —0.0079193 — 0.057432i — 1.2979 — 0.387

—1.5039 + 1.7255 — 0.58269 — 1.2808; 24 (4.34)
p(zs) = —0.0079193 + 0.057432i — 1. bsmi

—1.5039 — 1.7255i — 0.58269+ 112808 + 3.3924 (4.35)

parts. We note that the real terms are lar, an their imaginary counterparts, and

To proceed we need to consider the domi@\@ce of both the real and imaginary

that for the real part the 3rd and 5th t e the largest. This dominant balance is

thus given by Q@
0 ® x? + 3.3924 (4.36)
This implies that Q
0 x34 = 04 0.9519i (4.37)

ed is therefore purely imaginary; we can improve upon it by
rgest term. This gives us

This solution t
also includin
+&
e 0
*Q

*

0 = 3.74372% — 1.7996z + 3.3924 (4.38)
or

234 = 0.2404 + 0.9211i (4.39)

This approximation captures reasonable approximations for both the real and complex
part. To improve upon these approximations further, we write

x = Re(x) + 6, + Im(x) + ; (4.40)
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where d, ( J; ) stands for the real (imaginary) part of the correction term. Substituting
this expression back into the original polynomial, we have

0 = —8.41267 — 2.1735i + 6;(—7.09092 + 10.2752i) + §,(—7.09092 + 10.2752i)
+6;0,(10.1026 + 16.48287) + 62(5.05131 + 8.24139:) + 62(5.05131 + 8.241397)
+626,(8.94733 + 1.714357) + §;62(8.94733 + 1.714350) + 67 (2.98244 + 0.571454)
+63(2.98244 + 0.57145) + 636, (0.6204) 4 6262(0.9306)

+6;03(0.6204) + 61(0.1551) + 64(0.1551) (4.41)

Assuming that the correction terms are indeed small, we keep terms only up to O(9)
. We require that both the imaginary the real parts vanish, implying

0(): bq%.@)

 /

0= —1.62787 + 10.275216; — 7.090926@ (4.43)
0 = —1.86998: — 7.090926; +.1 i (4.44)
so that C

8, =0. (4.45)

Q%%S%i (4.46)

ith the correction term is

Thus, the approximatio

’ l
*
¢ xr3 = .CE?, + 0 (447)
is

3 = .2404 + .049219 + .9211¢ — .192393:¢ (4.48)

= 0.28259 + 0.728707i (4.49)

The approximations are thus very close to the actual root!
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4.3.3 n'* Order Random Polynomials

Hopefully these examples has provided fodder to convince you that the ideas we just
explored also work quite well (surprisingly well!) on random examples. We have shown
that with two term perturbation expansions, we have obtained expressions for the roots
that are within two percent of the actual answer, for every random root!

I have taught random polynomials in this fashion during this course for several years,
and ever year assigned random polynomials as homework problems. Each year, many
people insist initially that their random polynomials are not as simple as these examples,
that somehow they were “unlucky” in the assignment of their random numbers. Each
year, I insist that being unlucky is, by definition, quite inprobable and that therefore
they should go back to work. For the fourth order examples we assign for homework,
there has yet to be a truly unlucky person—ie one for whom these methods do not lead
to accurate approximations to the polynomial roots. ’

This brings up a very interesting research question that Twould like to know the
answer to: namely what is the probability of getting thigflevel of accuracy with (say)
two term expansions for an n‘® order polynomial equa'tion'with random coefficients. A
former student in this class (Bryan Chen) studied this' question and made some progress,
showing that for polynomials up to 15 order, &omvergent expansions for the roots can
be obtained about ~ 90% of the time. \

4.4 Having Courage

will be to try to convince you to have courage and
t seem at first sight to be quite crazy. Here we will
h there is really no rigorous procedure for developing
t trying things and seeing how it works is very effective.

One of the main lessons of this ¢
not be afraid to try things t

consider several examples i
approximate solution, @J
4.4.1 A Problem of Hinch

img solutions to non-polynomial equations? We consider solutions to

What gbou
c;@

Y
4

xe ¥ =g, (4.50)

a problem due to Hinch. For this problem, the large e limit is easy: when € is above 1/e,
there are no solutions to this equation. When € is below 1/e there are two solutions.
Let’s characterize these solutions in the limit ¢ — 0, and see how well it works.Figure
(4.2) plots xe~*, demonstrating that there is a maximum occurring near z = 1.

As e — 0, one solution occurs at small x, and the other at large x. The small x solution
can be characterized by Taylor-expanding the function. We have

re ¥ =z(l—z+2%/24+...)=ec (4.51)
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Figure 4.2. Plot of xze™™. j‘e

The dominant balance in this equation is clearly L/

r=c¢ d\ (4.52)
T = 7; anen,00 (4.53)

,the first few terms of the solution are

. Forming the series

21226-1-62

Yoo

pproximation to the larger root. Whereas the small
x ~ €, the large x root involves the balance between
erefore guess that

2~ log (1) | (4.55)

€

T (4.54)

We expect this solution should ha;
disappearance of this root at

The harder part is findin
x root involved the balanc
e~ * and € . To leading

PR
g

of convergence close to one, reflecting the
ation of this is left for homework.

What is the error in this result? If we write = log(1/¢) + y , and plug this into the
equation (4.50), we obtain (log (1) +y) e~ = 1. Since by ansatz, y < log(1/e) , the
leading order balance of this equation is

y = log(log(1/¢)). (4.56)

We now have that

x =log(1/€) + log(log(1/e)). (4.57)
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60 T T

e numerical
— log(1/e)
— log(1/e)+log(log(1/e))

504

107° 107"
Figure 4.3. Comparison of analytical and numerica@
What about finding a better approxim@e can repeat the above procedure,
writing
x =log(1 g(log(1/€)) + =. (4.58)
Inserting this into equation d finding the same type of leading order balance,
we obtain
log(1 log(log(1
@% og(1/¢) + log(log(1/¢)) (459)
log(1/€)

Figure 4.3 sh
merically.

L o4 t’
4.4.2 The

parison between our approximation and answers generated nu-

ime Number Theorem

The Prime Number Theorem states that the number of prime numbers 7 (z) less than x
is approximately

T T 21y 3lx
™ Tog(@) * (log@)? * (log@))® T (log(@)?

If we invert this formula, letting 7 = N , and computing z = z(N) we will have a
formula for the N** prime number!

m(x)

(4.60)
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Let us here take the first steps towards carrying out this inversion, and we will then
compare our formula with actual experimental data for the N** prime number.

x
=N = . 4.61
"@) =N = o (1.61)
To solve for z(NN) , take the logarithm of both sides. We then have
log(N) = log(z) — log(log(z)). (4.62)

Now when z is large logz > log(logz) , so that we can heuristically delete the second
term on the right hand side, obtaining

logx =log N , (4.63)
orx =N . 0
Now, to get a better approximation let us write x = N + § , whei is the
deviation of the N** prime number from N . Inserting this into oug,eq e have
N+3§ N+ *
N = ~ . 4.64
log(N +4d) logN +6/N —§2/2 (4.64)
Writing this out gives &
Nlog N — §2/2N = @ (4.65)
or 62 = 2N?%(log N — 1) . Unfortunately in start s calculation we assumed § < N
which is violated by our answer! Thus we k at our answer is not of the form that

we assumed.

What is going on? We need to try, r guess for the approximation. Let us try
x = NJ , where we anticip eQ ries slowly with N . Inserting this into our

equation gives
N§ N

log(NJ) ~ log N(S7

o (4.66)
e °

or 0 =log N . This4s a p consistent result, and we have therefore shown that

x =~ Nlog(N). (4.67)
Let us now test this formula on data for prime numbers. Figure 4.4 compares our

formula with the first 9592 prime numbers. The agreement is not bad, but there is a
quantitative deviation even at the largest values of IV .
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Figure 4.4. Comparison of the n* prime number v@&rmula.

4.5 Numerical Approaches

hodologies that are usually used to find the
mial equations numerically. The workhorse of
is not really the best way to compute the zeros
y generalizable for computing zeros of arbitrary sets
glimpse into how approximate calculations can inspire
ajor limitation of this method is that it requires a good

Finally, it is worth discussing briefly the
zeros of a set of (perhaps couple
all methods is Newton’s method"
of polynomials! but it is bo
of functions, and also pr
numerical algorit
guess to guaran

451N

L LN
Suppose we lve f(z) = 0, and that we have a good guess for the root xg. The
idea of Newfon’s method is to approximate the function f(z) by a linear function near
g, and then find the zero of this linear function. Although this zero will not exactly
solve f(x) =0 (unless the function f is itself linear), the hope is that it will generate a
better guess for the root than the initial guess.

!The best method (used by MATLAB) uses the fact that finding the roots of polynomials is equivalent
to finding the eigenvalues of a matrix. Therefore, sophisticated techniques for computing matrix
eigenvalues can be used to compute the zeros of polynomials. The magic of these techniques is that
first, the method is ”global”, requiring no guesses to guarantee convergence; and second, the method
simultaneously computes all of the roots. The disadvantage of this method is however that it only
works for finding the roots of polynomials.
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To implement this method, we approximate f(x) by f(z) = f(zo) + (x — zo) f'(x0)
near xg. The zero of this linear function occurs at

f(xo)
=1x0 — 4.68
T P () (4.68)
Iterating this method implies the general formula
f(@n)
=Ty — ——F% 4.69
xn-‘rl x’l’l/ f/($n) ) ( )

at the n' iteration.

How quickly does this method converge to the correct root z* ? Let us denote e, =
2, — 2 as the error in the n'” iteration. Substituting x, = * + e, into equati%GQ),

we have that
et — e flz* +en) q
n+ n f’(x —i—en) ’\b
@) e + S )2,
= n f/( ) f”(l’*)en—F - *
L PE) S 2 0
T P+ 1 (a)en
f//(l,*)

2
2/ (@) " °
Hence, the error e,, converges quadratically .

As an illustration of this method, figur
for finding a root of the quintic in the
T = 103¢71/4 for ¢ = 1075. Event

e /4 with e, — 0 quadrati
correct answer that the initi
quadratic. This is because
approximations ileglic'

o S

4.5.2 MATLAB [mpl ation

(4.70)

ts the error e,41 as a function of e,
s section. We have taken an initial guess
e solution converges to the correct value
ver, the initial guess is sufficiently far off the
rgence rate is linear (with e,41 ~ e,), instead of
he guess is so far from the correct answer that the
not apply.

Here we provide a MATLAB program that implements Newton’s method: The main
program (used to generate figure 4.3) is

global eps
eps=0.01;

for i=1:20
x=log(l/eps); % initial guess for x—for the Hinch example

D Ut R W N =

o1
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Figure 4.5. Plot of the error in the step of Newton’s me against the error in the step. The
specific example chosen is the quintic o ous section, with the initial guess
for. The convergence rate is initially li d then eventually quadratic.
7 % this is a good i i guess
8 for j3=1:10
9 dmyfunct= (myfunct (x+le—6)-myfunct (x—1le—6)) /2e—6;
10 % approximation fo rivative of myfunct
11 x=x—myfunct (x) /dmyfunc
12 % essential al for Newton's method

13 end
14 sepx(i)=eps; % @ of eps
15 xx(1)=x; % (b of x

eps=eps/10; case eps for the next iteration

he function ”myfunct”, which should be saved in the folder ”my-
e directory that MATLAB is launched from. This function is given
as follows:

1 function y=myfunct (x)
2 global eps
3 y=x*exp (—x)—eps;

This program loops through different values of € , to generate numerically the solutions
to xe™® = € . The inner loop is the Newton’s step: note that instead of a numerical
derivative, we have used a simple finite difference f'(z) ~ (f(x + ) — f(z — 9))/(29) .

The parameter ¢ should be taken to be a small number, but not too small that roundoff
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is a problem?. The Newton iteration starts from the guess x = log(1/¢) , which we
chose in order to ensure that the iteration converges on the large root. Every time €
is updated, the guess is reinitialized. Finally, we are doing 10 Newton iterations per ¢
. Since Newton’s method converges quadratically, this should be more than sufficient.
However, it is safest to check that the residual error is indeed small after 10 iterations
to make sure there are no spurious numerical artifacts.

One way to do this is to rewrite the inner Newton’s method loop as

1 while (myfunct (x) > le—10)
2 x=x—myfunct (x) / (myfunct (x+1le—6)—myfunct (x—1le—6) ) x2e—6;
3 end

With this construction the loop will repeat as long as the residual error is larges, than

10710 :
4.5.3 Multidimensional Newton’s Method VS b

Newton’s method generalizes to finding the zeros of nonlinea ems of equations.
Suppose we need to find the zeros of f;j({z;}) , where 1 <14, hen repeating the

above derivation shows that Newton’s method generalizes

X" = x" J_lf(x),@ (4.71)
where x is the vector of the :U;-s , and J;; = = f; i§ the Jacobian matrix. One itera-

tion of multidimensional Newton’s method rw nverting this Jacobian, which takes

significantly more computational work. Q
+& .
oo °
g

2Using a numerical derivative was only a matter of convenience—obviously things would work just as
well if we defined another function with the analytical formula for the derivative.
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5 Ordinary Differential Equations

Approximate analysis is also an effective way to solve differential equations, even those
that are ordinarily claimed to have no solution. To give you a flavor of how this works
we will begin by focusing on a few examples of first order ordinary differential equations,
which expose the essential ideas.

5.1 A Very Simple Example :@
Consider the first order differential equation * b

& +2xy =, *\ (5.1)

dx

with the initial condition y(z = 0) = 1. This equation ji
problem in advanced calculus courses. There, people a
be solved with the integrating factor e’ Multiplyin®

given as an example

ht that the equation can
. 2 .

uation by e* gives

d 2
[ e® = ¢Z 5.2
T (e y) @ (5.2)
Integrating both sides, and applying th condition y(xz = 0) = 1 gives the exact
solution 0
=, (1 + e—x2>. (5.3)

t as * — oo the function y — % Does every solution
ery initial condition) approach 1/2 as x — co? Or are

e
Noyv, ?ote fr{)gi} Qle s'
of this differential é’(ﬁatlo
there other behaviors?

One can easily investigate this question by simply writing down the solution for a
general initial condition: if we impose y(z9) = yo, then repeating the steps above gives
the general solution

2

y(w) = 5+ (o) — )t

5 (5.4)

Indeed, every solution has y — % as x — ool
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5.1.1 A Simpler Way to See the Same Thing

Using the methodology we have been discussing in this class, there is a simpler way to
see that all solutions must asymptote to %, instead of writing down the exact solution.
Namely let’s look at the original equation: the equation has three terms in it: %, 2zy
and x. Now, as x becomes very large one might guess that the biggest terms in the
equation will be 2zy and z, since both terms apparently grow linearly with .

If this were the case, and these two terms were (say) orders of magnitude larger than

the other terms in the equation then the equation would effectively become
2zy = . (5.5)

. . . . 1
This equation implies that y = 3!

In addition we can check that our assumption about % being | is consistent: If
Yy = %, then Z—z = 0, so it was perfectly legitimate to neglect Z—Z ect to the other
two terms in our equation. Thus, we have see that the s ngh= % is a consistent
solution to the equation as z — oc.

PN :
This is of course the same idea that we spent the{% lectures studying in the

context of polynomial equations! ::

The beauty of this way of thinkin 0 oblems in terms of dominant balances is
that it allows one to make deducti about harder problems where exact solutions are
not possible. We saw this beforeﬁ case of polynomials but now lets consider it for

ordinary differential equation;
For example, consider t Qtion
ﬁ > d

% + ztan(y) = z. (5.6)

From the sta a typical discussion of first order differential equations this
nonlinear egué not be solved in closed form. It is therefore considered that no
progfeg on

On the oth , making the same type of argument as above, we would guess that
as * — oo, ®e would have tan(y) = 1, or y = /4. To test this, Figure 5.1 shows a
numerical solution of this equation! with the initial condition y(0) = 15.

5.2 A Harder Problem

made, short of numerical simulation.

'The numerical solution was generated with the ode23s command in MATLAB. MATLAB offers
a suite of ODE solvers, including ode45, ode23, odell3, odel5s, ode23s, ode23t and
ode23tb. Sometimes one of these solvers is better for the problem at hand than others. However,
the fact that there are so many solvers should be an indication that you should never trust any
individual solver completely!
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Program 2 MATLAB code used to create figure 5.1

© w0 N s W N =

NONONN N R R R R R e e e e e
B W N R O VW g U W N R O

function figurebl

% type "figure51" in the command window to generate the figure 6
% define the starting point and the end point of the integr
xinit = 0; ®

xfinal = 100;

% define the initial condition 0.

yinit = 15;

integrate the equation

[x,y] = ode23s (@fun56, [xinit, xfinall, yin®

o)

% plot the result

plot(x, tan(y), 'linewidth', 2)

set (gca, 'fontsize',16, 'fontname', ‘He@a' , 'fontweight', 'b")
xlabel ('x")

ylabel ('tan(y)") z

function dy = funb6 (x,
% define the ODE

dy (1) = —x*tW(

LoV
—

*

o7




5.3 Example 2

The next example is

d_y 1

dz VT T (5:7)

and we will impose the initial conditions y(2) = yo. This example is often taught in a
beginning chapter of introductory differential equations classes.

The usual advice that we give to students is to use again an integrating factor. The
integrating factor for this equation is e”; hence multiplying the equation by e® gives

d e’
p (y) T2 (58)
Integrating both sides, imposing the initial conditions gives t on

x
y(x) = yoe’e " + e_””/ ds (5.9)
2
nced calculus classes, students
iew, the preceding manipulation
e equation: it simply transforms one
er unsolved problem (the integral).

The integral cannot be done in closed form. Oft
are taught how to carry out such manipulations
explains nothing about the nature of solutio
unsolved problem (the original ODE) to

On the other hand, using the idea
for how the solution looks as z —
terms: g—g, y and 1/(1+22). As
we argued before, we can gu
be y and 2, giving that

Q’b y = % (5.10)

e a consistent argument, we need

ed above, we can make a simple argument

. Again, looking at the equation there are three
1/(1+4 2?) ~ 1/2%. Thus, by analogy with what
as x — 00, the largest terms in the equation will

as r — oo. Fo

PRy 4 dy

bl 5.11
‘s 2| <l 6.11)
when z is large. But if y = 1/22, then g—g = —2/x3. When z is large, we then have

fl—gyc < y, so our solution is consistent.

Figure 5.2 shows a log-log plot of the solution to the differential equation with yo = 3.
Taking the logarithm of y = 272 we see that it gives

logy = —2log =, (5.12)

so that when one plots logy versus log x the result is a straight line with slope —2. The
plot clearly shows that the solution asymptotes to this behavior when x is large.
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Figure 5.1. Plot of solution to Eqn.

1D

_1 1 | |
20 10 60 80 ’\

ised, when z — oo the

solution approaches 7 /4.

olution to y'(x)+y = (1)

z 10

demonstrating that the

Figure 5.2. Double log plot of the solution to v’ +y = (1 + 2?)~!
solution asymptotes to y = 72 as ¢ — oo.
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Program 3 MATLAB code used to create figure 5.2

1 function figureb2

2 % type "figure52" in the command window to generate the figure
3

4 % define the starting point and the end point of the integration
5 xinit = 2;

6 xfinal = 1000; 0
7

8 % define the initial condition

9 yinit = 3; V'S

10

11 % integrate the equation *\

12 [x,y] = oded5(@funb57, [xinit, xfinall],

13

14 % plot the result of the integration ith the asymptotic solutions
15 t = 2:1000;

16 loglog(t, t. " (—2), 'ro', 'markersi )

17 hold on 0

18 t = 2:0.2:20;

19 loglog(t, 3*exp(2—t), 'mo', rsize', 7)

20 loglog(x, y, 'b—', 'linewi 2)

21

22 set(gca, 'fontsize',16 name', '"Helvetica', 'fontweight', 'b")
23 xlabel ('x")

24 ylabel('y'")

25 legend('x"{ g

26 '3e 7 SN

27 'S o y''(x)+y = (1+x°2) " {-1}")

28

29 ’?

30 ’f’u.‘ion n57(x,y)

31 & ®&fine DE

32

33 dy(l) = —y(1)+1/(1+x72);
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On this plot we have also included the solution to fil—z —+y = 0 which satisfies the initial
condition y(2) = 3 : y = 3e2~*. You should notice that for small x this solution agrees
quite well with the exact solution. In fact, taken together, our approximate solutions
almost describe the behavior over the entire range!

Note an important feature of our solution. For any initial condition gy the behav-
ior of the solution is identical, approaching the asymptote y = 1/22. Figure 5.3 doc-
uments this explicitly. We simulate the equations for various initial conditions with
yo = 10,8,6,4,2,0, -2, —4, -6, —8,—10. Figure 5.3(A) shows the behavior on a linear
scale: the solutions all approach y = 1/2? as they are predicted. Figure 5.3(B) shows
this (plotting |y| versus x) on a logarithmic scale. Note the solutions with negative initial
conditions necessarily change sign in order to eventually follow y = 2~2. In the logarith-
mic plot (Figure 5.3(B)) this shows up as a pronounced dip in the solution, @ting

the behavior of log(|y|) as |y| passes through zero.
Our analysis has clearly captured the essence of this problem. b

5.3.1 Doing a Better Job at Large x @

Can we improve on our proposed solution y = z2? gument for this behavior
was derived assuming z is sufficiently large. Therefor, kes sense to try to improve
this formula, and see if we can make it work over a er range. To do this, we make
the variable change = = % This variable change the large x regime to the small ¢
regime. By the chain rule

dy  dt

2 Y 5.13
dx dt ( )
so in the new variables, our becomes
2
Y t
=—. 5.14
¢ i VT Ty (5:14)
e °
We now seek a serf@?exp f this equation, in powers of t. Rewriting our equation

gives
dy y 1 ny2n
i it e A DDA (5.15)

n=0

The last expansion of (1 + t2)~! is valid for |t| < 1, and thus we expect our solution to
work in this range. If we now use the power series ansatz

[o.¢]
y=>_ ant", (5.16)
n=0
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Figure 5.3. Solutions for various initial conditions in (A) linear scale and (B) double log plot.
Note that different initial conditions all converge on the same final behavior, even

those who start out negative end up approaching y = 1/22.
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Program 4 MATLAB code used to create figure 5.3

© 0 N O s W N =

R R R R R R W W W W W W W W W W NN NN NN NN NN R e e e
DU RAE WD RO O 000U R WN R, O © 00N O U R WN R O © OO R W N = O

function figureb3

)

% type "figureb53" in the command window to generate the figure
% define the starting point and the end point of the integration
xinit = 2;

xfinal = 100;

% define a vector containing various initial conditions
yinit = 10:—2:-10;

% define a cell to store solutions
sol = cell(length (yinit),2); 0

for 1 = l:length(yinit)
% integrate the equation
[

%x,y] = ode45(@fun57, [xinit, xfinall, yinit (i 0
sol{i,1} = x; sol{i,2} = y;
end
% plot the result in linear scale; changing "plot] oglog" generates

¥ the double log plot in (B)
plot (sol{1l,1}, sol{1,2}, 'b—")

hold on
plot (sol{2,1}, sol{2,2}, 'r—'")

plot (sol{3,1}, sol{3,2}, 'm—")
plot (sol{4,1}, sol{4,2}, 'g—")
plot (sol{5,1}, sol{5,2}, 'k—'") 0
plot (sol{6,1}, sol{6,2}, 'v')
plot (sol{7,1}, sol{7,2}, 'bo')
plot (sol{8,1}, sol{s,2}, )0
plot (sol{9,1}, sol{9,2}

plot (sol{10,1},
plot (sol{11,1},

axis([0,16,— 1)

set (gca, 'fopk s
xlabel ('x") *

, 'Helvetica', 'fontweight', 'b'")

ylabel('y")
legend('y.0 = 10','y.0 = 8','y.0 = 6','y.0 = 4 y.0 =2'",'"y.0 =0",
'y 0 = -2'",'"y 0 =—-4,'"y 0 =-6","y.0 =—-8",'"y.0 = —10")

function dy = fun57(x,vy)
% define the ODE

dy (1) = —y (1)+1/ (1+x°2);

63




and insert this into the equation we derive a series of equations for the coefficients a,,:

oo o0 o0
D napt"t = ant™ == (1) (5.17)
n=1 n=0 n=0

We now need to equate coefficients of the various powers of ¢t. The lowest power is ¢ 2
(from the second term on the left hand side). Setting the coefficient of this power to zero
implies

ag = 0. (5.18)
Setting the coefficient of the ¢t~ term to zero implies
a; = 0. (5.19)

Similarly, the coefficient of t¥ term yields

—ay = -1, qz (5.20)
while the coefficient of the t term gives b

2a9 — a3 = 0. \ (5.21)

3a3 — Q4 (5.22)

The coefficient of t? term yields

while the coefficient of 3 term gives

@5 = 0. (5.23)
Putting these all together we ar@t

a 3 =2,a4 = 5,a5 = 20,... (5.24)
Thus we have th fQ@

y = t* 4+ 2t3 + 5t + 20¢°. (5.25)

S 4

oo °

Noté: As w ioned in Chapter 2, we can also use Maple to calculate the coefficients

of this series. Input the following code line by line into Maple(The first line of the code
has been split into three lines for readability reason):

poly:=—(sum((—1)"~ n*t (2*n , 0..10)
— (sum(n*a[n]x* , n=1..10))
=0..10)

coll:=series(poly, t=0, 9
egs:=seq(coeff (coll, t, n), n=—2..8)
aegs:=seq(al[n], n=0..10)

sol:=solve ({egs}, {aegs})

)
1)
+sum(a[n]*t” (n 2), n
)
)

N O g W N =
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The final output is:
{a() = 0,(11 = 0,a2 = 1,(13 = 27(14 = 5,(15 = 20,@6 = 101,@7 = 606,@8 = 4241,(19 =
33928, a19 = 305353}

In terms of the original variables this is

1 2 5 20
+ = (5.26)

3 xt b

Figure 5.4 shows a numerical solution with the initial conditions y(0) = 1 comparing
to the solution we just derived. The dashed line shows the 22 solution we derived before.
Note the agreement is excellent, over a much wider range than before!

5.3.2 Something Disturbing qe
oint out

Lest you leave this discussion feeling that all is now well in hand

something that is very disturbing about the apparently successf N dure we have
just outlined. Namely, examining the series solution above, we at the coefficients
of the terms in the series grow. This occurs because the e wfor n' term in the

(n—1ap—1 —ap = O,@ (5.27)
(n— an@ﬂ, (5.28)

if n is odd and

if n is even.

In any case the ratio

1
~ = 5.29
! (5.29)

+&
when n is large.’f‘hl‘efor
should not work. But we

ries has a radius of convergence equal to zero! Thus, it
seen that it does.

This is very disturbing. I will let you be disturbed by it for a while, and we will come
back and talk about this issue a little later. For now, let this be the first example you
have seen which dispels the myth that convergence is a necessary property for a series
to have for it to be useful.
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Program 5 MATLAB code used to create figure 5.4

1 function figureb4

2 % type "figure54" in the command window to generate the figure

3

4 % define the starting point and the end point of the in%tion
5 xinit = 0;

6 xfinal = 100;

7

8 % define the initial conditions L J

9 yinit = 1; \

10 *

11 % integrate the equation

12 [x,y] = oded5(@fun57, [xinit, xfinal],

13

14 % plot the result of the integrati g with the asymptotic solutions
15 loglog(x, y, 'bo', 'markersize'

16 hold on

17 t = 0:100;

18 loglog(t, t.  (—2)+2xt. 4)+20*t “(=5), 'r—', 'linewidth', 2)
19 loglog(t, t. (=2), 'm— w1dth'

20

21 set(gca, 'fontsize', name', 'Helvetica', 'fontweight', 'b")

22 xXlabel ('x")

23 ylabel ('y")

24 legend('Nu Solution', 'Series Solution', 'x"{-2}")

25

26

27 i 57(x,v)

28 &0 i

29

30 dy(l) = Y+1/ (1+x72);
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5.4 A Nonlinear Example

Before leaving this example, let us consider one more related problem, namely

dy 5 1

dx+y - 1422

(5.30)

One is immediately tempted to try the same dominant balance argument that worked
before: Let’s try to balance the y° term with (1 + 22)~!. Doing this, we obtain at large
x the law

1
= —. 31
V=g (5.31)
Is this consistent? For this solution we have that fil—z ~ 27 7/5 When z is lar is is
actually bigger than the two terms that we have kept, so the balance is in t!

So what is going on? We have two other possible balances: either

L/
Z—i = (14227 *\ (5.32)

or

dy

o Yo = (5.33)

= 0.
N
y:A_® (5.34)

for large x and some constant A that on the initial conditions. For nonzero A
this is not a consistent balance b mptotes to a constant as x — oo.

The first balance gives

The second balance leads
(4(x + )~ V4 (5.35)

LS
for a constant c#Fo‘ his oth of the terms we are keeping are in fact larger than
the terms we are deleting, is also consistent. Note that this dominant balance can
be either positive or negdtive. We would expect that which of these solutions is selected

depends on the initial condition. More on this below.

Let us test this theory for a positive initial condition. Figure 5.5 shows a numerical
solution to the equation when y(1) = 17. Indeed, as expected at large x the solution
agrees with our expected answer. We also see that there is a regime at intermediate x
where the solution y ~ z~2/% works quite well.

Why is that? Let us recall that the 22/ solution broke down because fl—g = —2/5277/5,
which decays more slowly than the kept terms 22 at large x. At which value of x
does our deleted term start to lag behind the kept terms? We can find this by setting
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272 =2/52~7/5. This then gives 2%/° = 5/2, or & = 4.6. We therefore expect this solution
to remain somewhat faithful up this point, and it does.

What about at small z? We have chosen y(1) = 17 and so initially y* > (1 + 22)~L.
Therefore we expect the small  dominant balance to be % +1° = 0. The solution to
this is that y = (4o — 4+ (17)~%)~1/%. Indeed, this agrees quite well with the simulation.

5.4.1 Negative Initial Conditions d

Now let us consider initial conditions wher . We consider y(1) = yo, and integrate
the equation outwards from x = 1 — oq@ principle we have two possible dominant

balances: we have
y@ z+c))" V4, (5.36)
Q@ y=A—-1/x. (5.37)

A = 0 then this dominant balance is consistent. Note that
nstant to zero is equivalent to setting an initial condition on the
ect that there is precisely one initial condition that leads to the
hereas most negative initial conditions will lead the solutions to

and also

We take note that when we assume a scaling of y = —% for large x, we’re assuming the
integration constant, A, is zero for all x. In order to estimate the value of yy such that
A equals zero, we should choose an x approximately equal to the x where the scaling
of y changes from the scaling developed for small x to the scaling developed for large
x. From our previous analysis, we know that the difference between small = and large
x is defined as whether we neglect the “1” in the denominator of ﬁ, so for a first
order guess, we assume the transition will occur near z = 1, and we solve for y given
our scaling of y = A — %, which yields yo = —1. Recall from class that yg ~ —0.97625,
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Figure 5.5. Double log plot of the solution to (5.30) comparing with various regimes.
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Program 6 MATLAB code used to create figure 5.5

function figureb5
% type "figure55" in the command window to generate the figure

% define the starting point and the end point of the integration
xinit = 1;
xfinal = 1074;

% define the initial condition 0

yinit = 17;

© W N s W N =

=
N o= O

integrate the equation 0\
r

[x,y] = ode4d5(@funb530, [xinit, xfinal], yini

= =
=W

% plot the result of the integration al the asymptotic solutions
t = 1:0.1:10;

loglog(t, (4*xt—4+17"(=4))."(=1/4), ' arkersize', 7)

hold on

t = 1:100;

loglog(t, t."(=2/5), 'mo', ' e', 7)

t = 1:10:1074;
arkersize', 7)
)

T
= O © 00 N O wu

e
loglog(t, (4xt)."(—1/4), '
loglog(x, vy, 'b—', 'linew ., 2

NN
= W N

set (gca, 'fontsize', name', 'Helvetica', 'fontweight', 'b")
xlabel ('x")
ylabel ('y")
legend (' (4x

[
ot

NN
N O

—4}) ~{—-1/4}",

b

Solution')

NN
©
w

33 functio fun530 (%, V)
34 % define the ODE

35

36 dy (1) = —y 5+1/(1+x"2);
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so if we had chosen x = 1.0243277848911652 to evaluate our constant, we would have
calculated the correct value of yq.

To explore this, we plot in Figure 5.6(A) the absolute value of y as a function of x
for different initial conditions in a double log plot. The blue green line in the figure is
the —1/x solution whereas the red line represents both the =+(4x)~ /4 solutions-note
that both solutions are represented by this line because we are plotting |y|. We see that
for initial conditions gy > —0.97625 the solution ultimately ends upon the (4a)~'/4
asymptote, though these solutions have a kink in them—it occurs because in this regime
the solution is actually changing sign, as shown in the semilog plot in Figure 5.6(B); when
Yo < —0.97625, the solution converges on the (45(,‘)_1/ 4 asymptote in smooth fashion—
these solutions are not changing sign.

What is really interesting about this figure is that it demonstrates that at the bor-
derline between these two behaviors, namely when yo = —0.97625, the solutl rees
with our —1/z solution! This is the value of the initial condition where t tion
constant A = 0. Interestingly the initial condition that corresponds to é %

arates
ending
e magnified

two qualitatively different classes of initial conditions: those that h aye
1/4

up on (4z)~Y* from those who end up on —(4z)~
window of Figure 5.6(B).

, as you can

Information Lost?

een the initial conditions and the

The analysis described above found a relatlonsh' )
1 was one of a discrete number of

ﬁnal behav10r as r — 00. Whereas the ﬁnal seluti

one parameter worth of degree of freed e final solution. This is interesting and

peculiar: where did the extra pamme@

lution that is valid at large z,
+(4(x + )4 (5.38)

Jory of the initial condition. Now if the (14+22)~! term
+(4(x 4 ¢))~/* would be the exact solution. However
nger exact.

The constant ¢ mush i
were not presenf’,'th"solu
with this extra term it is

Nonetheless, the dominant balances as z — oo still hold. With some courage (or
some luck), we could try to completely ignore the term (1 + x2)~!, then we could fix c
using the initial condition—namely, substitute (xg,yo) into the solution, we have that

1

Yo = W, (5.39)

or

c=—zo+ (5.40)

4y§ '
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Figure 5.6. (A) Double log plot of the absolute value of the numerical and asymptotic solutions
to eqn. (5.30) for a variety of initial conditions; (B) Semilog plot of the numerical
and asymptotic solutions to eqn. (5.30) for a variety of initial conditions.
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Program 7 MATLAB code used to create figure 5.6

© 0 N O s W N =

R R R R R R W W W W W W W W W W NN NN NN NN NN R e e e
DU RAE WD RO O 000U R WN R, O © 00N O U R WN R O © OO R W N = O

function figureb6

)

% type "figureb56" in the command window to generate the figure

% define the starting point and the end point of the integration
xinit = 1;

xfinal = 1076;

% define a vector containing different initial conditions

yinit = [-0.25, -0.5, —-0.97, —-0.97625, —-0.98, -1, —2, —31;

% define a cell to store the solutions

sol = cell(length(yinit),2);

% integrate the equation and store solutions
for i = l:length(yinit)

[x,v] = 0ded5(@fun530, [xinit, xfinal], yinit(i)); 0\

sol{i, 1} = x; sol{i, 2} = abs(y);
end

% plot the result of the integration along with t ptotic solutions;
% change "loglog" to "semilogx" can get (B)
t = xinit:xfinal;

loglog(t, t."(=1), 'b—', 'linewidth', 6)

hold on 0
loglog(t, (4*t)."(=1/4), 'y—', 'linewidfh', /6)
1 1
4

loglog(sol{l, 1}, sol{1, 2}, 'm— th', 2)
loglog(sol{2, 1}, sol{2, 2}, 'g—"', idth', 2)
loglog(sol{3, 1}, sol{3, 2}, ewidth', 2)
loglog (sol{4, 1}, sol{4, 2}, inewidth', 2)
loglog(sol{5, 1}, sol{5 arkersize', 5)
loglog(sol{6, 1}, sol{6 'markersize', 5)
loglog(sol{7, 1}, ko', 'markersize', 5)
loglog(sol{8, 1}, yo', 'markersize', 5)

set (gca, ' fowi ntname', 'Helvetica', 'fontweight', 'b"')
xlabel ('x")ope
ylabel ("|y|") ..

legend('|—1/x]|", ' (4x) ~{—1/4}",
'y.0 = -0.25', 'y.0 = —-0.5'", 'y.0 = —-0.97', 'y_.0 = —0.97625",
'y.0 = -0.98', 'y.0 = —-1', 'yv.0 = =2"', 'yv.0 = =3")

function dy = funb530(x,vy)
% define the ODE

dy (1) = —y"5+1/(1+x72);
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Note that this predicts that the solution will diverge when

r=1"=1x0— —. (5.41)

To test this we consider the complete solution for y(1) = 2. In addition to integrating
in the positive direction towards x — oo we have also integrated backwards towards
x — —oo. Our theory states we expect the divergence to occur a distance (4y§)_1 from
the starting location.

Figure 5.7 is the numerical solution to the equation integrated in two directions. Note
that the solution diverges at x = 0.9826, and our theory predicts 63/64 = 0.9844. The
divergence is well captured by our dominant balance!

*

Let’s now find out if our theory for the location of the blowu int ( z* ) works

for general initial conditions. We fix g = 1 and vary yo. Figur ows the blowup
location (g — 2* = 1 — x* ) as a function of yo; the bl;E note the numerical

theory matches the

simulations and the green line shows our theory. We see

L/

simulation very well in the limit when yo is large.

an rationalize this by dominant
gration constant c is given by our
the initial conditions this requires

Below gy &~ 1, the theory does not work as well.
balance: in assuming that the solution with the
theory we have completely neglected (1 + 22 )

that
5&. 5.42
O o
For our initial condition, this i@ yo > 1/ 21/5 = 0.8706. Indeed, this is just where

our theory starts to fail!

§

What hapfens when the theory fails? In this regime the y° term is evidently negligible,
so the differential equation is then effectively

dy 1
- 4
dr 1+ 2%’ (5-43)
and the solution to this is just
y = tan" () + yo — tan"*(x0). (5.44)
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Figure 5.7. For the initial condition y(1) = 2, this shows the soh@n integrating both in
the forward direction and backward direction. In t ward direction (the red
line) the solution blows up as expected.

Figure 5.8. Blowup location x¢g — * as a function of yg; the blue dots denote the numerical
simulations and the green and red curves show our theory.
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Program 8 MATLAB code used to create figure 5.7

1 function figureb7

2 % type "figure57" in the command window to generate the figure
3

4 % define the starting point and the end point for two di tions
5 xinit = 1; z
6 xfinal_ 1l = 100;

7 xfinal_2 = —100;

. °

9 % define the initial condition

10 yinit = 2; *\

11

12 % integrate the equation in two directi

13

14 [x.1, y-1] = oded45(@fun530, [xinit, 1, yinit);

15 [x.2, y_-2] = o0ded5(@fun530, [xini i ], yinit);

: 2

17 % plot the result of the int&gratd in two directions

18 semilogy(x_-1, y-1, 'b—", '1i i@dth', 2)

19 hold on

20 semilogy(x-2, y-2, 'r—' width', 2)

21

22 set (gca, 'fontsize', 4 tname', 'Helvetica', 'fontweight', 'b"'")
23 xlabel ('x")

24 ylabel('y")

25 legend('Fo egration', 'Backward Integration')

26

27

28 f i0 530 (x,v)

P edfine

30 .

31 dy(l) ==y 5+1/(1+x"2);
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Program 9 MATLAB code used to create figure 5.8

© 0 N O Otk W N =

R R R R R W W W W W W W W W W NNNNNNNNNN R R R R R e e
Gk W N RO O 00U R WN RO © 0N U R WN RO © N W N = O

function figureb58
% type "figureb8"

o
xinit= 1;

xfinal .l = 1076; xfinal 2 = —1076;

)

yinit = [0.01:0.02:1, 1.5:0.5:10];

o

blocation = zeros(l, length(yinit));

o

% define a vector to store the numerical blowup locations

% integrate the equation in two directions

in the command window to generate the figure

% define the starting point and the end point for two directions

% define the initial conditions in a vector

<

for i = l:length(yinit) V'S
[x.1, y-1] = oded45(@fun530, [xinit, xfinal 1], ylnlt
[x.2, y-2] = 0ded5(@fun530, [xinit, xfinal 2], yini

% get the blowup location

x = [flipud(x-2); x-11; yv = [flipud(y-2);
bpoint = x(abs(y)==max (abs(y)));

bpoint = bpoint(1l);

blocation(i) = xinit—bpoint;

end

t = 0.5:0.01:10;

loglog(t, 1./ (4*t."4), 'g—', 'li h',
hold on

t = 0.01:0.01:1.2;

loglog(t, xinit—tan(-1 1y, 'r—',

loglog(yinit, blocati
set (gca, 'fontsize' me',
xlabel ('y_-0'
&
ylabel (' X,O—X“)
legend('1/ (4y 0°4) .
'x_0—tan(—1-®_0+tan"{—-1}(x-0))"',
'Numerical Blowup Location x_0—x"x

function dy = funb530(x,vy)
% define the ODE

dy (1) = —y 5+1/(1+x°2);

'linewidth’',

'Helvetica', 'fontweight',

Y-

0

% plot the numerical simulations alo%’th analytic predictions

2)

'linewidth', 2)

2)

lbl)

")
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We expect the y° term to become important when y ~ —1, so we expect the blowup
point to be at about

—1 = tan" () + yo — tan"*(x0), (5.45)
or
¥ &~ tan(—1 — yo + tan"1(xg)). (5.46)

The prediction of this theory is given by the red curve in Figure 5.8. Indeed, dominant
balance has served us very well!

5.5 Higher Order Nonlinear Ordinary Differential Equations

A logical structure for how to think about differential equations is nét, starting to emerge.
Equations consist of different terms. Depending on both the initiahconditions and where
you are in the solution, these terms can be important in some,regions and not important
in others. One can understand quantitatively the strugsure of hé solutions to equation
by figuring out which terms are important at where and piecing the different solutions
together.

We now continue this discussion with an examp'lel.o‘f higher order differential equation.

Consider the following nonlinear ordinary, differential equation:
2 \
% + % .—'~y4 = % (5.47)
Our goal is to ﬁnd the behav10r the solution as z — oo, with the initial conditions
y(1)=1,4'(1) =
Now we have four terms Q equation, and we must find the consistent dominant
balance. To proceed we o choices:
1. Experiment nt balances and try to guess the largest term. Verify the
conjecture/ with omputer simulation.

2. Simulate the equation to find out what the behavior is; then try to backout from
sthe 1on that the observed equation indeed is a valid balance, and posteriorly
raiona hy it is the correct one.

L 4
From our

of view, either of these methodologies is perfectly legitimate. What
is important is to, in the end, derive a final answer which contains both analytic and
numerical components, and shows that they agree. Although each argument by itself
is not completely compelling (the computer calculation might be wrong, as might the
approximation you decide to make), together the two approaches are compelling, as long
as they agree with each other.

Here we will follow the first approach, and experiment with the possible balances. Note
that the term 1/z2 converges to 0 quadratically when z — oo, so our intuition is that
we should not keep this term in our balances. Therefore we will try the three balances
developed from the rest three terms.
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5.5.1 The First Balance

The first balance we try is:

d’y | dy

— 4+ —==0. 5.48

dz? = dx (548)
This dominant balance implies that

y=A+ Be ”. (5.49)

With simple calculation, it is easy to figure out that, when x — oo, both the kept terms
converge exponentially to 0, whereas one of the neglected term, 1/x2, converges to 0
quadratically and the other one, y?, converges to constant A*. So the kept terms are
smaller than neglected terms at large x, and this balance is inconsistent.

5.5.2 The Second Balance bq
®

The second balance we try is: ‘
dy 4 0
— —y~=0. 5.50
7 Y (5.50)
The solution to this balance is 0
. _CJ

y=(-3(z+

(5.51)

where ¢ is a constant. Note that for thi
because the solution blows up at x

consistency of this balance in: teQ Q.

(z+ )Y ~ (x4 )75, (5.52)

ce, x cannot go all the way to infinity,
us, we should use x — —c to check the

The kept terms are

dy

.
Py £
of the neglected terms, 1/x2, converge to the constant

2
%, we have

They diverge as = % —c.
1/c% as © — —c, so it is negligible. However, for the other neglected term

d*y s W

as x — —c. Thus, this balance is inconsistent.
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5.5.3 The Third Balance

The third balance we try is:

Py

— —y =0 5.54
This brings up the balance where f?y plays a role. Here, having been schooled in

school of mathematical tricks, one is tempted to solve this dominant balance exactly by

multiplying the equation through by %’ and then integrating:

d*y dy 4@_i(1d(y2) y5>:0

dz? dx Y dr  dx

2 dx 5

(5.55)

<

ce to realize that y
dition assumes that
at is the functional form

However, this then reduces to a quadrature that cannot be solved

We are better off by just using our insight from the previou
is going to diverge at finite x, as long as y > 0. Since %r i
y > 0, this is a reasonable assumption to make for all
near the divergence? Here we make a very general cl&

Divergences nearly always have a aw form

mgzkﬁ—xw
&

dominant balance implies that

Plugging this into
p(p— DA@* —z)P~2 = AY(2* — z)%P. (5.56)

This «ofily
(1079){6 ~ 1

2 = 4p, or p = —2/3, which implies that A3 = 10/9, or A =
Hence we have concluded that

y(z) = A(z* — )2/, (5.57)

This balance is consistent—both our neglecting of the % and the 1/z? terms are clearly
justified.

5.5.4 Testing the Theory

Now, let us see if our theorizing actually works. Figure 5.9 plots a numerical solution for
y(x) given the initial conditions y(1) =1 and y/(1) = 0.
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As we expected, the solution diverges at finite x, roughly at x ~ 2.4007857. Now let
us determine if the functional form we deduced is correct. In Figure 5.10 we plot log(y)
as a function of log(z* — z), where z* = 2.40078568328535. The solid dots show the
functional form that we anticipated, (z* — x)~%/3.

Rather remarkably, the numerical solution agrees almost exactly with the analytic
formula over almost the entire range of behavior. Of course, in making this comparison
we have input an important piece of information, namely z*, the value of x where y(x)
diverges. Later on in this course, we will discuss ways of connecting x* to the initial
conditions.

5.6 Numerical Solution of Ordin ferential Equations
Here we briefly remark on the numerical ons of ordinary differential equations. For
these introductory remarks we wil he simple equation
(5.58)
Our remarks apply more owever.
To solve theﬁé tio ally, the simplest idea is to discretize time, writing
= nAt and y(n =y N we can approximate
Y= (Yn+1 — yn)/At. (5.59)
The error in this approximation follows directly from a Taylor series expansion:
y((n + 1)At) = y(nAt + At) = y(nAt) + 9(t,) At + O(At)2. (5.60)

Using this approximation we immediately arrive at the numerical method called Fuler’s
method:

Yn+1 = Yo + ALf(yn) + O((AL)?). (5.61)
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Figure 5.9. Solution of equation with y(1) = 1,/ c: ! he solution diverges before = ~ 2.5.
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Figure 5.10. Solution of equation (5.55) with y(1) = 1,4(1) = 0, plotted on a double logarith-
mic plot. The solid dots are the solution y(x) = A(z* — z)~%/3
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Program 10 MATLAB code used to create figure 5.9

function figureb9
% type "figureb59" in the command window to generate the figure

o

% define the starting point and the end point of the integration 0
xinit = 1;
xfinal = 100;
, L o ®
% define the initial conditions \

yinit = 1; % v (1)

ypinit = 0; % y' (1) 0
% integrate the equation

[x, y] = oded5(@fun548, [xinit xfinal], [yinit it]);
% plot the result of the integration 0
semilogy(x, y(:,1), 'b—', 'linewidth',

set (gca, 'fontsize',16, 'fontname', 'He ica', 'fontweight', 'b'")

xlabel ("x") Q

© 0w N O s W N

I =
S © W N U e W N O

ylabel ('y")

NN
N

[V
w

function dy = funb548 (x
% define the ODE

NN NN
N O s
Q.

<

Il

N

[0)

]

o

%)

S

—

<

N
o3
Q.

L
-
LY
N,
>
y ~e

[V
©
Q.
=
~
|
<
=
=
~
b
>
N

83




Program 11 MATLAB code used to create figure 5.10

function figureb510

o

% type "figure510" in the command window to generate the figure

)

% define the starting point and the end point of the integration
xinit = 1;
xfinal = 100;

o

% define the initial conditions 0
yinit = 1; % y (1)

ypinit = 0; % v' (1) b

% integrate the equation

[x, y] = oded5(@funb548, [xinit xfinall], [yin‘y nit]);

o)

% get the blowup point 0
xstar = x(y(:,1)==max(y(:,1)));

xstar = xstar(1l);

% plot the result of the inte

loglog(xstar—x, y(:,1), 'b—'
hold on

t = 10.7(=13:0.5:0);
loglog(t, t. " (—=2/3), ' rkersize', 7, 'linewidth', 1.1)

set (gca, 'fontsize' ,@ tname', 'Helvetica', 'fontweight', 'b'")

© W N s W N

e e e e e e =
w N O s W NN = O

[
o ©

idth', 2)

NONNNN N
D Cts W N

xlabel ('x")
ylabel ('y")
legend ('Nu olution', '(x"x—x) {=2/3}")

WO NN
o © 0w 3

548 (x,vy)

w W
(S

o\%"h

é -

=)

0]

33 ¢

34 dy = zeros(2,1);

35

36 dy (1) = y(2);

37 dy(2) = y(1)"4+1/x"2—y (2);
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To use this equation we simply specify an initial condition y(0) = yo = A, and then
apply this algorithm to generate a sequence y,y1. Our hope, of course, is that the
sequence y,, has something to do with the solution to the differential equation ¢y’ = f(y).

We remark that the error expressed in this formula is a local error, in that it is the error
made at each time step of the method. Over many iterations, this error accumulates.
Assuming that we want to integrate the ODE up to t = 1, we need to take 1/At time
steps of Euler’s method. This implies that the global error is of order (At)~!(At)? = At.
Hence, on cutting the timestep by a factor of two we expect a factor of two improvement
in the error.

Let’s try this out on our simplest example—equation (5.58). Euler’s method is just
Yn+1 = Yn + aAty,. The solution is

Yn = yo(1 + aAt)™. (5.62)

Writing ¢ = nAt implies v, = yo(1 + at/n)™. This converges to ype™ as n — ooAt any
finite n there is an error as given above. g

5.6.1 Remarks

e Another source of error in using a computer is roundgoff‘@mror. The size of this
depends on the type of arithmetic you are doing (i.e. deublegprecision has accuracy
10~15). This means that every time step you are effebtiifely adding an error r to
the equation. For N = (At)~! time steps, this i am error of (At)~'r. Hence the
total error is s Y0

cAt+ - J (5.63)

This function has a minimum when % This is the smallest time step that
is reasonable with double precisio metic.

e The central goal is to get t accurate as possible while doing as little

work as possible. What thi epends on the situation. Often, a more accurate

scheme than Euler is fieede ow can one construct a more accurate method?

Simple, use a better approximation to the derivative! As an example, we present
the trapezoidgl et us take Y11 = yn + AL(f(yn) + [(Yns1))/2. It is easy
to show that fthe 1o ncation error for this method is of order (At)3. So, in a
sense, this is & bett od. One downside of this method is that it is implicit,
that is, if f is a nonlinear function, then to use this method it is necessary to solve
a nonlinear equation at each time step.

e There are a hierarchy of more sophisticated methods that are both more accurate
and have other nice properties. The detailed study of these methods is beyond the
framework of this class. On the course web site, we have included the technical
article describing the various choices of ODE solvers available in MATLAB, all
of which are more sophisticated than our simple constructions above. I would
encourage you to look through this material to get a better idea of what is used in
practice.
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6 “Simple” Integrals

We now move on to use dominant balance ideas to explicitly evaluate integrals. As always
our goal is to learn how to find formulae that represent the value of arbitrary integral, over
some range of parameter space; these formulae will be tested with numerical simulations.

6.1 What is a simple integral

Before beginning it is worth reflecting on the question-what is a simplesinteg
are integrals complicated? Typical mathematics problems define simile i

als are those

which can be evaluated with analytical formulae, whereas complicat
that cannot be evaluated in closed form.

For example, here is an integral to try your skills on. Show @

21/4
/1+\/5 = 42%/* — 424 4 dtan ). (6.1)

Now this is not a simple integral in that it is easy t aluate, but it is simple in that
the solution can be expressed in closed form i of well known functions. On the
other hand it must be admitted that the fun@an_l(m) is only simple if you happen
to have a way to evaluate it. To some e e same thing is true of 23/4, etc.

e because the integral is given a name. An
,given by

/wmdt
Vi

is a so-called special function. Another famous integral
en by

Sometimes integrals are defined to
example of this is the elliptic i

(6.2)

b 4
where the elliptit’fu@tio
is the so-called Siné integ

Si(z) = / ST g (6.3)
o ¢
which is a special case of the exponential integral
o
—zt
By (2) = / %dt . (Re(z) > 0) (6.4)
1

where z is a complex number.

More complete lists of integrals can be found at
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The one caution with
this is that as we will
see numerical evaluation
of integrals can become
quite challenging; in
principle the algorithms
that have been designed
should work on arbi-

trary integrals given
sufficient computer
power.

For fun invent a pos-
itive definite integrand
that Matlab or Mathe-
matica cannot evaluate
in closed form.

http://en.wikipedia.org/wiki/Table_of_integrals#Table_of_Integrals
or in the classical book by Gradshteyn and Ryshik
http://www.mathtable.com/gr/

Within the classical definition, any integral that cannot be evaluated in closed form is
complicated. We completely disagree with these definitions. In point of fact, the phrase
closed form refers to functions that have been named and tabulated. Before the computer
revolution this was a quite reasonable point of view, because the only way that one could
evaluate the numerical value of an integral was to convert it to a known tabulated form
and then evaluate it using the table. But we no longer need tables, and in general,
computational methods can be used equally well for any integrals.

6.1.1 A more sensible definition

A more sensible definition of simple integral asks how ea,s'j:'z‘:.‘i‘s;i't to invent an analytical
approximation to the integral. There is a simple criterionhat can be used to evaluate
this: Vo s

P34

£
l@ integrand is essentially of a single

the integrand oscillates rapidly.

Integrals are easy to evaluate
sign.
Integrals are hard to evaluate

Why? When an int
closed by the integ
signed quantitieé and
evaluate rapidly.

@Esingle sign we need to figure out the volume (area) en-
n

it oscillates there are cancellations between the positively
negatively signed ones and this makes things much trickier to

Fof?(a ere ‘ig a truly difficult integral:
c;@’ ’::
* 10—z (48°+5t) gin (132 (£ + 313
I(aj):/ € fm( 3”“"( +30) 4. (6.5)
0 + 8t

The integral is highly oscillatory as the accompanying figure demonstrates for x = 50
To calculate this integral we need to figure out exactly how much cancellation occurs.

Our definition completely contradicts the classical one. Whereas the classical defini-
tion would define the Sine integral as easy (being defined as a special function) by our
own definition the integral is hard because the integrand rapidly oscillates. In contrast
we think single signed integrands are simple whereas the classical definition does not
recognize this.
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Figure 6.1. A plot of the integrand of the complicated integral. . 6
& hey both come

egrals. Complicated
r the ability to extend
o how powerful such ar-
be shown to obey the very

In this class we will discuss both simple and complicated in
up frequently in practice. Here we will discuss the case of si
integrals require further mathematical developments, in p
and perform integrals in the complex plane. As a prec

guments can be,we claim that the complicated i @
simple law

1

(6.6)

I(z) =~

Figure 7?7 compares numerical comp f I(x) to this exceedingly simple formula.

6.2 A very easy si gral

sider a very easy simple integral, indeed one that you

L dr
. 6.7
/0 €+ 22 (6.7)

This integral can be done exactly but it will serve a purpose.

To get us into thg’&irit,
have done before. sid
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O computation
—— theory

1 2 3 4 5

10° 10 10 10 10

’10
Figure 6.2. Comparison of the formula I(z) = 15/194x~ N: e numerical simulations

Basic Principle for Evaluating Simpl als
If an integral does not oscillate, so ﬁ tegral is simple, we can always estimate
the value of an integral using the formu

J@ = Height x Width.

In the limit Q 0, the maximum value of the integrand occurs at x = 0 , and
is
+&
oo °
g
What about idth? A simple way to calculate the width over which an integrand
oscillates is simply to ask at what distance from the location where the integrand is a

maximum does it decrease to a factor of 2 of this maximum. In the present case the
maximum occurs at x = 0 , so that the width satisfies the equation

Height = 1/e. (6.8)

1 1
e+ Width?  2¢ (6.9)
Hence
Width = v/e. (6.10)
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Thus, using our basic principle for evaluating simple integrals, we have that

1 1
Height x Width = v/e— ~ — 6.11
cight x Width = Ve _ ~ (6.11)

How do we turn this into a more exact formula?

Motivated by the above discussion, let’s make the change of variable z = y./e The
integral then becomes

1 [Uve 1
ﬁ/o o (6.12)

Now students of calculus pride themselves with the ability to evaluate this integral, as

= % arctan(%). : @.13)

This formula is a very good thing unless you are unfortunate eneu
needing the answer without a calculator that stores the values
remember something about the arctan function, you will also re
€ — 0, there is an analytical limit, namely

nd yourself
n(z) . If you
r that in the limit

1 [ 1 s
— —_— = —. 6.14
\E/O 1+y2  2y/e (6.14)

Thus we have an approximate formula for our integr

6.2.1 What if you are on a desert i ithout an arctan table

Of course the above derivation r
integral identity about 7/2 .
these things. There is a sim
the approach we will follo

We write *®
e 0
;! 1

L > 1
dr = d — dx. 1
/0 1422 /0 1+ 22 $+/1 1+22 ™ (6.15)

For the first integral, we can expand

r an arctan table or knowledge about the

a Cambridge, MA, personally I never remember

owever to figure out which actually well illustrates
th.

1

1+m2:1—x2+x4—x6+.... (6.16)

whereas for the second we can write

1 1 1 _ _ _
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Now the expansion for the first integral is convergent since |z| < 1 , whereas the
expansion for the second integral is convergent since || > 1 . We thus write

1
1 11 1
e 6.18
/01+x2 3t 7o (6.18)

I
1 1+$2_

We therefore have that the whole integral

1 1 1 1 11
— de=(1-c4+ ot R 6.20
/0 1+a2 ™ ( 3T5 777 )+(2 d (6:20)

4
This is of course a series approximation for 7/2 . But e¥ @didnt know this we
can for example keep the first several term. Not a badgns @

whereas

1
—+.... 1
4+ (6.19)

N =

6.2.2 Back to the Integral ¢

Lets now go back to the original integral a skrhow to generate corrections to this
formula? One simple way to go about this, serve that

1 1 1 [ 1
_ - = _— 6.21

This last integral only cove nge where y is very large (when € — 0 . Therefore

we can approximate 0
1 ~

vel+y? ™

1
/1/\/&?:?1/\/%:\/;, (6.22)

Thus,w

e 0
RN

*

at our integral is actually

0

— —14... 6.23

All of this can of course be directly verified by solving the integral exactly (giving an
arctangent, as above), and then Taylor-expanding the arc tangent. The advantage of
this example is that the general methodology is much more useful than any knowledge
of specific special functions, as we will see in the next example.
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6.3 A harder integral

Now consider the integral
100 1
I(e) = ——d 6.24
© /0 ettt (6:24)

as a function of € . This integral is not exactly solvable in closed form; however we will
see that applying the above ideas we will derive arbitrarily accurate approximations to
it.

The basic principle is the same as above, we use our basic principle to estimate

Integral = Height x Width.

Now in the present case the Height is just the maximum value of the inte /e .
What is the width? We follow the same procedure as above and define as the
distance over which the integrand decreases from its maximum value or of 2.

This is
1 1

o«\

€ + Width? + Width®  2¢

~ @ (6.26)

nd the width we need to solve an

Hence the width obeys the equation

l‘2+$5:€

where we are now denoting the width by z. H
algebraic equation—something you are now g

Let us proceed and look for a domina# @ ance.

@e ined by the 22 term, so that the integral
se"we have that

x ~ e (6.27)

1. Let us suppose that the wi
falls off when € ~ z= ; i

so that x‘r”‘:?’/ 2% is neglible only when ¢ < 1 (as only in this case is
<<e) O,

2. On the other hand
assume that € ~ 2%

We have therefore found that the width of the integral is \/e when ¢ < 1 and €!/?,
when € > 1 Hence if ¢ < 1, then the integral is approximately

is also possible that the x° term determines the width. If we
, then 22 ~ €2/°. This neglible only when € > 1, .

el xe=e12 (6.28)
On the other hand, if € > 1 the integral is approximately

el xS =, (6.29)
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Integral I(g)=/ (¢ + x2 + xs)'1
1 0 T T T T T T T T T T T

I(¢)

above. The thin red line i 2¢71/2; the thick red line is the law ¢~ *4/°; the

Figure 6.3. Integral as a function of 0 existence of three scaling regimes, as argued
the 7/
green line is the law 10

There is one other limit, need to consider. Note that the integrand is over the
range 0 <z < 100 . s larger than 100 then the width is actually determined
by the range of i n: Hence if the width

/5 > 100 (6.30)

egral will be approximately

L 2
@tt
we X ’ﬁ

e ! x L =100/e (6.31)

The accompanying figure shows all three of these limits:

6.3.1 More accurate answers

The scaling estimates we have developed work rather well. Lets now make these scaling
estimates into more accurate predictions for the value of the integral. Here we carry this
out for the case where € is small. In this case, the integrand varies over a scale /e . We
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are thus interested in studying the integral over this scale. To do this we introduce the
scaled variable

y= % (6.32)

so that our integral becomes

100/ /e 1
10 =7 /0 o (6.33)
As long as the integral
100/+/ 1

J= /0 o (6 34)
is independent of € the scaling prediction that I ~ 1/,/e will be correct. rlte

J as
o0 1 b
J = —d (6.35)
/0 1+ y% + /20 v /00/f1+y 24 €32y ’\

The second integral is easily estimated as /¢/10%/4 4+ O(e &llows because the
smallest value of the denominator occurs when y = 100/+/€ ere the bigger term is
the €3/2y® term in the denominator. Hence

/OO ! d ~/OO ! = oo = Ve (6.36)
100/ve L+ 42 + €72 y= 100ve 25 K7 oY hoo/ve = 7108 :
Thus, we are left with the first integral: nd its denominator as
1 €3/25
—_— - 6.37
1+y2+63/2 (1+y2)2 + ( )

is legitimate as long as €3/2y®/(1 4+ y?) < 1 This is
anding the denominator we must write

This expansion of the de
true when y < 1/4/e Thus

> 1
)4 — 5 Wy=J1+ J2.(6.38
) y+/1/ﬁ1+e3/2y5+y2 Y 1+ Ja. ( )

The first term of the integral J; can be approximated

/ _yz :/ Y 5 _/ _y2 (6.39)
o 14y o 1+y /e l+y

The first integral on the right hand side is /2 . The second integral can be evaluated
by noting that since y is large

o dy /OO dy 3/2
— = +0 Ve+ O(e3?). 6.40
| = rouh = ver o) (6.40)
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To finish off J; at O(\/S we also need to consider the higher order terms in the series
expansion of the denominator: Let’s try to get an approximation that works to this

order. Note that
Ve 4 5.3/2 5.3/2\ 2
/ 2('“ 2—(“ 2) +) dy (6.41)
0 14y \1+y 14y

is dominated at large values of y , since when y < 1 , the integral is O(e%/2). At large y ,
we can replace 1 +y? — y? , and only the upper limit of integration matters. Then, the
expansion becomes

1/ve 11 1

/ (@2~ Sy + T4 ) = VeG bt (6.42)

Thus, putting this together we have that J; = 7/2 — /e O(€%/?), where

c=300(2+3n) 7 (=1)".
The second integral Jo follows from approximating ¢

& 1 & 1 1

Jo = —_—— = -+ ... 6.43

? /1/¢e 1+ €3/2y5 4 42 /1/\/z€ 1/ €8 (6.43)

This series becomes

h:ﬁ(}l - 0+...):Ee (6.44)

7
Putting this all together impli @the integral (at small € ) is given by

] — = 9 6]5

of the sums (can be done directly, or by noting that the sum

corresponds t er series of
N 1
e ° _
» /0 z(1+a%)7, (6.46)

and evaluating this integral numerically) gives ¢ ~ 0.375, ¢ = 0.163 so that I ~ #—1.21

Let’s compare this prediction to the numerical results: Figure 6.4 plots [ —7/2/+/€ as
a function of € . As predicted the error saturates to this constant at small € .

Note that this expansion procedure could applied to the other regimes of interest in
the original integral (ie the e=*/5 regime and the ¢! regime) as well.
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Figure 6.4. Error in the leading order term for the integral, as a funeti fe

6.3.2 Practical Implementation in MATLAB

The MATLAB routine used to produce the plot @ this section are given here:

We have a master driver program that we use to set the initial conditions and the
range of integration [xinit,xfinal]. It is as foll ou can call it driver.m and hence run
directly from the Matlab prompt.)

global eps
eps=le—5;

Q

0,100);

for 1=1:70
int(i)zquag(@
epsilor%(of),eps
eps=epsx*2

(o T B L L A

end

You can call this file something like driver.m, and then call it by saving it in the
directory from which you are running MATLAB and then typing driver. We start with
a value of ¢ = 10™* and during each step during the for loop we carry out the integral
using the matlab command quad and then multiply € by 2. This makes the spacing of
the € ’s linear on a logarithmic scale. We store the values of the integral in the array int
and the values of € in the array epsilon.

You can then make the plot by typing loglog(epsilon,int, '."); For the integral
we considered, the myintegral.m file is as follows
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An exaggeration? Tell
me a better one!

1 function f=myintegral (x)
2 global eps
3 f=1./(eps+x."2+x."5);

Note that we have passed the value of epsilon to the function using the global command.
Note it was also used in the driver file. This makes the variabile eps visible to every
program that is called, whether or not it is passed directly. Not elegant, but it works.

6.4 Stirling’s Formula

Our next example will be a derivation of Stirling’s formula, one of the greatest formulas
ever derived . This was invented by James Stirling, an English mathematician who lived
from 1692-1770. He discovered that for large N, one can approxi

N~ V2rNNNe N, (6.47)
Here we present the derivation of this formula & b

N

6.4.1 An Estimate

Note that &
log<€;&og<j>. (6.49)

Now, a simple way of estimatin size of a sum is to note that heuristically

w Aj Fj) ~ / dif (). (6.49)
J

ticipate that

Therefore we

og(n!) ~ /nl djlog(j) = nlog(n) —n, (6.50)
.

+&
Whi’c;l*fﬁplie
nl~n"e ™. (6.51)
This result is of course essentially correct; however, with more work one can derive a
better formula.

One way of deriving a better version of this formula is to ask what is the error in
approximating the sum by an integral. The essence of the approximation that we have
written is to use the fact that in every subinterval

j+1
/ d log(x) = (j + Dlog(j +1) — ( + 1) — jlog(j) + J, (6.52)
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and then approximate

j+1
/ dx log(x) =~ log(j). (6.53)

J
Clearly although this formula is roughly correct at large j it is quantitatively in error.

To do better than this, we need to more carefully consider the error in the integration
formula. Although following this road would lead us into the (important) theory of
numerical integration, we will instead proceed with another approach.

6.4.2 The Derivation

The derivation of n! for large n starts from an integral representation. Integra ion by
parts demonstrates that

n! / t" exp{—t}dt. Q (6.54)
0
This formula for n! is generalized into the definition of the I’ funr@v ich is defined

as follows:

F(z+1) = /00 t* exp{—t}dt. (6.55)

We would like to develop a method for evaluatg&@omal function (or the Gamma

function) when n (z) is large.

6.5 Laplace’s Method Q

Before solving this problem, a simpler and more general question. Suppose
we are given an integral of = f:g(t) exp{—Af(t)}dt and are asked to
evaluate the integral whe y large. Let us assume that the function f(¢) is
positive and has anya um at some point tg in the interior of the interval
[a, b], and let’s start by that the minimum does not occur at the boundary of
the interval. The idea of ’s method is that the value of the integral is determined
almost entirely near this ‘point tg when A — oo. The reason for this is best seen in a plot
of a specific example. Consider the integral

1071 4 sin(t)

Figure 6.5 shows the integrand as a function of x; it is seen that as A\ — oo the integral
becomes more and more localized near ¢ = 8.

We can therefore approximate this integral by just estimating the area near the point
to . Following our prescription from before, the Height = g(to) exp(—Af(to)) (i-e. the
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Figure 6.5. Plot of the integrand g(x) = =) *— 8)2 for A = 10,100, 1000 (solid,
dashed, dot-dashed). Note that as A — .00, ntegral becomes more localized near
z=2_8

integral evaluated at the maximu ir@ To find the width we want to determine
the distance from ty over which theintegrand decreases substantially. This decrease will
be dominated by the exponentl increase in f(t) away from t = to means e~ will

decrease rapidly as A increa
To determine the W1d find the t so that
e—M(to)
Q e MO = — (6.57)

xpand f(¢) in a Taylor series near ¢ = to,

f(t) = f(to) + (t —to)f"(to)/2+ ... (6.58)

To find. t
e
g

We therefore have
—Af(to)

e M) +H(t—t0)* [ (to)/2) — € T (6.59)
€
or
idth = | > (6.60)
TR P '
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then the integral is approximately

height x width = [g(to) exp{—)\f(to)}] X [ f”(io)/\]. (6.61)

6.5.1 Proceeding more carefully .. ...

One can do this a bit more carefully as follows. We expand both f(t), g(t) around ¢ = ¢
, and insert these into the integral. This gives

b
I = / o(t) exp{~Af(D)} dt

- /ab (g(to) + (t = to)g/(to) + (t — 0)*/29" (t0) + .. ) 0

exp{—A (f(tO) + f"(t0) /2(t — to)” + f"(to) (¢ — tO)g/g + (6.62)

X

Now this is just d\

b
exp{-AT(t0)} [ exp{-Af"(10)(t ~ m@
(1= A"t —10)3/6 +...)(g(to) + ( d (to) +...) dt. (6.63)
If we change variables so that M(t —tg)?

= n the integral becomes

(b—t0)2\f" /2

exp{—Af(to)} /_ p{—u}(g(to) + corrections)du.  (6.64)

(a—t0)2)\f”/2

Now if we let A — o0 , t
Hence the integral become

R 4 [ 9 o,
¢ ‘,’(750) f(to)} m/_ooe du, (6.65)
\/ﬂg(to)exp{—kf(to)}\/ﬁ7 (6.66)

in the limit A — oo . There is an interesting question about higher order corrections
that we will turn to later on. (It turns out that the formula above is the first term in a
divergent series.)

of the integration are well approximated by +oo .

or
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Actually it is pretty
close to the form of the
second case, where the
minimum is on the end-
point.But there is no
large parameter multi-
plying the decaying ex-
ponential!

f(t) does not have a global minimumon a <z <b

The above analysis works as long as f(¢) has a global minimum on the interval [a, b]
. Often, the minimum value of the integral occurs not in the middle of the region,
but on one of the end points. In this case the integral is dominated by the behavior
near the endpoints. Lets assume that the minimum occurs at t9 = a . Then we can
expandf(t) = f(a) + f'(a)(t —a) + ... . It seems like we have the maximum value of
the integral in mind (rather than the minimum as stated above), which occurs at the
minimum of f(t).

Since a is a minimum it is necessarily the case that f'(a) > 0 . If we now expand the
integrand near t = a we obtain

I:/ab<g(a)+(t—a)g'(a)+...> xexp{—)\( }dt (6.67)

or changing variables so that A\f’(a)(t — a) = s we have th6®
(b—a)f'(a)A

I~ g(a)e_)‘f(“)/

0

(6.68)

so that

I~ . (6.69)

!

the interior versus the endpoints e interval) is the decay with A : in the former case
1/2 as i the latter it is AL

We see that the major differ(%Qeen the two cases (the minimum of f(¢) is in

the decays is like A™"/“ whe

With these id d we can now develop an approximate formula for the integral
s above we have that

n! = /000 t" exp{—t} = /OOO exp{n log(t) —t}. (6.70)

This is not exactly in the form we have manipulated above. = One can readily show
that f(t) = n log(t) — ¢ has its minimum when ¢ = n . Hence as n — oo the location of
the minimum shifts towards oo . Additionally, the integral is broad, and not particularly
localized.

We get around this in two steps: first, write

t=nr. (6.71)
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' Function

T(x+1)
<)

Figure 6.6. Plot comparing the I' function to the asymptotic for ve derived.

Then

f=nlog(t)—t=mnlog(n —1—: l@ (6.72)

The function 7 — log(7) has a peak at 7 =
the maximum is now gone. We can therefor
and therefore write the expansion

e n dependence of the location of
v Laplace’s method to the integrand,

(6.73)

oo
n"exp —n/ exp{—n(r — 1)%/2
0

= V2mnn" exp{—n}6.74)

/ " exp{ntog(n) g
L 22 "

*

Figure 6.6 compares the I function to the asymptotic formula. As usual it works much
beyond where you might expect.

6.6 The Error Function

Let us now consider one further integral. Although the spirit of our derivation will be
quite similar to that which has come before, we will use this example to pay closer
attention to the accuracy of our formula.
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Error Function: Exact versus taylor series expansion
2 T T

1.8f 10 term 20 term 100 term b

1.4 .

1.21 b

4 10

6 0\
Figure 6.7. Comparison of the 10, 20 and 100 term s expansion for the error function
with the exact result.
Consider the ”error function” &
erf(z) = =g exp —t? dt. (6.75)
0

We seek an estimate for t tion. Now, since the error function is expressed as
the integral over an expo hich has a Taylor series about z = 0 with an infinite
radius of convergenc Taylor series expansion of the error function with an
infinite radius o erice. Namely

2 o0 " Z2n+1
erf(z) = NG ;0(—1) B Dl (6.76)

*

e 0
Let’s t’x? it o
the error fu

ure 6.7 compares a 10,20 and 100 term Taylor series expansion of
1on with the exact result:

Although increasing the number of terms in the expansion does increase the range
where the Taylor series gives reasonable answers, the convergence is slow—the last sum-
mation even demonstrates that it may not work at all: the round off error incurred from
adding and subtracting large negative numbers eventually becomes prohibitive.

There is however another way to estimate the integral, which is deceptively subtle.
We know of course that since

/OOO exp(—t?)dt = \/7% (6.77)
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erf(c0) =1

We therefore write
erf(z) =1 — —/ exp(—t?)d (6.78)

and try to develop a good approximation for the second integral. We can do this by
integrating by parts. Note that

/Zoo xp(_ )t — /:o d(e_t2) _ _exp(—t2)|go +/:° Mdt. (6.79)

—2t 2t 2t2

Continuing in this way after integrating by parts several times we obtain

2 exp(—z?) 1 1-3  1-3- 5
erf(z) =1 — VT (1 T2 + 22?7 (229 q (6.80)
where \
R= 1.3-5-7/oo exp(—t2)/(16t%) dlv (6.81)

So far everything we have written is exact. What wou rly be good, is if we could
delete the remainder integral R , and use the serie luate the function. Now as
z — o0 , R decreases more rapidly than the terms in series.

In particular we know that

R = 1-3-5-7

IN

(6.82)

Here the inequaliby
the integral (whetery> 2
*

The consequence of thi that the remainder term is the smallest term in the series
as z — oo . Thus we expect this to be a good approximation when z gets very large. (In
fact, this same argument implies that the first term itself in the series will also be a very
good approximation as z gets large.)

9 < 279 over the integration range of

On the other hand, lets consider the radius of convergence of the series multiplying
the e~ : Following the pattern laid out in the equation, the n*? term in the series is

1-3-----(2n+1)
(222)n+1 :

(6.83)
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Error Function: Exact versus Asymptotic ( 4 term)
2 T T T T T

0.8 l

0.6 q

0.4

0.21

0 1 2 3 4 5 6
Figure 6.8. Comparison of the 4 term asymptotic the exact result.
Hence taking the ratio of the n* and the terms, we have that

R@% (6.84)

d@ , the radius of convergence of the series vanishes!

Therefore, if we fix z and send
The series is divergent.

All of this is bad news.
representation of.
the exact form

Thus, we h

L 2
[ )
S
) i EOWeVe

This type of situation happens a lot, and we will come to understand later on that
this generically happens when one is doing an expansion about an essential singularity
(here we are effectively doing an expansion of e~ about z = oo .) Expansions of this
type are called ”asymptotic expansion. The hallmark of such an expansion is that the
remainder is smaller than the last term kept.

have courage, and see if the series provides an accurate
(6.6). Figure 6.8 compares the four term expansion with
ees beautifully!

red an example of a series with the following properties:
series does not converge.

ed n with z — oo the formula is very accurate.

6.6.1 Having Courage, once again

Let us reconsider this problem, this time having courage.
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Consider the most interesting part of the error function, namely

0 2
/ e % ds. (6.85)
T

We would like to estimate this integral by using our simple prescription, namely that
the integral is the Height multiplied by the width.

What is the height? Clearly the maximum value of the integrand occurs at the lower
endpoint of the integrand, namely

Height = e~ %", (6.86)

What about the width? For this we use our simple prescription: the width is the
distance from the maximum such that the integrand decreases by e~ ! . Namel@

e~ (@tW)? _ =1 —a? E q (6.87)

or o

(x+W)? =z2+1. (
This implies that O

2 +1—x. (6.89)

The figure compares the height times the Wldt.\@ in this way with the asymp-
totic formulae we have derived above (

6.6.2 Optimal Truncations

¢ the e~*" are themselves divergent, it is worth
is actually worth keeping. Let’s check this out by
evaluating the error functio and then comparing it numerically to the series ex-
pansion, truncated S s. First the error function er f(2) = 0.99532226501895.
Figure 6.10 shows the set valuated as a function of truncation: you see that at a
truncation of order = 10 evaluated number starts diverging dramatically from the
answer.

Given the fact that the term
wondering how many of the

Let’s examine the result of the first 10 truncations: we find that our series gives the
numbers

0.99547909695379
0.99523690571917
0.99538827524081
0.99525582690938
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—&rf(x)
— 1 term asymptati n=ion

of having courage formula with asymptotic approximations.
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12 error function at x=2

10 T
1010_ O iE!:
8 o ’
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o
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10° ¢ 0 0O 0 0 0Q @ > 000" -
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truncation n

Figure 6.10. Asymptotic series for error function as a function of the truncation.
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.995640483128224
.99519995026956
.995663288191517
.99490863507965
.99623515960513
.99308466385711
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it starts diverging. Figure 6.11 shows the dependence of the er he formula as a

You can see that for the first few truncations, the answer imp%a bit, and then
function of the truncation. You can see that the best answer ig

outn =4

¢,
‘12 f we go back to the

Could we have guessed that the best formula oceurg a
io of the n'* term to the

argument concerning the radius of convergence, we se
n + 1% term is

(6.90)

At n = 3, this ratio becomes smaller t ,a@n icating that the terms start increasing in
magnitude. Hence we expect thingsfto getuworse around the 3rd term, and indeed they
do. For a given z we therefore ex optimal trunction to occur after around +/n
terms.

To illustrate this, figure Qmpares the asymptotic series with the exact formula

for 0
Q (erf(z)—1) exp(x2) (6.91)

number of terms that were kept in the asymptotic expansion. It
ertain x dependent NV, the series no longer converges to the exact

The index N |
is seendbha

resilt {gi

Note that x = 2,3,5 the error deviates at n = 4, 15, 60.

6.7 Another example of an asymptotic series

This is not the first series of this form we have encountered: you will recall the difficulty
we had when we addressed the solution to the differential equation

dy 1
4 e .92
d:c+y 1+ 22 (6.92)
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Figure 6.11. Error in the asymptotic formula as a function of truncation.
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erf(x)—1)xexp(z) evaluated at x = 3 and = = 5, compared with different
cations of the asymptotic approximation to the error function. It is seen that
beyond a certain x dependent on n, the series no longer converges.



We found a series solution to the equation that was valid when z is large, namely

1 2 5 20
y:—2+—3+g+—

. 6.93
x z 0 ( )

We saw by comparing this solution with numerical solutions to the differential equation
that it worked very well in describing the solutions. However, we then studied the radius
of convergence of the series and found that the radius of convergence vanished. Hence,
by usual mathematical principle, there is no way this series should be useful.

With a little effort we can convince you that the phenomenon here is exactly the same
as that we uncovered for the error function. To proceed, lets first write down the ”exact”
solution to our differential equation, using the fact that there is an integrating factor e*

. We therefore arrive at (as usual)
o e
y(x) =Ce " + e_xfl ds ol Q 6.94)
Let us now study this when z is large. In particular we need to Kbhe integral

T es .
fl ds 115z when x is large.

The convenience of writing the formula this way is that n@cgn easily study the

behavior of the integral at large x . To do this, we use

1 1 1

1+22 221+ 2= @
When x > 1 this is just

—+...) (6.96)

(6.95)

Thus, the integral we need @an be written
.
L L NV

This is an infinite seri argest term in the series is clearly the first term. We
therefore now need to evéluate the integral

x S
/ € ds (6.98)
1

when z is large. It turns out that this type of integral comes up very frequently. It is a
special case of the so-called ”incomplete gamma function” (Note the resemblence to the
Gamma function we described in class.)
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6.7.1 Large x behavior

Our trouble is now to figure out how to evaluate this integral when z is large. To do
this, we will integrate by parts: Note that

/—ds—/ d(e 82:/x<d(s;)+2 ds) (6.99)

=——e+ 2/ —ds. (6.100)
Similarly, integrating by parts again one can see that

T o8 e T o8

Continuing this many times we find that 0

1 2 6 (n—1)! e
/—d8—6<ﬁ+;+g+”‘+70K 3 Wd& (6.102)

We now need to carry this procedure out fo
equation (6.97). The second term in the expansi

the terms in our expansion in

S

(6.103)

Using the same type of procedure tegral (integrating by parts) one can show

“el (n —1)! n! [T e°
/ ds =¢” 67) + g /1 Sn_H ds. (6.104)
If we now use com @2 pproximate formula in the solution to our differential

equation, we fin

c roes
—x
Here; t which is the sum of the prefactors from the expansions of all of
the integrals ation (6.97). The only important property of this integral for us is
that it grows rapidly with n : One can show that

&

Cp=nl(1+1/6+4.....) (6.106)

Note that at this point, everything we are writing down is exact. Also note that we can
now see what the approximation we made in writing down equation (1) corresponds to.
This corresponds to neglecting both the first term in equation (6.105), and the last term.
The nonconvergence of the series in equation (1) must therefore be connected somwhow
to this approximation.
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6.7.2 Asymptotic Series

Note that equation (6.105) has the following remarkable property: Neglecting the expo-
nentially small term

@) - (=422 )
z)— | —+— 4+ —+ -+ — )| =€
4 2 xn

(6.107)

n
§> pntl’

Here n is one higher power than the last term in the series. Thus, the error in the result
1s arbitrarily small if we take x large enough. In fact, the error is smaller than the last
term in the series!

However, the catch is that if we consider an infinite number of terms in the series for
fized x , then the series does not converge. Namely, as pointed out before, the series is
nonconvergent. We can see this in the above formula because the error term is

Cp /2", (6.108)
We have already argued that C,, grows very rapidly with n , rou aking C,, ~
n! ~ n" (the last equality follows from Stirling’s formula). error term is

approximately

n"/x" = (n/x)" @ (6.109)
When n > x the error is not small anymore. =

As we remarked above in our discussion of therro p function, these are the hallmarks
of a so-called ”asymptotic series”. Our normaledéfitiition of convergence asks whether
the sum converges to a number for fixed z_ahéhfhe number of terms n — oo . Here,the
series is sensible when the number of te xed, and © — oo . The definition of an
asymptotic series means that it is usgftlypractice (as we have shown above, the error
is small!); but, one does not i ‘3 better by including lots and lots of terms.
In fact, in general, there is al number of terms that one should choose in an
asymptotic series to get the wer.

6.8 Final Ren’jﬁr ing ahead

Before leaving this topic, we close with a few remarks:

6.8.1 Complex valued functions and essential singularities

First, so far all of the asymptotic expansions we have discussed were for real valued
functions. In the complex plane, things are a little tricky. Namely, let us consider what
happens if we extend the error function to complex valued functions (This section will
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be easier to read once we cover the essentials of functions in the complex plane, in the
next week or so.) The analytic continuation of the error function is

ere) = — / exp{—12} d, (6.110)

where C'is a contour in the complex plane that starts at the origin and ends at z . Owing
to the analyticity of erf, the value of this integral is path independent. However, what
happens if we try to apply our asymptotic trick from before? We have

erf(z) —1——/ exp(—t?)d (6.111)

where C’ is a contour connecting z and oo . The difficulty is that if this contour goes
through the wrong part of the complex plane, the integral does r@nverge! For con-
vergence, we need Rt? > 0 for all ¢ along the path.

We will learn how to deal with such difficulties later r now we note the
following: in general, asymptotic formulae represent ex about essential singular-
ities. Such expansions cannot be analytic. Thus, they && 'y be valid in a sector of the
complex plane. In general, a function will have di epresentations (different func-
tional forms) in different sectors of the complex hen expanded about an essential
singularity.

=
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7 Convergence and Its Uses

7.1 What is Convergence? And is It Useful?

Thus far we have generated many different kinds of approximate formulas for solving
our hard mathematics problems. We have tended to focus on only computing one or two
terms in the series in the belief that we will get most important information just from
this. But what if we were to study the entire series? Would this lead to a better emworse
answer than we had before (especially if we include all of the terms)?

The answer to this question depends in large part on whether or notythe series con-
verges. For this reason, we now turn to a discussion of convergence-whatfit'is, wiy it fails
and how to think about it in general. This will lead us to spend a little timie considering
the properties of functions in the complex plane-this is the only context under which
convergence can be understood.

Under what conditions do the series we have generated Gonverge? What does the
convergence (or divergence) of a series tell us about the ptoperties of the underlying
function it seeks to approximate?

Conservative Definitions

each of which can be useful. First we the most conservative definitions, which
will be familiar to you from preyi s. The basic notion of convergence for a
series > apx™ is that the pafti Ay = 27]1\7:0 apx™ approach a limit as N — oo.
Namely, given an € > 0 thére is M such that |A,4p — Ap| < € for all p > 0 and
n > M. A more stringent notion of convergence is absolute convergence, which requires
that the convergesgwh h terms is replaced by its modulus. Absolute convergence
implies convergéicegas is nt from the triangle inequality | ), ana™| < ", |anz™|.

There are various competing deﬁnition@@rmining the convergence of a series,

There are various tes t are typically applied to determine the convergence of
a series. Clearly, the magnitude of the terms a,x™ in a series must decrease as n —
oo. Demonstrating convergence or divergence typically requires comparing the series
to another benchmark series whose convergence properties are known. The two most
useful benchmarks are the geometric series Y oo, r™, which converges to (1 —r)~! when
|r| <1, and the harmonic series > 7, 1/n™ which converges when m > 1. Comparing
the general series to the geometric series, we find that the series converges absolutely
when |a,z"| < |r"|, or
|ang12" !

< < 1. 7.1
< (71)
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It is a beautiful fact that this convergence criterion corresponds to points within a
circle in the complex plane. Suppose that a given series converges at zg, then |a,x"| =
lanxy||z/xo|". Hence as long as |z| < |zg| the series converges. In contrast if the series
diverges at x; then it diverges at every |x| > |z1|. The consequence of this fact is
that whenever something goes awry at any point in the complex plane, a series can
only converge in a circular region up to this point. Conversely, when a series does not
converge you can bet there is something funny going on in the complex plane! Below,
we will classify the various types of singularities that can occur in the complex plane, so
we will have a list of possible ways that a series can cease to converge.

Determining when a series no longer convergence often contains valuable information
about the behavior of the function it seeks to approximate. For example, we will see that
the perturbation series we constructed for the roots of the quintic stop converging at a
singularity in the complex plane that corresponds to the change of tmio purely real roots
into two complex roots. We will see that using such singularitieg, intelligently will allow
us to construct accurate approximations for the underlying ‘functi.on.s.

Less Conservative Definitions

Whether or not a series converges, the coefficients'¢ontain information about the function
the series seeks to approximate. Therefore it_is leéitimate to ask whether a divergent
series contains information about the behavior‘ef a function. One of the themes of this
course will be that one can learn a gredtideal from divergent series. Here we give a
definition that starts to hint at how this can be possible.

Our “conservative” definitions convergence states that the partial sums Ay(z) =
SN a2 converge at a point nction f(z) if |An(z) — f(x)] = 0as N — oco. In

this definition the value of p fixed as N — oo.

One can weaken t 1n the following way. Let’s keep IV fixed, and instead
send z — xg. We'w a series is asymptotic to the function f(x) at z = = if for
fixed N the pargial sum, | Ay (x (x)|/f(z) = 0 as © — xo. What this definition says

is that the parfial sum Ay is a good approximation to f(z) (in that the numerical value
of Ay to that of f) for = close to . Note also what this definition does not
sayslt that the value of Ay (z) becomes a better approximation to f(x) as
N — oco. Hen rinciple (and as we have seen, in practice!) the agreement between
the partial stms Ay and f gets worse and worse as N increases; nonetheless the A’y s
provide quite excellent approximations to the function.

At first sight this definition seems hard to believe; it implies that the notion of con-
vergence is not the same as the notion that a formula provides a good approximation for
the behavior of a function. At this point there is no reason you should be convinced that
this definition is a valuable one; during this course we will provide numerous examples
illustrating series which have precisely this property. We will also explore why and when
such series work so well.
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Some Examples

To whet your appetite for this subject, we will give some examples of asymptotic series.

Solution to y' +y = (1+x2)~! We saw that at large = y(z) = 1/22, but also saw that
this solution was the first term in a divergent series.

Stirling’s Formula We derived the first term in Stirling’s formula above. One can also
consider the entire series,

n\" 1 1 139
t=vam(2) (1 ). 2
" ”"<e) ( 120 T 28802~ Bisdond ) (72)

Number of Prime Numbers A classic result of number theory is that the number of
prime numbers less than n is given by

m(n) = n 4 n n 2ln N 3In . Q7 )
“log(n) ' (log(n))2 " log(n)® " (log(n))* EE @ ‘

This series clearly doesn’t converge under a typical definition. o
Harmonic Series The sum Hjs = Z = is well known to di as M — oo. What
is the approximate value at finite M7 The asymptotic answe
1 1
=log(M) +~v+ —— + ... (7.4)

oM  12M?2
Here ~y is a constant of order unity, called “the er cheroni constant”

is also by default an asymptotic
series expansion

The exponential A normal power series ex
expansion. Thus, the exponential functlon h

+ - + (7.5)

which is also an asymptoti n as z — 0.

*&
7.2 Singularitiés i omplex Plane

The convergence of series approximations to a function f(x) is entirely dictated by the
the singularities of the function in the complex plane. Here we review the elements of
complex analysis that are necessary to understand and classify these singularities.

First we start with a simplistic example. Consider the power series
1+a?+a2t 4284+ ... (7.6)

Application of the ratio test demonstrates that this series converges if and only if |z| < 1.
One can understand why this divergence occurs by noting that the power series is the
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Taylor expansion of (1 — 2?)~! around z = 0. Since the function diverges at = = 1 it
is not at all alarming that the series it approximates diverges. On the other hand the

function

1
1+ 22

=1—-a?+azt—ab 4. (7.7)
"converge" intended |

also converges only when |z| < 1. This function does not divefge at x = 1, and thus this
divergence does seem alarming. It was the consideration of this type of question that led
to the subject of complex analysis (by Cauchy), and the notion of radius of convergence.

The consequence of this consideration is that even if you are interested in properties of
real-valued functions, understanding the continuation of these functions to the complex
plane is crucial-both for understanding why functions behave as they do, and in learning
how to calculate them efficiently. In particular, the lack of convergence of a formula is
always linked to underlying singularities of the formula in the coniplex plane.

7.2.1 Some Important Facts about Functions in the Corﬁf)lex Plane

Our goal now is to invent a complete characterizat.iiqﬁ of the types of singularities in
the complex plane. We would like to know: what 't“yp'es of singularities lead to a finite
radius of convergence? What types lead to a gero, radius of convergence? How can we
understand the behavior of a function arousid ajpoint of zero radius of convergence? In
order to do this, we will need to introduge he'basic elements of complex analysis. This
information is described in standardf’téxt‘bo’oks. We will consider the following points.

e Multivaluedness of Compl@nctions: Branch points and branch cuts.

e Differentiation: Cauchy: n equations.

Integration: Cauchy; em, Cauchy’s integral formula and principle values.
Proof that an nalytic functions always have singularities.

Taylor series andil.aurent series.

Classification of singularities in the complex plane.

22 4
7.2.2 ﬁ ulti .c’lness

There is another simple way in which a function in the complex plane can develop a
singularity: namely, functions in the complex plane can be multivalued. In particular,
if one has a function f(z), it can happen that by making a loop around a particular
value of z = zp, the value of the function can change. Such a property is never shared by
a series expansion of the form ) a,z", and for this reason, any series expansion that
attempts to represent a multivalued function must diverge. This is best illustrated by
an example - consider

£(2) = V. (7.8)
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If we let z = re®, then by changing 8 — 0 + 27, \/z — —/2.
This behavior is summarized by saying that the function has two branches.

The typical fix for such a behavior is a “branch cut”, in which one draws a line in the
complex plane through which one does not allow paths to cross. With this correction,
the function is now single valued.

A particularly relevant example of a multivalued function is
fz)=(1+2)". (7.9)

If v is not an integer, this function has a branch point (is multivalued) at z = —1. To
see this simply write z = —1 4 re??. Sending § — 6 + 27 leads to a picking up of the
phase factor e??™. Now, alternatively you know that the Taylor series expansion of this

function is 0
f(z):l—l—yz—i— V(V—l)Z2+ V(V_l)(y_2)23+-.- q (7.10)

2! 3!

The radius of convergence can therefore be computed by consideri
between the n'* and (n + 1) terms. Since the coefficient of tiﬁ term (neglect the

constant term) is

an:u(v—l)...(u—n—i—l)’ (7.11)

n! @

lim = Ii —1. (7.12)

This also establishes the radius COHV?Q unity.

that will be useful to us later on: Note that

we have that

14TV (7.13)

8
el | o
Hence if we look at‘ﬁ& rat |an+1] the series actually contains information (namely
v) about the type of sin ty that we are running into! Soon we will use this as a way
to find the singularity we are running into and try to get rid of it.

7.2.3 Differentiation and Integration

Now we summarize the brief highlights of differentiation and integration in the complex
plane. More details and beautiful pictures can be found in complex analysis textbooks
on reserve in the library.

121



Complex Differentiation

First a definition: A function f(z) with z = x 4 iy is said to be analytic at the point zj if
the derivative of f(z) exists at zg. This is a nontrivial definition because since f depends
on two variables (r and y ) which are in principle independent there is a necessary
constraint that must be satisfied for the definition to hold. Namely if we differentiate
f(2) in the ’x direction’ and the 'y direction’ we must get the same answer. Specifically

flz+ Az +idy) — f(z +iy) _ flz+iy +iAy) — f(z + iy)

14
Ax 1Ay (7.14)

If we write f(z + iy) = u(z,y) + iv(z,y) this constraint is equivalent to constraints on
the function v and v, known as the Cauchy Riemann equations: namely

Oxu = Oyv (7.15)
and q
Opv = —0yu. (7.16)
Cauchy’s Integral Formula v
Let f(z) be analytic in a simply connecte e , and let C' be any closed contour in
that region. Choose any fixed pomt z in then we derive the fact that
(7.17)

for some closed contour C 1Q plex plane. Furthermore we show that

Q@ =y R

n! f(Q)
= — | ————=dC(. 7.19
27ri/C(C—z)"+1 ¢ (7.19)
An interestifig consequence of these formulas is the following. Consider a circle of radius
R and assume that f is analytic inside this circle. Then letting C = Re” (and taking
z = 0 for definiteness) we have that for example

dC : (7.18)

and in general

27 f(Rezﬁ)

—i9
. 2
27r R 40 (7:20)

F1(0) =
Now if f(z) is bounded by some constant M as z — oo then we have that

M1

21
~ 2T R’ (7.21)

f1(0) <
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Hence as R — oo, f/ — 0. This therefore demonstrates that any function that is bounded
at infinity and analytic is necessarily constant. Hence any interesting behavior of a
function is due to its singularities in the complex plane!

We therefore see that although (as we have previously argued) singularities are the
essential cause for the nonconvergence of series expansions, it is also the case that the
interesting part of a function are its singularities.

7.2.4 Types of Singularities in the Complex Plane

Thus motivated we now turn to the question of what are the types of singularities that
can exist in the complex plane. We have argued above for several types:

1. Multivaluedness leads to singularities, in the form of branch points. These are
points which when orbited in the complex plane lead to multivaluedness. Bifinétions
with this property do not converge when expanded around the branch point for
the simple reason that the expansion is made up of a sum of powers a4 ahd each
of which is not multivalued. One cannot create a multivalued fuhc‘mon by adding
up single valued functions. -

2. Poles. This is an actual divergence of the function of the fo’m{ )27

f2) = QO (7.22)
3. Essential singularities. This is stronger than any pole and the nastiest type of
singularity. A prototypical example is

£(2) 7 (7.23)

We saw essential singularities abo@n we were expanding the error function —
typically essential singulariti 1l approximated in sectors of the complex
plane, though different fo equlred for each sector.

We now prove that thesd are the only types of singularities that can exist in the
complex plane. To do this we pretend that our function is not multivalued, and ask
what other types offsin ities can occur. The proof starts with Cauchy’s formula, but
we ask for the behas:@r 0 tion near a point zp. There may be singularities or other
nastiness at or near zp a r that reason we generalize our contour C' = Cy + C; to
involve both the contour Cp and C;, where C is the outer contour (a big counterclockwise
circle around the point zp) and C; is the inner countour (a small clockwise circle right

around zp). We write

f(z):{/(/Y > f©) dc+ f(Q) dc (7.24)

2 — 20+ (20— 2) 2mi CiC_ZO"i'(zO_Z)

Now consider the denominator
1

T (=) (7.25)
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For the contour Cj (the outer contour) we have that | — zo| > |29 — 2|. On the contour
C; (the inner countour) we have the opposite. This therefore motivates the expansion

1 1 1 2 — 2 72—z 2
C—zol—(z—zo)/(g—zo)_4_20<1+<_Z0+<<_20)+...>. (7.26)

We can use this in Cauchy’s formula to show that f(z) is composed of the sum of a
power series around zg with both positive and negative powers, i.e.

o0

flz) = Z an(z — 2z0)". (7.27)

n=—M

This is the Laurent series of f(z) in the annular region between Cy and C;. Here M is the
most negative term in the series. The negative terms come from o# the integral
around the inner contour in the Cauchy’s formula. If M = oo tlen the function has an
essential singularity at zg. Otherwise it has a pole of orderfy ]
this derivation we have only assumed that f(z) is anakti

around zg, we have just shown that the most general gigulérities of a function are as
claimed. \

7.2.5 Summary @
In the last section, we classified the ssible singularities that can occur in the

complex plane, with a view towards understanding why power series expansions cease
to converge. These are:

e Branch points. Such singulafities denote points around which the function is mul-
tivalued. Since power ¢ @ are sums of integer powers z™ which are single-valued,

final case, the principal part contains an infinite number of terms. In this
case the function has an essential singularity. An example of a function with an
essential singularity at z = 0 is e'/%; it should also be noted that e* has an essential
singularity at z = oo.

Now there are two more topics of complex analysis that we will consider: first we
will consider the problem of analytic continuation. This is the question of when can one
improve a formula (that only works in a certain region of the complex plane) to make it
work in a larger region of the complex plane. This is a very practical question — can we
find anything to do with our non-converging series?
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The second topic we will consider is contour integration — namely how to think about
integration when it is extended to the complex plane. We have already discussed that as
long as there are no singularities, the contour in the complex plane can be deformed at
will; but even if there are singularities we can still calculate what the error is in Cauchy’s
formula due to the singularities. This is a powerful way of making complicated integrals
into simple ones, as we will see.

7.3 Analytic Continuation

When a representation of a function only converges in a region of the complex plane, it
is natural to ask whether there is a way of continuing the function to a larger part of the
complex plane. For example, consider ) z". This series only converges when < 1;
on the other hand we also know that the function (1 —z)~! agrees with the ser@thin
the region of convergence. Therefore, (1 — 2)~! is an analytic continuation eries.
The formula works everywhere in the complex plane, except at the pol

A common example of analytic continuation is how to take a T ed function
f(z) and continue it into the complex plane. For this, one just re es — z, and then
considers f(z) as a complex valued function.

As a final example, consider the Riemann zeta function

() =) %: @ (7.28)

This sum converges absolutely when Re(se. Can it be continued to other s? To
do this, note that

>

_ / >
n<x
= s x[t]t‘s_ldt
1
0‘ x 1-s
"o - +s/ ([ -t tdt + —— — 2 (7.29)
1

* s—1 s—1°

Here [x] denotes the integrer nearest to z. Taking # — oo and assuming Re(s) > 1 we
have

s o

((s) = - s/ ([t] — )t~ La. (7.30)
1—s 1

This formula shows that ¢ has a simple pole at s = 1. Note that although we derived this

formula assuming that Re(s) > 1, the integral actually converges when Re(s) > 0, since

[t] —t is always smaller than unity. Thus, this formula provides an analytic continuation

for the ((s) when Re(s) > 0.
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Of course, these examples of analytic continuation are all special. It is rare that one
can write down an analytic continuation in such a straightforward fashion. The canonical
method for performing analytic continuation is called the “circle-chain method”. Suppose
the series a, 2" converges within the circle |z| < R. Somewhere on the circle |z| = R, there
is a singularity. Consider a point close to the circle |z] = R. One can now carry out a new
Taylor series expansion of the function about the new point. The radius of convergence
of the resulting series will be the distance of the chosen point to the singularity; in
general this series will extend the region of convergence beyond the original circle. By
repeating this method again and again, one can “fill up” the complex plane with an
analytic continuation of the function. This method is tedious, though it is guaranteed
to work.

Is the resulting analytic continuation unique? Imagine we carried out the circle chain
method starting from two separate points; under what conditions gwill we arrive at the
same answer? Suppose the function f(z) is analytic in the entizé ségion comprising
the two “circle-chain”s. Then the answer had better agreel Inideed: it does. This is the
result of the so-called identity theorem for analytic contimuation. Suppose fi(z) and
f2(z) are both analytic in a region R, and they coincide ingome subregion of R. The
identity theorem states that they coincide througout 4R. More generally, if there are no
singular points of the function in between the twé Paths of analytic continuation, the
two continuations will agree. %

The proof of this theorem is as follows. @onsider F' = f; — f. By assumption, F' is
analytic in the region R, and F' = 0 ingsomersubregion. Consider a curve connecting
the subregion to R. In the subregiod, all derivatives of F' vanish, all the way up to the
boundary of the subregion. Now consider/a taylor series expansion of the function around
the intersection point. This tayl ies is clearly = 0 everywhere in a disk around the
intersection point. Thus we ended the region where F' = (. Continuing this will
fill up the region R with

On the other han ally clear that if there is a branch point type singularity
in the middle ofithe fegion, analytic continuations that circle this branch point cannot
be unique. Forfexampie, consider log(1 + z) = Y (—1)727 /4. Circling the branch point
at z = —1 yia the eirele chain method will lead to different values of the logarithm at
these Pbint i

\ 4

Y
4

7.3.1 Approximate Analytic Continuation

Why do we care about analytic continuation? Often one is presented with a formula
representing a function which is only valid in a certain range of the argument. One
would like to find a way of extending the range of validity. Analytic continuation is the
technical procedure through which this is possible. We have seen from above that explicit
analytic continuation is often very tedious, and does not lead to the types of compact
formulas that lend physical intuition.
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Of course, in the modern world, one can often perform analytic continuation by numer-
ical computation; however, although this is a good way of producing accurate numbers,
it also does not lend any intuition as to why the numbers are what they are.

In practice, what one is most often looking for is not an exact formula for the an-
alytically continued function, but an approximate one. Here we describe a number of
methods for extracting approximate analytic continuations of functions, with varying
levels of sophistication.

Euler Transformation

A perhaps “hopelessly” naive way of fixing a singularity is to try to define it away. As
an example of this method, let us consider the power series expansion for

log(1+ 2) :Z ”+1z &31

8

n=1

The radius of convergence of this expansion is z = 1, owing to the point singu-
larity at z = —1. Let us try to define this away as follows. Let

¢= . (7.32)

ziﬁ—.<2;2> (7.33)

We will now use this substitution to write

reason this might work is that we have 1 a singularity in the ((z) transformation at

exactly the point z = —1 where t % int singularity occurs. Can this singularity
P

“cancel out” the singularity i sion?

Inverting this expression gives

er series in terms of ¢ instead of z. The
Making this substitution

+...)—%g2(1+2§+3c2+...)+...
= C+C2+3/3+... (7.34)

The radius of convergence of this series is therefore |¢| < 1, which corresponds to 1/2 <
z < ool

Note 1: The coefficients of this series can be computed using Maple, as we mentioned
in Chapter 2. Input the following code line by line into Maple:
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zp:=s/ (1—s)

yp:=sum((—1) " (n+l)*z"n/n, n=1 .. 10)
dum:=subs (z=zp, yp)

stuff:=series (dum, s=0,10)

B~ W N

In the code above, the first and second lines are used to define the substitution expres-
sion and the original series; the third line does the substitution; the fourth line expands
the series after substitution. The final output is:

1 1 1 1 1 1 1 1
8+§S2+§83+ 184+535+686+?87+ §s8+§sg+0(310).

Note 2: There is a nifty command in Maple for converting symb expressions to la-
tex, for use in technical documents! The command latex (stuf, : erts the symbolic

expression stuff to latex. e

|z| < 1 to converging on the

The conversion of the series from a series co
entire positive real axis is remarkable; but does i

Figure 7.1 compares log(1+ z) (solid line e normal power series (open circles)
and the Euler transformed series (squar ositive real axis. For each of the series
we have summed 299 terms. The Eule# t rmed series exactly captures the function,

whereas the normal power series is ferrible outside of its radius of convergence.

ction/series look like on the whole complex plane,
he hue encodes the phase angle, whereas the light-
dark to light the value increases from zero to infinity).
(B) only captures the original function (A) inside the
verges outside the circle, whereas the Euler transformation
riginal function in a much larger area on the complex plane.
erating this figure is shown in the Appendix at the end of this

You may also wonder what t
which is what Figure 7.2 vis
ness encodes the magnitu
As you can see, the
radius of conver
series (C) capt
The MATLA
chaptess

L o g :’

*
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Domb Sykes Plot

Another way of improving the convergence of a series is to find the form of the singu-
larity which is creating the divergence, and subtracting it out from the series expansion.
Without the singularity, the radius of convergence of the series will be larger, proceeding
at least to the next singularity.

How does one find the singularity, given only the representation of a function in terms
of a series? Recall that given a series f(z) =), ana", the radius of convergence is given

by

R= lim 2. @7.35)
One can get more information about the singularity by studying the ich the
ratio a,/a,+1 asymptotes to a constant. Namely, suppose that the @) gularity
causing the radius of convergence has the form (R + x)ﬁ; this sing as the Taylor
series expansion

s Tye _ pp - :
R°(1+ =)” = R —_ 9.

> +...). (7.36)
Hence, for this series, when n is sufficiently !@

0] _ 7 R<1+5+1>. (7.37)

|an+1| B n_—

Thus, if we were to plot
radius of convergence, whe
trick was popular} d
in partition funetions of
partition function. §§Ch si
system.

as a function of 1/n, the intercept would give the
ope would give the type of singularity we have! This
d Sykes, in the context of determining singularities
mechanics, from a low temperature expansion of the
ities physically reflect phase transitions in the underlying

Let us carry out an example: We consider our very first series, the perturbation series
for the root near y = 1 as € — 0 for our quintic. We have already established that this
series has a finite radius of convergence, as discussed in class last week. Now let’s plot
an/an+1, and see what we can conclude from a Domb-Sykes Plot. Such a plot is shown
in Figure 7.3.

Carrying out a linear regression on this data, we find that a,, /a,+1 = 0.0826+0.1183/n;
this implies that the radius of convergence is 0.0826, whereas the index of the singularity
is 0.1183/0.0826 — 1 = 0.4322.
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Program 12 MATLAB code used to create figure 7.1

1 % generate log(l+z)

2 z = 0:100;

3 y = log(l+z);

4

5 % generate the normal series

6 z1 = [0:0.1:1,1.005:0.005:1.0257; 0
7 yl = zeros(l,size(z1,2));

8 for 1 = 1l:size(z1l,2)

9 for n = 1:299 V'S
10 yl(i) = yl1(i)+(=1) " (n+l)*z1l (i) "n/n;

11 end *
12 end

: O
14 % generate the euler transf. series

15 z2 = 0:4:100;

16 y2 = zeros(l,size(z2,2));

17 s = z2./(1+z2); 0

18 for i = l:size(s,2)

19 for n = 1:299

20 y2 (i) = y2(i)+1/n §i0%

21 end

22 end

23

24 % plot the res

25 figure

26 plot(z,y,' width', 2)

27 hold on

28 plot (z

w N

o ©

o

33
§T€

)

e',16, 'fontname', 'Helvetica', 'fontweight', 'b")

31 ledend ('l z)', 'Normal Series', 'Euler Transf. Series')
32 xlabel ( 2")
33 ylabel ('Function/Series Values')

130



Is this correct? Since the singularity leading to this radius of convergence occurs at
the merger of two real roots, forming two complex roots, we expect that the singularity
should be of the form (R — 6)1/ 2 since this is the generic way in which two real roots
become two complex roots. Thus, the index of the singularity from this analysis is off of
what we expect.

Moreover, there is a simple analytical way of analytically computing the radius of
convergence of this series. At the value of e corresponding to the radius of convergence,
two distinct real roots become identical. Thus, F(y) = ey® —y+ 1 can be factored in the
form F(y) = (y« — y)?G(y). The consequence of this is that at the critical €, dF/dy = 0
is also satisfied! We can use this to our advantage. Since dF/dy = 5ey* — 1, we have
y = 1/(5¢) 1/4 Using this in the equation F = 0 gives a formula for e, namely

€& =R= (<5{1/4}>_1 - (5{5/4})‘1)4 = 0.0819. @.38)

Thus we see that the Domb Sykes plot has given wrong answers fo radius
of convergence and the strength of the singularity. The reason for % course that
the result of the Domb Sykes plot is only valid as n — oo, and wi nly let n = 16.
One can get around this by noting that at finite n,

- B+1 . 1
_R(1+T+O(ﬁ)+ ’ (7.39)

él@n we will get a more accurate

n+1 = 0.0817 4+ 0.1258/n + ...,
= 0.1258/0.0817 — 1 = 0.53; a cubic
ing the radius of convergence is 0.0819,
are converging on the answer we know to

an

An+1

Thus, if we fit a,,/a,+1 to a higher order polyno
answer. Doing a quadratic fit to our data giv
implying the radius of convergence is 0.0817
fit gives a,/an+1 = 0.0819+0.1236/n+..
and = 0.1236/0.0819 — 1 = 0.509. T

be true.

The power of this metho
understanding what is goi

+&

oo °
g

*

rse lies in problems where analytical methods of
ot exist.
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7.4 Pade Approximants

Let us consider a function f(z) whose only singularities are poles. If these poles occur at
the points {z;}, and the strength of the i*" pole is oy, then the function g(z) = f(2)II;(z—
zi)% is analytic. At worst, ¢g(z) can have a singularity at oo, but (by assumption) this
singularity must be a pole. Therefore g(z) is a polynomial!l The consequence of this
is that any function whose singularities are poles can be written as the ratio of two

polynomials,

f(z) = 7.40
Of course, most functions have singularities which are @ But, it is natural
T

to ask the question: how good of a job can we do of app g the behavior of an
arbitrary function if we assume that its only singulari poles? This idea is called
Pade approximation.

We will try to represent a function f(z) by aJ f two polynomials. Let

Py (2) = (7.41)

A
How do we find the coefficients (a 24Without loss of generality we can choose by = 1.
The rest of the coefficients can l%nputed in many different ways, among them:
)

o Compute the Taylor sefies®f f(z) around z = 0. Demand that the first N 4 M +
1 Taylor series co% s match the first N + M + 1 coefficients of the Pade

unknown coeflicients can be constructed in any other system-
ple, we could match the Taylor series of f(z) with that of the
nd 2 points, or three points, or... A natural choice of two points
o4 Wo expansions around z = 0 and z = oo.

We now di s the implementation of this, fitting the coefficients of the Pade approx-
imant with the Taylor series of f(z) =) ¢,2" expanded around z = 0. We have

N+M+1 L Zg:o a2
> eprt =m0t (7.42)
n=0 Zn:O bnzn
Multiplying out the denominator we have
N+M+1 M N
( Z ann) (Z bnz") = Z anz". (7.43)
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Function/Series Values

log(1+2)

1 © Normal Series 7
0.5 o Euler Transf. Series i

Figure 7.1. Plot comparing log(1 + z) (solid line) with the normr series (open circles)

and the Euler transformed series (squares) on the ve real axis
Program 13 MATLAB code used to create 3

% generate a series of the reci of n
n=1:16;
n.reci = 1./n;

a_{n+1} got from the Maple calculation in

store the ratio of

© 0 N o c s W N =
o o

chapter 2
ratio = [0.2Q0Q60 8571429, 0.1228070175,
0.4dd26482 65218307, 0.1024279800,
0.99$310 0.9730315062e—1, 0.9559364912e-1,

0.9422578 —1, 0.9310652435e—1, 0.9217376797e-1,
0.9138450968e—1, 0.907080145%9e—1, 0.9012173702e-1,
0.8960876413e—1]

e e =
= W N = O

% plot the Domb Sykes plot

plot (n_reci,ratio, 'bo'")

set (gca, 'fontsize',16, 'fontname', 'Helvetica', 'fontweight', 'b")
xlabel ('1/n")

ylabel('a.n/a_{n+1}")

e
0w N O«
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Imaginary Axis
hbhbomloanmnwnn

54321012345

Real Axis
(A)

Imaginary Axis

Imaginary

hbhodhioa

&

543210123465
Real Axis
()

Figure 7.2. Plot comparing (A) log(1 + z) with (B) the normal power series and (C) the Euler
transformation series in the area [—5,5] x [—5, 5] of the complex plane. The hue
encodes the phase angle, while the lightness encodes the magnitude (value increasing
from zero to infinity is encoded as color going from dark to light).
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From this equation we need to extract N+ M + 1 equations for the N+ M + 1 unknowns.
We do this in two steps: first consider that when the power z¢ has ¢ > N, the second
term does not contribute at all. Since by definition by = 1, we therefore have

M
CN+1 t Z Cij+1—j =0, (7.44)
j=1

as the coefficient of zV*1. This is a matrix equation Be= - ¢, where Bij = bnti—j. The
lower powers 27 with 0 < ¢ < N satisfy the equation

N
an =Y bn_jc;. (7.45)
§=0

The MATLAB function below implements the algorithm we outline
approximants.

With these equations, we can solve for the coefficients b and ¢ of the Pade ap (@ant.
t‘fbr Pade

L/
1 function [A,B] = pade(y,N,M)
2 % This function calculates the coefficients of Pade dbximant
3 $ P = \sum{n=0}"N an z"n / \sum-{n=0}"M b_n z'n
4 % Input variables:
5 % y — the symbolic expression of the origina ctfion
6 % N — the highest order of the numerator
7 % M — the highest order of the denominaf®r
8 % Output variables:
9 % A — a row vector containing the co nts of the numerator from low
10 % order to high order
11 % B — a row vector containing theg lcients of the denominator from low
12 % order to high order
13
14 % get the coefficients or series
15 ¢ = zeros (1,N+M+1);

un
(=]

c(l) = subs(taylor(y,
for 1 = 2:N+M+1
c(i) = mﬂ‘ﬁt
end & O
o
% calculate the co
for i=1:N
for j=1:M
mat (i, j)=c (N+i—Jj+1);
end
end
rhs = —c (N+2:N+M+1) ';
bb = inv (mat) xrhs;
B(l) = 1;
B(2:M+1) = bb;

= e
©

taylor(y,i-1),1);

N =
o ©

1cients of the denominator

W W NN NN NN NN N
= O © 00 g O U k&~ W N =

)

% calculate the coefficients of the numerator

w
M
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33 A(l) = c(1);
34 for i = 2:N+1

35 A(i) = c(i)*B(1);

36 for j = 2:1

37 A(1) = A(i)+c(i+1—=3)*B(]);
38 end

39 end

40

41 end

Let’s try this out on a specific example. Consider

1 1
\/1+x:1+§x—gaj2+.... (7.46)

The radius of convergence of this expansion is |z| < 1, due to the br@point singularity
at x = —1. How do the Pade approximants fare?

Figure 7.4 shows Pade approximation to this functi positive real axis. Even
the 2nd order Pade approximant gives good agreemiént with the square root beyond
the radius of convergence of the normal Taylo pansion. The 4th order Pade
approximant agrees with the function almost entire range shown.

It is interesting to examine the ze @ les of the Pade approximant: something
must go awry someplace in the CO@ ane; after all, the initial function we were
trying to approximate was multj P Figure 7.5 shows the zeros and poles of the
Pade approximant. The zeros n@s align themselves along the branch cut along the
negative real axis! The zero e poles alternate along this axis.

he Pade approximant at x = 200 (defined as |ypade —
rder of the approximant. It is seen that the Pade approxi-
mants have exp, ab decaying error with increasing order V.

Figure 7.6 shows the

y, in Figure 7.7, we also plot the original function, 8th order Taylor
series ?;&1 4t - Pade approximant in the area [—10,10] x [—10,10] of the complex
plane. As yowCan see, the Taylor series diverges outside the convergent circle, while the
Pade Approximant captures the original function in a much larger area. MATLAB code
generating this figure is similar to the one generating Figure 7.2

Q@’ did

Before closing we give one more example. Figure 7.8 and Figure 7.9 shows Pade ap-
proximants to the exponential function e® on positive real axis and the complex plane.
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0.2 T T T T T T T

0.18

n+1

< 0.14f .

0-08 | | | | | | | |
0 0.1 0.2 03 04 0.5 06 0.7 08

1/n

’\
Figure 7.3. Domb Sykes Plot for the root of €4 —y + 1 = 0 nea &r small e. Note that

here we only expand the perturbation series to €!” = 16 in the figure); as
n — oo, the ratio a, /a,+1 will approach 0.0819, adius of convergence.
3-5 T T T T

Function/Approximants Values

2 L -
+&
L o4 ;’
>
1.5 v=(1+x)m _
° 2nd Order Pade's
o 4th Order Pade's
1 1 1 | 1 1 1 | | |
0 1 2 3 4 5 6 7 8 9 10

Figure 7.4. Pade approximants to y/1 + x on positive real axis. The solid line gives the ex-
act result. The red circles show a 2nd order Pade approximant (P%), whereas the
magenta circles show a 4th order Pade approximant (Py).
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Program 14 MATLAB code used to create figure 7.4

% define the original function
syms x

y = sqrt (l1+x);

% get the coefficients of the Pade approximanb§ them horizontally
% to decreasing order

[A2,B2] = pade(y,2,2); [A4,B4] = pade(y,4,4)*\

A2 = fliplr(A2); B2 = fliplr(B2);

A4 = fliplr(A4); B4 = fliplr(B4);

% plot the original function and th approximants
x = 0:0.5:10;

original = sqgrt(l+x); 0

p22 = polyval (A2,x)./polyvali{B2,x);

pd44 = polyval (A4, x)./poly F

va
plot (x,original, 'b—', '"lin h',2)
hold on
2)

plot (x,p22, 'ro', "line

plot (x,p44, 'mo', '11 ' ',2)
set (gca, 'fontsi ontname', '"Helvetica', 'fontweight', 'b'")

xlabel ('x")
ylabel ('Fu
legend('y

© W N s W N

I
S © ® N O kR W N = O

NN
N

proximants Values')
{1/2}",
Pade''s',
Pade''s'")

NN N
(SIS

138



c Poles
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N
.

Figure 7.5. Poles and zeros of the Pade approximant - the circles sho les, the asterisk
the zeros. Note that the zeros and poles alternate, lini ong the branch cut
(—o0, —1]!

Program 15 MATLAB code used to create figure 7

© 0 N s W N =

NONNN R R R R R R e e e
W N R O © N O R W N = O

syms X
y = sqrt(l+x);

% define the original function 0
get the coefficients of theﬁgroxunant and flip them horizontally

to decreasing order
+B] = pade(y,8,8);

= fliplr(A);
= fliplr(B);

solve pole®@nd
Zero root%‘(“

pole = roots (BY;

W B — o0 oe
pd

o
Il

o

% plot poles and zeros on the complex plane

plot (real (pole), imag(pole), "bo")

hold on

plot (real (zero),imag(zero), "rx")

axis([—14 1 —2 21])

set (gca, 'fontsize',16, 'fontname', 'Helvetica', 'fontweight', 'b")
xlabel ("Real Axis')

ylabel ('Imaginary Axis')

legend('Poles', 'Zeros"'")
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Figure 7.6. Error in the Pade approximant of /ﬁ@‘ 200 as a function of the order N.

Program 16 MATLAB code used fo cr figure 7.6

% define the original f @and other variables

1
2 syms x

3 y = sqrt(l+x);

4 z = 200; 0

5 N = 2:11;

6 error = ngth (N) ) ;

7

8 % get t

9 f il N)

10 @ Saln, (y,N(i),N(i));

11 A =

12 B =

13 error (i) = abs(subs(y,z)—polyval (A, z)./polyval (B,z));
14 end

16 % plot the error function

17 semilogy (N,error, 'o', 'linewidth', 2)

18 set (gca, 'fontsize',16, 'fontname', 'Helvetica', 'fontweight', 'b")
19 xlabel ('N")

20 ylabel ('error = log |y_{exact} — y_{pade}|")
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Figure 7.7. Plot comparing (A) v/1+ = with (B) the 8th order Taylor series and (C) the 4th
order Pade approximant in the area [—10, 10] x [—10, 10] of the complex plane. The
hue encodes the phase angle, whereas the lightness encodes the magnitude.
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Program 17 MATLAB code used to create figure 7.8

1 % define the original function

2 syms X

3y = exp(x);

4

5 % get the coefficients of the Pade approximants

6 [A2,B2] = pade(y,2,2); A2 = fliplr(A2); B2 = fliplr(B2);
7 [A3,B3] = pade(y,3,3); A3 = fliplr(A3); B3 = fliplr(B3);
8 [A4,B4] = pade(y,4,4); A4 = fliplr(Ad4); B4 = i B 0
9 [A5,B5] = pade(y,5,5); A5 = fliplr(A5); BS5 = i

10 [A6,B6] = pade(y,6,6); A6 = fliplr(A6); B6 =

11 [A7,B7] = padel(y,7,7); A7 = fliplr(A7); B7 =

12 [A8,B8] = pade(y,8,8); A8 = fliplr (A8); B8 =

13

14 % plot the original function and the Pa imants
15 x = 0:0.05:10;

16 original = exp (x);

17 plot (x,original, 'b—', 'linewidth’,

18 hold on

19 p = polyval (A2,x)./polyval (B2 )@c(x e, 'k—")

20 p = polyval (A3,x)./polyval (B3, x) ; t(x,p,'9g-")

21 p = polyval (A4, x)./polyval plot (x,p, 'c—")

22 p = polyval (A5,x)./polyva x); plot(x,p,'r—")

23 p = polyval (A6,x) ./pol ,x); plot(x,p, 'm—")

24 p = polyval (A7,x)./po (B7,x); plot(x,p,'yv—")

25 p = polyval (A8, x) Vel (B8,x); plot(x,p,'ro', 'markersize',8)
26 axis ([0 10 —30

27 set(gca, 'fo 'fontname', 'Helvetica', 'fontweight', 'b")
28 xlabel ('x'

29 ylabel ('F ")

30 legend ce

31 Pade''s',

32 * Pade''s',

33 Pade''s',

34 Pade''s',

35 '6th Order Pade''s',

36 '7th Order Pade''s',

37 '8th Order Pade''s')
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7.5 Appendix: The MATLAB Code Generating Complex
Function on the Whole Complex Plane

Below is the MATLAB code generating Figure 7.2. Similar codes are used to generate
Figure 7.7 and Figure 7.9.

generate the complex plane [—5 5]*[—=5 5] with the resolution 500x%500;
set it smaller to accelerate the calculation if needed
res = 500;
= linspace(=5,5,res); X
linspace(5,—5,res); Y
X+Y*1;

o° oo

>
|

repmat (X, [res 11);
repmat (Y', [1 res]);

N
I

oe

© 0 N e U A W N e
=
I

apply the function/series to the complex plane to get the functi@lues

y = log(l+z);
10
11 yl = zeros(res,res);
12 for n = 1:299 ®
13 yl = yl+(—1)" (n+l)*z. n/n; \
14 end ‘
15
16 y2 = zeros(res,res);

[
<Y

s = z./(1l+z);
for n = 1:299

y2 = y2+1/n*s. n;
end

NN = =
= O © o

22 % map function values to the HSL color , where the phase angle is
23 % mapped to hue (H), the magnitude i ed to lightness (L) through a
24 % special function, and the satur ) 1is set to 100% so that the
25 % outcome looks beautiful

26 h = (angle(y)+pi)=*180/pi/360;
27 hl = (angle(yl)+pi)=*180/pi A
28 h2 = (angle(y2)+pi)*18 7

N
©

1 = atan(log(abs(y)
11 = atan(log(abs (yl)

i+0.5;
1/pi+0.5;

W
o

31 12 = atan(log(abs *1/pi+0.5;

32 s = ones(rgf‘ ‘s);

33

34 hsl = zeros(ré%,res,

35 hsll = zeros(res, res, 3);

36 hsl2 = zeros(res,res,3);

37 hsl(:,:,1) = h; hsl(:,:,2) = s; hsl(:,:,3) = 1;

38 hsll(:,:,1) = hl; hsll(:,:,2) = s; hsll(:,:,3) = 11;

39 hsl2(:,:,1) = h2; hsl2(:,:,2) = s; hsl2(:,:,3) = 12;

40

41 % use the function hsl2rgb (), downloadable at

42 % http://www.mathworks.se/matlabcentral/fileexchange/3360—rgb—to—hsl,
43 % to convert HSL model to RGB model so that we can plot them in Matlab
44 rgb = zeros(res,res,3);

45 rgbl = zeros(res,res,3);
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46 rgb2 = zeros(res,res,3);
47 for m = l:res

48 for n = l:res

49 temp = hsl2rgb([hsl(m,n,1),hsl(m,n,2),hsl(m,n,3)]1);

50 templ = hsl2rgb([hsll(m,n,1),hsll(m,n,2),hsll(m,n,3)]);
51 temp2 = hsl2rgb([hsl2(m,n,1),hsl2(m,n,2),hsl2(m,n,3)]);
52 rgb(m,n,1l) = temp(l);

53 rgb(m,n,2) = temp(2);

54 rgb(m,n,3) = temp(3);

55 rgbl (m,n,1l) = templ(l);

56 rgbl (m,n,2) = templ(2);

57 rgbl (m,n,3) = templ(3);

58 rgb2 (m,n,1l) = temp2(1l);

59 rgb2 (m,n,2) = temp2(2);

60 rgb2 (m,n,3) = temp2(3);

61 end

62 end 0
63

64 % plot three figures together

65 subplot(3,1,1)

66 1image([—5 5], [5 —5],rgb) ’

67 axis image

68 set (gca, 'ydir', 'normal', 'xtick',—=5:5,"'ytic

69 set (gca, 'fontsize', 14, 'fontname' 'Helve ontwelght' 'b')
70 title('(A)', 'position', [0 —8.5]

71 xlabel ('Real Axis'); ylabel( Imaglna

72 grid

73
74 subplot (3,1,2)

75 image ([—5 51, [5 —5],rgbl)

76 axis image
77 set (gca, 'ydir', normal' —5:5, 'ytick',—=5:5)
78 set(gca, 'font51ze Q mev 'Helvetica', 'fontweight', 'b")

79 title( 051t1

80 xlabel (' Real Ax] Imaglnary Axis')
81 grid

82

83 subplot

84 1mage 1,rgb2)

85

86 Qe ca, normal' 'xtick',—=5:5,'ytick',—=5:5)

87 ca, ze', 'fontname', 'Helvetica', 'fontweight', 'b")
88 tltle pOSlthD , [0 —8.51)

89 xlabel (' Real Axis'); ylabel ('Imaginary Axis')

90 grid
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8 The Connection Problem

8.1 Matching different solutions to each other

In our studies of equations heretofore, we have learned that solutions to complex equa-
tions can be understood as a patchwork: in each region there is some dominant balance
that leads to a simpler equation, and the solution of the simpler equation often provides
a quantitative characterization of what is going on. The complete solution to the eriginal
equation requires putting the individual solutions together.

We call the study of how to piece solutions together into a coherentgwhele the con-
nection problem. In its simplest form, we are given two solutions caeh ofwhich is valid
in some region of space. Each of these solutions has one or many#ree parameters asso-
ciated with them. The essential question is to determine th&relationship between the
parameters that makes it a complete solution of the equatigm'hé essential idea behind
this topic is one of the great ideas of twentieth century.applied mathematics, and was
invented by the great fluid mechanician Ludwig Prandsl.

In what follows we will learn to think about the ccﬁméction problem. Our discussion
will have three main sections. Y ;

First we will discuss connection problems tha
equations of mathematical physics—these e special functions whose results used to
be tabulated at the back of mathe icall methods textbooks. We will see that the
essential intellectual question po. ese equations (and the essential mathematical
content that is described in theol@ftextbooks) is a connection problem.

{"apise in the classical ordinary differential

We will then discuss how 0 solve such connection problems numerically, first in lin-
ear examples (suglbas classical special functions) and then, more importantly, in
nonlinear examplesy

Finally we will discuss tical methods for solving connection problems. This topic
goes under the general name of boundary layer theory.

8.2 Connection problems in Classical Linear equations

We demonstrate the essential features of connection problems in the context of the
classical equations of mathematical physics. In traditional textbooks, discussions of these
equations is surrounded by large quantities of algebraic manipulation. Our contention is
that the essential idea that is exposed by these manipulations is a connection problem.
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We will consider two examples: The first is the classical example of Bessel Functions:
these are generalizations of sin and cos that arise in cylindrical coordinates. The second
is a linear second order equation that to my knowledge has not ever been named.

8.2.1 Bessel Functions

Bessel’s equation is

d d 2 2
T t+x— + (7 — = 0. 8.1

Here v Is a parameter characterizing the solution— v may or may not be an integer.

To characterize the solutions, we would like to understand first the behavior of the
solutions near the origin z = 0, and then the behavior of the sol as x — 0o. We
then would like to figure out how to connect the solution at th o the solution at

: ’\6

Solution near the origin *

Near the origin, we might hope to use a Taylor s roximation; however, a straight-
forward exercise convinces you that this will rk. Let us use the ansatz
Yy =ag+ axr+ asx® + . (8.2)
and substitute this into Bessels equ OThIS gives
2%(2a943azz+. . )+w(a1+ 330 21 )+ (@2 =) (apFarztagz®+...) = 0. (8.3)

To solve this equatl equate the coefficient of every power of x to zero. The
lowest power x 1ent

—v2ay = (8.4)
For a?’e

a1 - (8.5)
and for 22 we have

2a9 + 2as + ag = 0. (8.6)

Thus the only solution is that all of the coefficients are zero. A solution by Taylor
series expansion does not exist. Another idea for how to solve this was invented in 1866
by Fuchs. He suggested looking for a solution of the form

y(x) = 2" F(x) (8.7)
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where p is a number and F(x) is a function with a Taylor series expansion. To see why
this works, let’s guess

y=2xa(ap +ar1x+...) (8.8)
as a solution to Bessels equation. This gives

app(p — 1)a? + -+ agpa? + - + (2% — v*)agz” = 0. (8.9)

The lowest power of = in the equation is 2 —its coefficient is ag(p? — v'?). Hence this
coefficient can vanish with ag # 0 as long as

p=*tuv. (8.10)

We therefore have two possible solutions, namely

Yt :x:tl/(ao+a1x+a2x2—|—....) . b (8.11)

where ay, az, ... can be related to ag by looking at higher terms in(&mation.
Since this is a linear equation, the general solution is give@

y = ca1y+(@) + coy—(z). & (8.12)

This is a second order differential equation and he @es two independent constants
so solve the initial value problem—and this is what the solution reflects.

For integer p one of the solutions that is efined is
— el 1
i mz::o mT(m+p+1) 0 (8.13)

where here I'(z) is the Ga
formula (ie it is the factori

ction that we discussed in our study of Stirlings
n). People usually denote this function J,(z).

The second solutiien ally taken as
& O
g
Jp() cos(pm) — J_p(x)
sin(pm) '

Yo(x) = (8.14)

Why this complicated linear combination? We will see this below.

149



Solution near infinity

Now we need to examine the solutions as x — oco. To think about what this will look
like, let us rewrite Bessel’s equation slightly as follows:

Tt (- )y =0, (8.15)

We recognize this as the equation of a damped harmonic oscillator. The damping
constant is 1/x, and the squared frequency is (1— ;—;) The squared frequency approaches
unity as x — oo, whereas the damping constant 1/x decreases. Hence we expect an
oscillatory damped solution. With this in mind, we make the ansatz

y(z) = %), e (8.16)

and insert this into Bessel’s equation. Note that the ans one hand exact-we
are not approximating anything, just replacing the funeti )'with S(z); and on the
other hand this reflects our expectation for a damped ( ory solution. Inserting this

ansatz into Bessel’s Equation gives 0

S" + 87 + Ly +(1-=)=0. (8.17)
T T

This is now a nonlinear equation for S(z ;, which at first seems worse than the initial

case. But then we remember our for dominant balance! We thus proceed to solve
this equation by dominant b ou can experiment with the different possibilities,
but I claim the dominant b is

% 4+1=0 Q@ (8.18)
leading to

= (8.19)

e 0
You ca’n’ see
terms are al

1s is self consistent because clearly S” = 0, and the other neglected
small.

The solution implies S = iz + constant, so that
e¥ = Ae® (8.20)

is an oscillatory solution, as we expected. But what of the damping? To derive the
damping term, we must look for a correction to the dominant balance.

Let’s assume

S =+i+ W(x), (8.21)
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and use this in the equation. We then derive

1 ) V2
(i 4+ W)+ ) =0. (8.22)

X

W' +2+iW +W? +

Now since W is a correction to the full solution, we know W << 4. Thus we can guess
the dominant balance
. .

2:|:ZW+;:|:Z=0, (8.23)

&,’e@%

This balance is indeed consistent, as can be verified. Thus we haQ\

or
)
1
S =i+ —
Z+2£E )

which integrates to &
, 1
S = +iz + 3 log(z). c 0
Hence we have that 0
y=e = Leﬂx 0 E (8.27)
This is the decaying expone ere looking for! Thus these are the two independent
solutions for x — oco. If refer real valued solutions then just take
+&
A oo &
(8.28)

Y1 = ﬁ COS

and for imaginary solutions,

Yo = % sin(z). (8.29)

(8.25

(8.26)
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Connections

Now we are faced with a connection problem: how do we connect an arbitrary solution
at the origin with an arbitrary solution at co? We could of course proceed numerically.

Somewhat remarkably, there are explicit formulas connecting the behavior at oo to
that at the origin for the classical special functions of applied mathematics. For the
Bessel function, if we define J, as the solution to Bessel’s equation corresponding to the
series solution starting with z¥ and then define

Y, = 2(log s +9)Jula) ~ - (g)‘"”i‘f i <$Z>k

k=0
k
1 <:c ) v Z —z2
— = ay (8.30)
(g
(where v is assumed to be an integer and ~y is the Euler-M constant), then the

asymptotic relations at large = are:

®
T, ~ (i) Y cos( — )2 — m)4), d\ (8.31)

™

and:

Y, ~ (%) Y e — w2 @ (8.32)

These are explicit formula; @should now find the subject of special functions
much more interesting: the ion is how did people manage to find these explicit
formulas? Examinin, s from above, it is very disappointing that there is no
way to see from lutions how it connects to the other. This is of course also
the case with t functions. But some very clever people figured out how to work
this out.

remarkably, Fig. 8.1 compares the asymptotic formula for the
the actual function. Note that they agree all the way to x ~ 1!

y, although the methods originally used work for all special functions
(and in particular all special functions contained in the class of the hypergeometric
function), they are not readily generalizable to all problems. One would really like an
analytic procedure or at least an intellectual paradigm for connecting one behavior of a
differential equation with another behavior that occurs in a different part of parameter
space. This is what will occupy us a little later, trying to figure out whether we can do
this in a robust and satisfying way.
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Figure 8.1. Comparison of asymptotic formula for Bessel’s function w1&

Numerical algorithms for Bessel Functions

of special function software

Every serious mathematical package now contains a
i that these packages use rely

for computing Bessel functions. Many of the al
heavily on the ideas we have described already
an example, below we reproduce the subrouti
(the singular bessel function) from Numeri

FUNCTION bessyO0 (x)
REAL bessy0,x C USES
Returns the Bessel £
REAL xx,z,bessj0

Y0 (x) for positive x.

098628627d—2, .2734510407d—4,
11d—6/, ql,q2,93,94,95/—.1562499995d—1,
651d—5, .7621095161d—6, —.934945152d—7/

DATA pl,p2,p3‘4,
* —.2073370%63

« .1430488765de3, —
DATA
rl,r2,r3,r4,r5,r6/—2957821389.d0,7062834065.d0,—-512359803.6d0,
* 10879881.29d0,—86327.92757d0,228.4622733d0/,

* s1,82,s3,84,s5,56/40076544269.d0,745249964.8d0,

* 7189466.438d0,47447.26470d0,226.1030244d0,1.d0/
if(x.1t.8.)then

Y=X*x2

bessy0=(rl+y* (r2+y* (r3+y* (rd+y* (r5+y*r6)))) )/ (sl+yx (s2+y

* * (s3+yx (s4+y* (s5+y*xs6)))))+.636619772+bessj0(x)*x1log(x)

18 else

19 z=8./x y=z%%2

20 xx=x—.785398164

© 0 N O Uk W N =

e e e
N o ok W N R O

153




Try it!

21 bessy0=sqrt (.636619772/x) * (sin (xx) * (pl+y* (p2+y* (p3+y* (pd+y*
22 % Pp5)))) +tzxcos (xx) x (ql+ty* (q2+y* (q3+y* (q4+y=*qg5)))))

23 end if

24 return

25 END

Note that this routine uses both of the expansions we have already talked about,
matched to an arbitrary point in between. This matching point is supposedly chosen to
enforce some error tolerance criterion.

8.2.2 A Less famous linear second order ordinary differential equation

Now we consider another example: We now consider the solutions to the differential

equation
7 Y

= . 8.33
V' =3 (8.33)
This is also a linear equation, but one without a ou will note that there is
a singularity in the solution at the origin that ronger than before. In fact, it
turns out that the singularity here is so stron %ven the trick we used above by
Fuchs does not work . If we make the substituti = 1/t, the equation transforms to

2" + 2ty = ty. (8.34)

In this equation, the point = Qﬁ\&pped to t = 0o0. You see when t — oo that
this equation has similar feature essel’s equation, and we will indeed see below that
the ansatz y = e works we case.

scheme that is often used to understand what type
a linear second order differential equation. Consider an

Indeed, there is a cla
of approximationai
equation of the g

i
+ )y = 0. 8.35
4 y (8.35)
oo 9
The if p(x) has a singularity that is no stronger than 1/(x — z¢) as

the point at xq is called a regular singular point. In this case a technique like Fuch’s
expansion works well. If the singularity is stronger than this (for example ¢ diverges like
1/(x—x0)3), the point xq is called an irregular singular point, and then the ansatz y = e°
is needed. Indeed our example has an irregular singular point at x = 0, but we see from
the transformed equation that it is regular singular point at ¢t = 0,2 = oo; hence we
expect the Fuchs guess to work near z = co.
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The solution near the origin

To analyze the solutions near = 0, we substitute y = ¢%(®) equation (8.33) thus becomes

1
2 _
§"+8%=—. (8.36)

This is a nonlinear differential equation for S(z), and we solve it using dominant
balance. Trying the various choices demonstrates that the only consistent balance in the
limit « — 0 is

S = g3, (8.37)

This implies
S = 422712 Q%.%)
the neglected term S” = O(x~°/2), which is indeed smaller as 2 — e terms

that we have kept. Thus, to leading order, the solution near x = % behavior

y ~ etV (8.39)

To derive corrections to this behavior, we follow the r@e from above and make

the ansatz
S ==x2/\x+ W, C? (8.40)
and then substitute this into equation (8.36)@ ve
3/2 ( 1 2 1

!
eyl e v L - (8.41)

Q

W”‘i_:t

The dominant balance her

3/2 42,
= W (8.42)
.
so that *
3 t’
= = 8.43
w=2 (5.43)
or
3
W = 1 log(x). (8.44)
This implies that we have
y ~ 23/ 4e2VE, (8.45)
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Deriving even further corrections

At the risk of beating a dead horse, we could continue this procedure and derive further
corrections. If we did, we know that the next term in the expansion for W will be smaller
than log(z) as x — 0, and it doesn’t seem like too much to ask that this term is a constant
or smaller. If so, we might as well just write

y = e W(x) (8.46)
with
S=12 4 2log(a) (8.47)
BV og(x), .

and then derive a differential equation for W. A little algebra Q%ws:

S"W + SPW +28'W + W' = w ?

e (8.48)

20 x3/2 622

. O
W 4 (i _ i) W 1iw _ &O (8.49)

We seek a solution of this with W/ 1%here € is small. This gives the differential
equation for e that
0 (8.50)

ant balance. Some trial and error shows that the only
0 (maintaining the assumption that e is small), is the second

a2, 3
x3/2 1622

As usual we

consistent balan

and third ter

P
L o ;’

*
so that

¢ = —3/16\/z. (8.52)

(8.51)

In fact, it is not hard to convince yourself that the series expansion for ¢ will be a
series in powers of \/z. If we write

W(x) =Y anz"?, (8.53)
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then substituting into the equation for W yields

Zg(g_l)anxn/z 2,9 Za /22 2Za 2/2-5/2 _ 6Zanxn/2—2:0

n

(8.54)
Equating coefficients of /22 gives
n,.n 3n 3 n+1
5(5 — 1)an + Zan - 1_6an + An+41 92 = 0. (855)

From this one can easily show that a,1+1 ~ n/4a,, so the radius of convergence of this
series is zero! As promised, a non-convergent series!

But, does it work? Let’s set initial conditions and compare the solutions. F‘% 8.2
compares a solution to

S = % . 6q (8.56)
Qﬁd that y(1) =

especially at small
e from the numerical
lot, it appears as if the

with the asymptotic formula approximating W = 1. We
y'(1) = 1. Tt is seen that the agreement is really quite exc
x, where the approximation was derived. It does start
solution at large x; judging from the slope on this log-lo

solution is asymptoting to a function that is linea:.i
Behavior near infinity

Let us now examine the behavior at oo ave already shown that by transforming
x = 1/t, our equation becomes

t2y" + 2ty = ty, (8.57)

t 0o. Therefore we are motivated to use Frobenius’s
the indicial equation p(p — 1) + 2p = 0, which has
ng to this analysis, there are two asymptotic behaviors:

so there is a regular sing
idea and write Qt”
solutions p = 0, —19§enc

y~x (8.58)
and

y~ 1. (8.59)

Let’s derive this result through another method, by directly analyzing the equation:
If we write y ~ 2, and seck a solution that works at large =, we find that

P728(8 —1) = 2573, (8.60)
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Figure 8.2. Comparison of numerical solution to y@? with (1) = ¢/(1) = 1 with first
term in asymptotic series (solid dots

The only solutions to this equation e@ order satisfy 8 = 0, 1. For these solutions
to be consistent at large x it is good to gheck the next lower order terms: If we write

y = axr + z(x), (8.61)

Q@
then (z) satisfies
Q@'

(8.62)

ince asymptotically log(z) is smaller than z, this expansion is
tent. Similarly, for the expansion y = 1 + z(z) we find that z(x) =
e expansion for the linear function picked up a logarithm: we should
have expected this. The indicial equation has two solutions which differ by an integer.
This is the situation where we would expect a logarithm.

Summary: The Connection Problem

To summarize, we have now demonstrated how to compute expansions for the solution
around z = 0 and z = co. Around = = co the equation has a regular singular point and
therefore we expect the expansion to converge for all ¢ = 1/x (there are theorems that
guarantee a convergent expansion). Around z = 0, there is an essential singularity and
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we therefore have a non-convergent expansion, which we have shown nonetheless works
extremely well.

Near both £ = 0 and = = co we have shown that there are two solutions: as x — oo,
we have that y ~ ax + b, whereas for x — 0, we know that

y ~ 3 (ce?/ VT 4 de V), (8.63)

Since the equation is second order, given a,b we have a unique ¢, d, whereas conversely
given a ¢, d we have a unique a, b.

This raises a fairly difficult and deep question about the structure of solutions to
an equation: we call this the connection problem. Namely how does one connection one
solution around one region to another solution around another region? We encountered
this briefly before in our discussions of the solution to the differential equation@’

! 5 1 x
VY= % (8.64)

There we saw that there was the possible dominant balance betwee0 st and third
terms that was only consistent for a specific initial condition. We ressed the question
of 'what this initial condition is’ using the computer. This tyf stion turns out to

be rather general, and we can see an example right here:

It is easy to see that for a generic initial condition the solution will diverge
at the origin like ¢%/VZ, since this term dominate @ er solution near the origin.
On the other hand, for a generic initial conditién at @f= 0, the solution at oo will be
dominated by y ~ x. These generic possibilitie ndeed uncovered in the (random)
example we have worked out already, Fig. 8.6.

On the other hand, it is clear that th :@ oes exist the possibility of there being a
solution which asymptotes to a const, >0, or a solution that vanishes at the origin.
How can we find these solutions? @us on finding a solution which asymptotes to
a constant at co. To find a we first note that given any two initial conditions
(be they ¢,d or y(1),y'(1),. ver), then clearly

.
a=a(y(1), /() (1), 4/(1). (8.65)

To find a solution which asymptotes to a constant we must find an initial condition
so that a(y(1),y'(1)) = 0. For any y'(1) , there exists a value of y(1) such that this is
satisfied (we hope)! The reason we have a freedom in picking y/(1) is that the equation
itself is linear, so that multiplying any solution by a solution gives a solution: hence we
really only have one degree of freedom. Thus, the solutions that asymptote to a constant
are in some real sense unique, and we must figure out how to find them

How can we find this solution? Using Newton’s method! Let us pick y(1) = 1, and
vary y'(1) = 8 to find the requisite solution. We therefore choose f(3) = y'(o0) . This
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25 Solution to ),r":ylx:i that asymptotes to a constant

10 T . T

20

10"° :

10° | :

-5 I I
10— >

10 10 10° 0 10

X
Figure 8.3. Solution of 3" = y/23 that asymp% nstant at co.
function cannot be computed analyti ch a formula would require solving the
equation exactly!) but it can be evaluat merically. In addition, the derivative

OGRS () 0

can also be evaluated n
method, we can

(8.66)

ly. By taking a guess for 8 and then using Newton’s
the root.

Matlab Code roblem

o2
*$

*

y0=1;
yp0=0;

eps=1le—8;

for 1i=1:10

[t,y]=0ded5 ('"hmkprob', [1 10000], [yO0 ypOl);
[t,y2]=0ded5 ('hmkprob', [1 10000], [y0 ypO+epsl]);
nn=size(y,1);
n2=size(y2,1);

ypO0=ypO—y (nn, 2) / (y2(n2,2)—y (nn, 2) ) xeps
11 end

© W N s W N

=
o
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8.3 A nonlinear boundary value problem

We now consider a nonlinear problem in which connecting a solution in one region to
another is required.

In the linear problems described above, we were interested in solutions which obeyed
particular boundary conditions at (say) x = 0,00 . We constructed local solutions valid
at each of these points, and then discussed how to numerically match the solutions
together. In the case of linear equations, it is often possible to perform this matching
explicitly by constructing an integral representation of the solution (This is the origin
of the magical formulas about Bessel functions we discussed above!).

On the other hand, the great advantage of the numerical matching procedure we
djust iscussed is that it also easily generalizes to nonlinear problems. Here we discuss an
example of such a problem.

Consider the equation @?

wu" +u = —3/4+7/4u 'i\
satisfying the boundary conditions u(co) = 1/2 and u(—o0)
us what we are asking
lution at positive infinity
we are constructing is not
id flowing down an inclined

Note that both u = 1,1/2 are exact solutions to the equ
is whether there is a solution that approximates one exact
and another exact solution at negative infinity. The @
without physical significance. It arises in the y u
surface, as occurs when you paint a wall.

To analyze this question, we first need t ow many conditions do the boundary
conditions correspond to? To solve this, 4 ecessary to linearize the solution around

both v = 1 and u = 1/2 to find out y degrees of freedom must be specified to

get convergence to this soluti Q 1ti
(8.68)

(8.69)

u=1+6
implies that § ob

8" 4+ 36 3%,
so that

8" = —5/46. (8.70)
Guessing

6~ et (8.71)
implies that

S3 = —5/4. (8.72)
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In fact there are lots of
possible ¢ ’s, a countable
set.

There is one negative root of this equation S = —(5/4)'/% and two positive roots; since
u — 1 as * — —oo we require the coefficient of the negative root to vanish, so this
boundary condition corresponds to one condition.

Similarly, writing

u=1/2+9 (8.73)
implies

1., 3 7

- 25== .74

85 + 45 45, (8.74)
so that

5" = 86. (8.75)

The roots of this are again of the form &
§ ~ 5% . b ' (8.76)

where S® = 8 . Here we want to zero the coefficient of @sitive root, and there is only
one positive root. Hence, this boundary conditi@ rresponds to one condition.
We have therefore found that the boundar ons correspond to two conditions
on the equations. Since the equation is thi er there is a one parameter family of
solutions left. This family is easily inte : since the equation is invariant under

spatial translations (i.e. when u(m)& ion so is u(z + a) for any a the family of
tra

solutions just corresponds to unifor slation.

at at some special value of ¢ one will get a solution

My first step was to integrate the equation for a bunch of different ¢’s , and see what
came out. Figure 8.4 shows a sweep of ten solutions from ¢ = 0.02 to ¢ = 0.12 stepping
by 0.01. It is seen there is a transition which occurs near

¢ = 0.06. The transition occurs near u ~ 1/2, the other asymptotic solution! Therefore
I guess that the solution occurs right near there and try to bracket it more closely.

To do this, I note that at this transition, the solutions change from solutions which
die immediately (at small x ) to solutions which die after a long time (at large x). I
therefore wrote a code which tries to bracket these two extreme cases.
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Figure 8.4. Sweeping through the different ¢ values, as described in the text.
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The bracketing works by noting that the solutions which go above 0.5 go to zero at a
much larger z(u = 0) than those which go below 0.5 . Hence I picked one initial condition
¢4 for which the solution went above 0.5 and another c_ for which the solution went below
0.5 . I then considered ¢ = 0.5(c_ +c4) . If this solution had a x(u = 0;¢) > z(u = 0;¢4)
larger than that for c; then we let ¢ = cy. Otherwise we let ¢ = c_. Iterating this
procedure leads to convergence onto a good solution. The different iterations are shown
in the figure below:

The solution extracted as the limit of the above sequence is shown in the next figure:

Finally, the matlab code used to produce these graphs is included below:

hold off;
fid=fopen('data.txt','w'");

c=0.06

cup=0.06;

cdown=0.08;

tup=11.;

for i=1:100 &
c=0.5% (cdown+cup) ;
init;

[t,y]=oded45('hmk', [—10,40], [u up uppl) ;d

© 0 N Ot W N

= e
—= o

plot (t,y(:,1));
n=size(t,1);
if(t(n) < tup)
cdown=c

else 0
cup=c

tup=t (n);

end "::’)

hold on;

end

I R S Y
S © 0w N O U R W N

This program
is here.

Q gram init.m, which has the initial conditions. This program

(a*x) xcos (b*xx) ;
up=c*axexp (a*x) xcos (bxx) —c*brexp (a*x) *sin (bxx) ;
upp=c*a*xa*exp (a*x) *cos (bxx)—...

2.0*cxbrxaxexp (a*x) xsin (b*x)—cxb+xbrexp (axx) *sin (bxx) ;

N O g R W N =

The function to solve the equations is here

1 function dy =hmk (t,vy)
2 dy=zeros(3,1);
3 dy(l)=y(2);
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Figure 8.5. Bracketing procedure, implemented.
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IS

dy (2)=y (3);
5 dy(3)=(=3/4+7/4xy(1))—y (1) "3;
6 dy(3)=dy(3)/y(1)"3;

8.4 Spatially dependent dominant balances

In the previous section, we discussed numerical methods for solving the connection prob-
lem.These work and are very practical but we would like analytical methods for doing
this as well. It is infuriating that we cannot see from a globally convergent series expan-
sions of special function how they in fact match on to each other. Analytical methods are
often practically useful and give mechanistic understanding into how connections work.

There are however a class of problems where matching can be done expligitly and
completely. Roughly speaking, one can make a matching argument for an egflation that
has at least three terms with (potentially) different orders of magnitude. In one region
two of these term give a dominant balance, and in another region another paif of terms
balance. The method of matched asymptotic expansions is a very ‘.effecti{fe method for
matching these leading order solutions on to each other. We will see that doing this
effectively requires introducing a small parameter, whose function i§ basically to cleanly
separate the regions of validity of the two different leading ©rder balances.

Historically the essential idea of the analysis we are a}gpﬁt to outline was discovered by
Prandtl in the early 1900s, in the context of understanding the lift and drag on airplane
wings, and we will discuss his method in a latersection.

Before outlining formal rules, it is best to %Wﬁh an explicit example.

8.4.1 An Example of Carrier ®Q
Consider the equation 4 Q

e — (2 —2%)u = -1, G (8.78)

w(l) = u(—1) = 0. Let us first consider the solution in
ect the very small prefactor to suppress the first term
entirely, we arrive at an equation

o 4
with the boundary‘con
the limit e — 0. Naively,
in this limit. Neglecting

_ 1
227

U = ug

(8.79)

The difficulty with this is of course that now we have that u(+1) = 1, which contradicts
our desired boundary conditions!

What does this mean? Evidently, we were not correct to ignore the eu” term every-
where. This is unsurprising, since we were allowed to impose two boundary conditions
upon the solution only because the equation is second order. By deleting the eu” term,
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we have reduced the order of the differential equation, but not the number of boundary
conditions that the solution must satisfy!

To see what is going on let’s first try a slightly simpler problem that has similar
features:

e —2u=-1, (8.80)

with the boundary conditions that w(+1) = 0. For this problem we can make the same
argument as above: in the limit where ¢ — 0, we see that roughly v = 1/2, but again,
we have that boundary condition problem. But now we can solve the problem exactly:
the general solution is

1

u= AeV?/  BemV¥w 4 3" (8.81)
If we impose the boundary conditions, we need A = B (since t %m is symmetrical

about the origin), and then we find that
A=B= L K | 8.82
7 7 Lcosh(2/ /) & (8.82)
If we now examine the solution, we see that. ists of three ”pieces”: over most
of the solution region, the solution indeed s u =~ 1/2. However, near each of the

to satisfy the boundary conditions. T of the transition layers is O(y/€). Outside
of the transition layer the correctio = 1/2 are exponentially small. Inside the
transition layer, the solution u(z

boundaries there are rapid transition layg;; e the solution departs from this value

(8.83)

where ug = s previously determined, and p and ¢ are important near z = 1
and 3?? — ly, but exponentially small away from their respective boundaries,
and 'X‘iﬁnd ocal variables tailored to the transition layer regions. We define:
Xi=(z+1 and Xo = (1 — x)/e®, so that X; = 0 coincides with the left boundary

x = —1, and X, varies by an O(1) amount, when x varies by an O(e“) amount. The
putative width of the boundary layer is therefore O(e®), and we want to determine the
exponent «. Plugging this solution form into the original equation we obtain:

eug _ (2 o 552)“0 +14+ 61—2o¢p// - (2 o xz)p+ el_zaq” - (2 . 56'2)(] —0. (8.84)

Now, if we examine this equation near x = —1, we can neglect the ¢ terms (by assump-
tion). If we choose o = 1/2, then to O(e) we have that

p'—p=0,
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Figure 8.7. Comparison of numerical solutions with the boundary &r rmulas for € =
0.1,0.01,0.001 in blue, red and green respectively. 1d’ curves are the nu-

merical solutions of the differential equation, and es are the asymptotic
solution.

so that @
p =A™ + Ble W

We have constructed the solution so that p
fore, we must choose A1 = 0 to elimin
similar argument near z = 1 yields ¢

atters near the left boundary. There-
exponentially growing contribution. A
2. Thus we have

+ Bge_X2 + ug.

We can now choose the c
B1 + up(—1) = 0, and
the asymptotic gx’r’essi
convergence to a form in

o satisfy the boundary conditions: We have that
= 0. Thus B;, Bs = —1. In Figure 8.7 we compare
e full numerical solution of the equation, showing the
ere is rapid variation close to two ends of the interval.

8.5 Matched Asymptotic Expansions

The example of Carrier demonstrated that with a little ingenuity one can develop an
approximate solution to a hard differential equation, in the limit as a small parameter
approaches zero. The highlight of the derivation was the fact that first, although the dif-
ferential equation appeared complex, one could break the solution into different regions,
and in each independent region the equation could be solved. Then, by matching the
regions together, we arrived at a complete picture of the solution.
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Although the procedure that we followed is admittedly heuristic, in the 1950s Proud-
man and Pearson, and a little later van Dyke, figured out how to formalize the procedure
to make it work with a well defined set of rules. Here our goal is to (a) outline when
and why the procedure works, and (b) set down the formal rules. We also discuss a little
of the history of where this idea first arose, during the study of the drag on airplane
wings. The real discoverer of this idea was Ludwig Prandtl, one of the greatest applied
mathematicians of the last century.

8.5.1 When it works

To make a very rough generalization, there are two ingredients that must be satisfied
for matching to work:

First, the differential equation must be composed of several independent terms, which
have different orders of magnitudes in different regions of thefselution. Hence, differ-
ent “dominant balances” will hold in different regions of¢the selution. Hopefully, the
dominant balances will give simple equations of the typé that @n be exactly solved;
however even if this is not the case, the method of masched*asymptotics is often useful
and fruitful. N\

Second, a good matching argument requires that.the typical length scales character-
izing two different regions differ by orders ofghaghitude - that is, one of the regions is
much thinner than the other. The more wgllﬁseparated the length scales of the solutions
are the better chance we will have of.achieving a good match. Technically, the match is
usually carried out in the limit where the ratio of the two length scales vanishes.

Of course, if we have a differe equation where a region of the solution completely
disappears as a small parame ratio of the two length scales) vanishes, we should
expect this will be a rather change in the nature of solutions to the equation. We

ions depend in a smooth way on this small parameter.

should not expect th
Indeed, often times of problems where good matching arguments can be made
are called “singular pegturbation” problems for that reason.

Typically these problems have a small parameter multiplying the highest derivative

term dipth tion, for instance consider as a prototypical problem the linear differen-
tial eqﬁ@tiom:
ey™ +ar (@)y" ) 4+ -+ an_1(z)y = 0. (8.85)

Clearly, when € = 0 the solutions to the equation are vastly different from the solutions
for small but finite e: indeed, when € is finite, we need another boundary or initial
condition to uniquely identify a solution. The evidence of the example studied in the
previous section suggests that over most of the interval, we may delete the first term.
However, the highest order derivative may be non-negligible within certain transition
layer regions. If, in anticipation of there being a transition layer region at z = xy we
introduce a local variable X = (z —x¢)/e?, with €’ the width of the transition layer, the
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equation becomes
7y 4 (DB (2o + X )y Y 4 a1 (20 + 2 X))y = 0. (8.86)

Clearly the two biggest terms in the equation (assuming [ is positive) are the first two,
and these two terms balance if 5 = 1. Moreover, supposing that the coefficient functions
{an(x)} vary on O(1) length-scales, each can be approximated in the transition layer
region by constants {a,(z¢)}. Hence we have the possibility that in the transition layer
region the dominant balance is

y™ 4+ ay(z0)y™ Y = 0.

This equation can be solved exactly, and its solution can be matched onto the rest of
the solution. Note that in order to perform this type of analysis we must correctly locate
the transition layer - that is the point xg. This depends upon the boundary c ions,
and can only in general be found, when the outer-layer solution (i.e. the solu O@ the
equation formed by omitting the first term) is known. In the next secté ’@w 1 show

how to locate the transition regions, and perform matching for the si non-trivial
equation of the type (8.86).

8.5.2 An Example from Bender and Orszag @

A particularly simple example of this problem is the se der equation

ey’ + a(z)y' + b(z)y = 0. i @ (8.87)

We will go through this carefully to understa

then draw general conclusions.
@ solve the above equation in the interval
veyany singularities. We will take boundary

0 < 2 < 1, and that neither a n r@
conditions y(0) = A and y(1) limit € — 0, the equation becomes (to leading
order)

nd why the matching works, and

Let us assume to start that we wa

so that °®
o 0
o
y =yo(z) = ekp (8.88)
We call this the outer solution, and expect it to be valid outside of any transition layers
in which the solution varies over some extremely small length scale. If we assume that
this is the leading order term in an expansion in powers of €, then if we write y = > y,€”,
then each y,, obeys

a(@)yn(2) + b(@)yn(x) = —yp_1(2).
Note that using the leading order solution, we can satisfy only one of the two boundary

conditions that must be satisfied. We will need to place a boundary layer on the opposite
boundary. But which one?
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Moreover, where will the transition layer occur? If we write X = (x — x0)/¢”, then
our equation becomes

Py« +alzo+ P X)e Py +blzo + P X)y = 0. (8.89)

Choosing 8 = 1 to give a dominant balance between first two terms yields vy, +
a(zo)y, =0, or

y=ypr = Cexp(—a(z9)X)+ D, (8.90)

for some pair of constants C' and D to be determined. As with the solution away from
the transition layer, this formula is only the leading order term in an expansion in e.
C = 0 corresponds to no variation across the transition layer, and this will only arise
from the matching conditions if we have mislocated the transition layer.

Where are the transition layers? First note that the transition: 1ajer solution (8.90)
decays exponentially in one direction (X increasing, if a(z¢) & ) bu grows exponentially
in the other direction. It is impossible to match to the outgr solution in the direction of
exponential growth, so a dominant balance of the form des’éﬂbed is only possible if zq is
coincident with one of the endpoints of the interval: zge= 0lr o = 1. Because transition
regions are often found at endpoints, they are ofted"called boundary layers. We are now
presented with four different possibilities: ;

e There is a boundary layer at x = 0, but nene at z = 1.

e There is a boundary layer at T = = ¢ but none at x = 0.

There are boundary layer at both ends
Boundary layers occur in Werlor of the interval.

If there are boundary lay
the boundary conditions
transition region in

either end, then since we cannot in general satisfy
outer solution alone, we are going to need to place a
rof the interval!

As already mentioned, the biggest constraint upon the location of the boundary layer
is that we mustimateh the boundary layer solution to the outer layer solution. Examining
the bound ayer solution, we see that agreement of the two solutions is only going to
be po’s&ble )X > (0 as one moves away from the boundary layer. For xg = 0, this
requires that 0, whereas for g = 1 this requires a(1) < 0.

a(x) > 0 or a(x) < 0 over the entire of the interval.

Hence if we consider the case where a > 0 in the entire interval, the boundary layer can
only be located at x = 0. We choose yp = Bexp (fxl b(z")/a(x) dx’) in order to satisfy
the boundary condition at x = 1. The constants C and D must be chosen so that the
boundary layer solution satisfies the boundary conditions: ypr(X =0)=C + D = A;

To complete the solution, we need to match these solutions onto each other. This
means making sure that the the outer solution and transition region solution agree at
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the interface between the regions in which the two dominant balances were obtained, i.e.
that:

lim ypr(X) = lim yo(z) . (8.91)
X—o0 z—0

and this should hold true if we continue the perturbation expansion to to higher orders in
€. How matching can be enforced is discussed in detail in Section 77, but the meaning of
the statement (8.91) is comprehensible without going into any detail on this. Marching
towards x = xg = 0 from the outer layer, we approach the outer limit of the boundary
layer solution - i.e. the limiting value of the boundary layer solution, as X is made
large. Note that the limit on the left hand side is X — oo and this is not the same
as * — oo (which would take us out of the interval on which we are looking for a
solution to the differential equation!): it is easier to think of the limit being realised by
fixing « and letting € tend to 0. In the X — oo limit, the first term of the ary
layer solution (8.90) becomes exponentially small, leaving only the constan@ s, to

achieve matching it suffices that: a
/ / / ’ -
oo b fa(e)dz' _ \ (8.92)

Which together with the constraint C'4+ D = A allows both to be determined.

A similar argument can be applied when a < 0 everywhere “the domain: here the
boundary layer is at x = 1.

a(z) changes sign Q

The more interesting cases occur when th a is not fixed in the interval. Let us
suppose for the sake of simplicity that @1

ges sign at a single point x = xg in the
interval. There are then two cases to

e a(x) >0 when x < xp, i
e a(r) <0 whenz <z

ior transition layer at x = z( (since transition lay-
ers at any otheseinterio ive solutions which grow unphysically in one of the
X-directions). Additional he former case we have the possibility of there being
boundary layers at both"x = 0 and x = 1, whereas in the latter, we cannot have a
boundary layer at either point!

The solution can only

To determine which of the potential sites x = 0, zp, 1 might be transition regions for
the solution, we try to construct transition layer solutions in a near neighbourhood of
each of these points, and then see if they can be connected by outer layer solutions. Let’s
start by analyzing the possible boundary layer solutions near xg. Here, let us approximate
a(z) = a(z — z9) + O ((z — 20)?), introducing a constant a = a’(zo). We thus have

ey + a(z — zo)y’ + b(x)y = 0.
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As before we write X = (z — x¢)/€?, and thus obtain
Py +aXy, +blzo+ X))y =0.
The only nontrivial balance takes o = 1/2, so that we have (to leading order)
Yxx T aXy, +b(zo)y =0, (8.93)

in the boundary layer. We need to determine the conditions under which this solution can
be matched to the rest of the solution: clearly, this requires that ypr(X) is reasonably
behaved as X — oo.

Now, recall our previous work on linear second order differential equations. X = oo is
a irregular singular point of the equation (8.93), and therefore we expect the transition
layer solution to have essential singularity there. To obtam the asy otlc behaviour of

the solution as X — 400 we make the substitution y = e e the equation in
terms of the new function S(X), obtaining: E

S" 4+ 8% +aXS +b(xg) =0 . (8.94)
In the limit of large X, we find two consistent t balances for this differential
equation, namely: S’ ~ —a X, and S’ = —b(x) nce as X — oo, we have possible

asymptotic behaviours:

as X marches away from zero in ei the directions +oo. If a > 0 then we expect
the solution to have the second f asymptotic behaviour, since this represents the
least severe decay, and the i tion has two free constants, the value of B at 400
which can be determined hing to the outer solutions for x < zg and x > xg. On
the other hand, if « e expect to see the first type of asymptotic behaviour
(which now giv exponential growth!). To eliminate this we must require that
A =0 on both , which imposes two boundary conditions upon the inner-layer
solution, and_l o freedom for matching! It follows that the solution must vanish
transition layer.

e cases as follows: when o < 0 there can be boundary layers at
es and the solution must vanish identically at x = xg. In contrast, when
a > 0, the outer solution should apply near each boundary and there should be a single
transition layer in the middle of the interval.

We demonstrate the marked difference between the two cases a =2 0 by solving nu-
merically the differential equation:

1
ey’ + (x — 5) Y+ (1+2%)y=0. (8.95)

Later we show how the Matlab routine bvp4c may be used to generate these graphs.
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ly(x;e)!

—1/2)y" + (1 + 2%)y = 0, subject to boundary conditions
. for ¢ = 1073, The blue curve is the numerical solution and

the differential equation: |ey”| (red curve), |(1 + z2)y| (blue curve), |(z — 1/2)y/|

(green curve), showing that dominant balance is between last pair of terms in outer
region, while all terms participate in the inner region.
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ifferential equation: |ey”| (red curve), |(1 + 2?)y| (blue curve), |(z — 1/2)y/|
(green curve), showing existence of boundary layers at = 0, 1 in which first and
second terms balance, outer solution for  not close to any of 0, 1/2 or 1, in last pair
of terms balances, and exact cancellation at z = 1/2, in which all terms feature.
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8.5.3 Some remarks on numerical Methods

We now consider some numerical methods for solving boundary value problems.

Finite Elements

The finite element method is an extremely robust way of solving nonlinear PDE’s—here
we will illustrate the method on a specific example. Consider the equation

/!

cy" = —a(z)y’ — b(x)y. We will represent y(x) with an expansion of the form y(z) =
> aithi(x). Here 1;(x) are local expansions of the solution, which are nonzero only in a
small region of a given point, and zero outside of this region. There are many different
ways of doing this-the lowest order /simplest method is to construct a mesh z= iAx
, and then to construct the basis functions so that ;(x;) = d;;. With this ch01ce jthen
the a; = y; = y(z;) is the value of y(x) at the appropriate mesh point.

This expansion of y(z) is equivalent to expanding y(z) as a piecewise iinear:;f{lnction;
one could imagine higher order representations involving basis functiensywhich included
e.g. both the value of y(z) and the value of /() at each mesh pomtfsuch a basis would
be piecewise quadratic. Or, one could keep even higher order: terms

In any case-we are now left with the question as to howte, ﬁnd the coefficients y; of
our expansion so that we solve the differential equationgWeyproceed as follows. Define
¢j(x) to be test functions. If we multiply our dlfferentlal equatlon by a test function and
then integrate over the domain we obtain {

/ j(x) (y” +a(x>y’+b(x)y) =0, 0 J (8.96)

or i [ 65(a) (w;' T ala)] + b,

Typically, one chooses the tést io#s to be equivalent to the trial functions, i.e. ¢; =
t; ; since the ¢ ’s are piecewise lindax functions, we then have the minor difficulty that it
appears that the ¢ have singularities in them. This is gotten around by integrating by

tiop;.;s S (-@(w)’zﬁé + a(x)p0; + b(w)@%‘) =0.

To the equation,*we m pplement the boundary /initial conditions which specify
e.g. that y(a) = yo and y(b) = y1 . Together, we have now reduced the solution of the
differential equation to a linear algebra problem, namely an equation of the form

parts, and rewritihgou

\ 4

My = b, where b is a nonzero vector resulting from the boundary conditions, and the
matrix M comes from the differential equation.

As an example, a common choice of finite elements are the Tent functions, where
T(n) =1—|n|,when —1 <z <1,and T(n) = 0 otherwise. If we take 1, = (v —xz;)/Ax ,
then 1;(z) = T'(n;) . With this choice, we can evaluate the integral N;; = [ Vi(x) ) (z)dz.
The integral is only nonzero when the tents overlap; this only occurs when j =1¢,1+1 .
A straightforward exercise shows that when j =4, N = 2/Ax , and N;;+1 = —1/Ax .
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Finite Differences

Another method for solving boundary value problems numerically that is as follows:
suppose one is given a set of equations:

y' = f,y), (8.97)

with the boundary conditions y(0) = A and y(1) = B . Here we are taking the equation
to be second order, though the method is more general. The first step is to discretize
equation (8.97), so that y(z) = y(nAz) =y, , hence

Yn+1 — 2Yn + Yn—1
Ax2

This equation is applied everywhere in the domain except on the ndaries. If Ax =
1/N , then we take yop = A and yy = B , and use equation (8 @all other points.
In total this is N equations with N unknowns, and thus, t tem can be solved.
For general f(y,y’) the equations are nonlinear and mus d using a Nonlinear
Newton’s method.

= f((yn+1 - ynfl)/(QA‘/L‘)a yn)' (8'98)

The equation

’\
y// _ Yn+1 — 2Yn + Yn—1 @

Ax2

of course needs to be derived: note tha% me discretization arises from the finite
element method described above. The fin ifference derivation is different, and starts
by asking for a polynomial approz jion to the function y(z) , that interpolates its
values on nearby mesh points. , we write that : y(x) = ), yili(x), where {;(x) is
a polynomial that satisfies ¢; i; - These polynomials are called Lagrange polyno-

i#i T Now, given an interpolant, one can evaluate

(8.99)

mials, and are given by: ¢;
the second derivativ; taking the second derivative of the interpolant. Namely:
Y=yl (x se a quadratic interpolant, the formula then directly gives our
second derivati

form oﬁ%he o)

A MATLAB implementation

ere is a similarity here to finite elements, there are also important
e procedure to follow to develop higher order methods, and in the
rms in the equations.

Below are subroutines of a matlab program that implements this algorithm on the equa-
tion: ¥ + a(x)y’ + b(x)y = 0.

The main program is:

1 global a global b global eps a=1l; b=2;
2 x=linspace(0,1,1000);
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y=x%0; for i=1:10
res=residual (x,VY);
jac=jacobian(x,y);

y=y—(inv (jac) xres')';

end

In this program, a,b are global variables that are passed to the subroutines containing
the differential equations. The subroutines residual and jacobian compute the residual
and jacobian matrix of the equations we are trying to solve. (Recall Newton’s method
works by finding the zeros of R =y” — f(y,') ; the function

method.

The subroutines computing the residual and jacobian are below.

© w0 N s W N =

e e e
Ul W N = O

 /

function res=residual (x,Vy) ‘
global a

global b
n=length(y);
dx=x(2)—x (1) ;

res(1)=y(l)—a; 0

for i=2:n—1
res (i) =epsx* (y (i+1)—2*y (1) +y (i—=1))/ .
coeffa (x(i))* (y(i+l)—y(i—1))/2/dx ffb(x (1)) *xy (i) ;
end

res (n) =y (n)—b;

R is often called the residual.) The last equation in the loop is a step of Newton’s

© 0w N s W N

N e =
=W N = O

function m=jacobi
n=length(y€‘ 4
dx=x(2)—x (1) @
m=zeros(n,n)$
m(l,1)=1;

for i=2:n—1

m(i,i+1)=1/dx2+coeffa(x(i))/dx/2;
m(i,i)=—2/dx2+coeffb(x(1));
m(i,i—1)=1/dx2—coeffa(x(1i))/dx/2;

end
m(n,n)=1;

The functions coeffa and coeffb are user defined functions that these programs called.
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O Introduction to Linear PDE’s

These notes will serve as an introduction to partial differential equations. There are three
prototypical types of linear partial differential equations. These types are

e Parabolic Here the prototype is the diffusion equation

Oy = DV26. (9.1)
e Hyperbolic The prototype here is the wave equation,

O = V2. ‘ (9.2)
e Elliptic This prototype here is Laplace’s equation, ‘ g

V2¢ = 0. : A\ N (9.3)

This type of equation tends to represent equilibrium siftations. Indeed if you delete
the time derivative from the diffusion equation amd$he wave equation you get
Laplace’s equation! y

These three classes of equations represent drarﬂatiéaﬂy different physical situations.
One of the most important goals of our studigs Will’be for you to be able to recognize
which of these possibilities represents the m@?ural model for a given situation.

9.1 Random walkers QQQ
utio

In trying to understand the'sol to partial differential equations, it is particularly
useful to first have a simpleémodel to think about for where such equations come from. A
particularly powet@l a h is to consider the equations as arising from walkers. We
start our discussion:ﬁrith I walkers, which are the prototypical model for diffusion.

9.1.1 Random walk on a one-dimensional lattice

Consider a walker who lives on a one dimensional lattice, with positions x = ia , where
i=..—3,-2,—-1,0,1,2,3,... and a is the lattice spacing. We assume that in a time
interval 7 the particles can move either right or left; in order to decide which way to
move, the walker flips a coin. If the coin comes up heads the walker moves to the left
whereas if it is tails he moves to the right. We want to derive an equation for the evolution
of the walker. We will present two derivations, the the first based on a single walker and
the second based on a cloud of walkers.
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9.1.2 Derivation #1

Let p = p(ia,nt) be the probability that the walker is at position i at time n . Then
the rule for the motion of our walker translates into

1
P?H 5 (Pz 1 +Pz+1) (9.4)

Let us transform this rule into an equation for the evolution of the probability density
of the walker. To do this, we will try to find an equation for p(x,t) where we will
think of x = ia as the position of the walker, and ¢ = n7 the time. The fundamental
approximation we will make is that of scale separation; namely we assume that x > a
and t > 7 . Our equation for the probability distribution will work on scales much larger
than the size of a single step.

Written in our new notation, the rule for the motion of the w anslates into
1
plet+7)= (p(w —at) +plata t)). (9.5)
To proceed, we now use a Taylor series expansio know that
p(z,t +7) =p(x,t) + Op(z, t)T+ .. .. (9.6)
Similarly
p(r £ a,t) =p(z,t) £ adpp(x,E) + @& /205.p + . (9.7)

Plugging these expansions @equatlon for p we arrive at

2

a
Op = 5=

- (9.8)

OzaD +

continuing the Taylor series expansion of p ) that the next term
is of order a*/70,422p . If we assume that these corrections are
probability distribution obeys the equation

It is easy to
in the Taylor

smalb&e
dp = . (9.9)

D=—. (9.10)

In class, we emphasized the beauty of this formula for the diffusion constant. Every
physical (or nonphysical) process that involves diffusion has an underlying dynamics
resembling random walkers, and thus the above formula can be used for computing/es-
timating diffusion constants.
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9.1.3 A final remark

Before moving on to the second derivation, it is worth remarking on the condition for
which the error in our derivation above is small. The largest neglected term at /T OxazaD
must be smaller than the terms we have kept: namely,

a4 CL2
— Ozl <K —OpaD. (9.11)
T T

If we assume that p(z,t)
varies on the length scale L , this condition boils down to roughly

4 2
eLP 4P (9.12)

TS T
or a? < L? . Thus as long as the scale of that p(x) varies on is much large
lattice spacing, our diffusive theory will work fine. Even if the initialjcdn
not obey this condition (e.g. all of the walkers are bunched at the o ) tHien since
diffusion produces a wider and wider distribution with time, eve
will be obeyed!

9.1.4 Derivation #2 :

The second derivation instead imagines a cloud of walkers. Let n(x,t) denote
the number of particles at = at time ¢t . The @umb f particles in the region from
r—x+Azis N = f;HAx n(z,t)dz.

The rate of change of this number is givei flux J moving out of each boundary,

i.e.
AN z+Ax
== / on(x,t)d
T
that the number of particles will in the region will

dt
in from the right (i.e. J(z + Ax) is negative) or the
rite the right hand side of this equation as

r+Ax
- / By, (9.14)

" Az) + J(@). (9.13)

The signs here have bee
increase when pargicle

left ( J(z) is positive).

3

—J(z+ Az) + J(z
Hence we have that

T+Az
/ <8tn + axJ) ~0. (9.15)

Hence since this is true for every region of space one can consider we must have

O + 0y J = 0. (9.16)
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Now, what is the flux? Often, the fundamental law for diffusion is called Fick’s Law,
which states that the flux is given by

J = —D,n. (9.17)

With this law, we have that
on = DOyn. (9.18)

A diffusion equation!

You should note that there is a real sense that our first derivation is better than our
second. The first derivation led us to a formula for a diffusion equation in which

1. It was apparent that the equation itself is an approx1mat10n at is really going
on.

2. We were given an explicit formula for the diffusion ¢
3. No phenomenological assumptions (Fick’s law ndeed, our derivation
can be viewed as a derivation of Fick’s law.

9.1.5 Random walks in three dimension

All of this can be extended to three di . In three dimensions, we need to erect
a three dimensional lattice. Imaginedhe e is a 3d grid with lattice spacing a . Now
every point has 6 nearest neighbors instéad of just two. If we think of p = p(z,y, 2, 1) ,

then the dynamical rule for a ra@ walker is

p($>y727t+7') 2 Q_aayazat)+p(x+aay7z7t)+p(x7y_a727t)

Q+ P,y + a,2,8) + pla,y, 2 — a,t) +pla, y,  + a,t>). (9.19)

exercise for you to show that the first derivation leads to the

op = —V?p, 9.20
(74 67 p ( )
where as usual

2 2 2 2
V2 =02+ 02+ (9.21)
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9.1.6 Remark about Boundary Conditions

In order to solve the diffusion equation (or the random walker problem) we need to
specify two things: the initial distribution of walkers (an initial condition), and the
boundary conditions: Namely, is there any condition on the walkers at the boundary
of the domain? As we formulated the random walker problem above there was no such
condition: the walkers will keep walking forever. However, we could impose conditions.
For example, we could impose that the walkers are confined between 0 < x < L . This
would require making the probability that the walker moves outside the domain vanish,
or making the flux of walkers at each of these walls vanish.

In the computer, these conditions are simple to implement. For example if we wanted
the flux of walkers at x = L to vanish, we would simply modify the rule

1

Pt = 5(29?—1 + Pis1); @-22)
by using the fact that at the endpoint pys , we must have pas — pasrs1 .edthe flux
vanishes). Hence the rule at the end point will be

P = S0y + o). @ (9.23)

2

If we wanted the probability of walkers at x = L to vanishp we would simply write

it =0 ' @ (9.24)

for each time n . This would then imply t% e ’second to last’ grid point, the

equation will be Q
n+1 1
Py_1= §(pM—2)- (9.25)

In a subsequent homewo
bounded domains to sim

+&

o &
9.1.7 Simulating*Ran alkers

11 use simulations of clouds of random walkers on
ffusion equation.

We have thus shown that random walkers obey the diffusion equation at long times. It is
quite illuminating to see this explicitly and determine whether our theory (claiming that
random walkers obey the diffusion equation) is indeed correct. Here we describe how to
simulate clouds of random walkers using Matlab, and then we compare our theory for
the distribution of walkers with the simulations.

The trickiest part of the program is the plotting: I use the command hist to create a
histogram of the particle distribution, and then plot the histogram.
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I kind of don’t like the
way the plot command
makes the figure. Alter-
natively, the command
bar(xpoints,nn) can be
used instead.

initial parameters: tmax, total number of steps;
nparticles=number of random walkers;

o° oo o

rO=size of initial region

tmax=200; nparticles=100; r0=4;

% initial distribution: rand chooses numbers randomly between 0 and 1
x=rand (nparticles, 1) »r0; y=rand(nparticles,1)*0;
xpoints=—20:0.5:20; % places where histogram centers the bins
nn=hist (x,xpoints); axis([—20 20 0 20]); plot (xpoints,nn);
for i=1:tmax

for j=l:nparticles

if rand(1,1)>0.5

x(3)=x(J)+1;

else

x(J)=x(3)—1;

end

end
axis manual

nn=hist (x, xpoints) ;
plot (xpoints, nn);
axis([—20 20 0 201); X
M (1) getframe;
pause (1/10) ;

( *
width (i)=std(x); % variance of the dist@
(

© 0 N s W N =

NN N R R R R R R R e e
W N R O © N U kR W N = O

meanx (i) =mean (x); % mean of the distri
end
movie (M); % plays the frames again ovie!

¥
N

NN
o >

The figure shows a simulation offa clo f random walkers; 100 walkers were started
at the origin and the figure shows istribution a time 5, 20 and 100 time units later.
The distribution spreads

The second figure shows h of the distribution as a function of time; the dots
are the simulations and green line is the law width = v/t. The width spreads
as expected!

9.2 Solvi

4
L L NV
Altho@ the us discussion included a complete solution for the wave equation, we
still have no#Solved the diffusion equation. Here we discuss two different ways of solving
the diffusion equation,

iffusion Equation

o = Dn, (9.26)

subject to the initial condition that n(z,t = 0) = no(x). In order to connect to the
simulations of random walkers shown above, we will employ the boundary conditions
that p vanishes at +oo. (This is appropriate for our random walker simulations because
we just let the walkers spread out indefinitely.) Later on we will relax this and discuss
how to solve the diffusion equation on a finite domain. However, although the details
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Evolution of a Random Wall
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Figure 9.1. Simulation of random walkers, starting from the drigin, at three subsequent times..

are different, morally, the basic ideas behind methods.’we will describe are the same for
all boundary conditions.

There are two basic methods for solving '%lem, each of which relies on a different

method for representing the solution. I case, the central idea is that since the
equation is linear, it is possible to” @ ” any initial state into a linear combination
of simpler problems. By solvia, “Simipler problems explicitly, it is then possible to
reconstruct the general solution. two methods are:

The Fourier Methdd
L 4
x)(’{:\

This method relies on the

Namely we can write

ler Transform representation for the density field n(z,t).

2

Here g (k) is the fourier coefficient of no(x). The strength of this method is that it is
simple to solve the diffusion equation for a single plane wave.

1 o[~ .
n(z,t) = / dke**n(k,t).

—00

Let’s consider the solution nz,t) = a(t)e’*®. Plugging this into the diffusion equation
gives @ = —k?a, which has the solution a = aoe*th, if a(t = 0) = ap. By using the
Fourier representation of the solution, and applying this trick to each wave in the fourier
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W idth

Figure 9.2

00"

*

tribution as a function of time. The dots are from the computer simu-
the solid line is the solution to the diffusion equation..
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description, we see that the most general solution is

1 [ ;
n(z,t) = %/ dkelkx_k%ﬁo(k),

—0o0
where 7 (k) are the fourier coefficients of ny.

This formula (although correct) is not particularly illuminating in the present form,
as it involves an integral that needs to be evaluated. It turns out that this integral can
be evaluated—but we will follow a different route here.

Green’s Function Method

This method relies on a simple idea for representing the solution. We will express the

solution as a basis of states which are localized in position. This is done by the
so called Dirac Delta Function, denoted §(z — xg). You should think of thi arge
spike of unit mass which is centered exactly at the position xg. The of § is

that given any function f(x), 0\
/da:’f(:c’)é(a:’ —x) = f(z). d

Now we can use 0 to represent ng as

no(z) = / Y o c}@).

—00

ics of “spikes”. The idea of this method
ally evolves, and then to superimpose
final density distribution. We define the
't =0)=0(z—2), and

This formula decomposes ng into a continuo
is that to understand how each “spike” i

the evolution of each of the spikes to
Green’s function G(x — a/,t) so t
o

dr'G(x — o', t)ng(x).

—00

Plugging this rg)f(gent he diffusion equation, we see that G(z — 2/,t) obeys

the diffusion equatm
Thus, we have reduce is problem to the mathematics problem of solving the diffu-
sion equation for the localized initial condition §(z — z/).

There are many ways of solving this problem. The one that is in most textbooks is
to actually use the Fourier decomposition of §(z — x’) to solve the equation in fourier
space, and then (as above) transform back to real space. This is an advisable procedure
because the Fourier Transform of § is very very simple.

We will advocate another procedure. This procedure is more elegant, and moreover
uses an idea that is both general and important. The idea is to use dimensional analysis
to determine the solution. The equation contains a single parameter, D. We know from
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above that D = a?/27; this quantity has the dimensions of a length squared divided by
a time. We can also see this directly from the diffusion equation; in order for 9;n to have
the same dimensions as DOxzan,D is required to have the dimensions of length squared
over time.

Suppose we were to ask: How far has the pulse spread after a time ¢?7 The answer to
this question is a number with the units of length. What can this length be? If we call
the width ¢, then we know that

¢ = f(D,t,parameters). (9.27)

Here D is the diffusion constant, ¢ is time, and parameters represents any other param-
eters that might be represented in the initial condition. But our initial condition is a
delta function and has zero width—thus there really aren’t any parameters in the initial
condition. The only dimensionally consistent formula we can writ

¢ =+Dt. (9.28)

Hence the width must grow like the square root of tim’. n represent this width in
our green’s function in the following way: The fact &h width of the solution is £(t)
means that we can write

/

x

Glx—-2,t)=A ) 9.29

(@1 =) (9.29)

Note that the scale over which F' varies is&ly £(t). We have multiplied by an arbitrary
time dependent constant A(t) to generality.

How to proceed further: Th
know that the total numbe
that is diffusing) is const

r !
reads

random walkers,
+& .
¢
gﬁt*&the in width this means it must decrease in height in order to

keep the tot egral f n constant! To see this explicitly, note that

e other thing that we know about the solution: we
ndom walkers (or the total amount of the substance
e. You can see this from the original derivation of the
ee this directly by showing that

d ’ r
dt/n(m,t)d:v =0.

/_ Z n— /_ Z A(t)F (/v Di)dz = A(t)VDi /_ Z dyF (y)

must be constant in time. Here we have changed variables from = to y = z/vt. We
therefore see that A(t) = 1/v/ Dt. We thus have shown that

l'—l

8

Gz —2',t) = F(

1
Nis ). (9.30)

S
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How do we determine F'? Let’s just plug in G(z,t) = 1/v DtF((x — ') /v Dt) into the
diffusion equation. This gives the following ordinary differential equation for F(y) (with

y = (z—a')/VDt).
1,11 1

I S _ = / !
\/5t3/2( S F — quF') = i )S/QDF

Cancelling out the time factors, this equation is

1 1
—(§F + 5yF’) =F". (9.31)

This equation can be integrated once to give and integrating this equation once gives
1
F' = ——Fy.
B Yy
This equation can be immediately integrated to give F'(y) = Foe*yz/ @ or 0
Gz —a',t) = — —_

(9.32)

where the constant Fy = N/v/4x is determined by requiring = N, where N is

the number of random walkers. &

9.2.1 Long-time Limit of the Diffusion Equati

The idea underlying Laplace’s method is gen useful Given an initial condition
n(x,t = 0) = ng(z) to the diffusion equa e want to understand the behavior

of the solution at long times. Let us su at the initial condition is localized in

space so that ng(x) > 0 for —L < x < solution at long times can be written as

n(x, d.’E G(x — 2’ ,t)ng(x (9.33)

implicit in Laplace’s method to evaluate the integral
es so that v4Dt > L, the Green’s function does not
the initial condition. Therefore we can write

Now, we can usg we
at long times. At*l
vary very much over the s

) L M 2
= ! — / ~ / /:
n(x,t) = /_ dz’ G(z — o', t)no(2') = G(x,t) /_L no(z') dz Jibt exXp — (9.34)

where M = [ng(z). Hence we have demonstrated that the solution to the diffusion
equation in the long time limit approaches a gaussian.
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9.3 Disciplined Walkers

Let us now consider the completely opposite case. The case of disciplined walkers. A
disciplined walker always knows the direction in which it wants to go. For example, a
disciplined walker might always move to the right. Such a walker obeys the equation

P =piy, (9-35)
or
p(z,t +7) =plx — a,t). (9.36)

Another type of disciplined walker might move only to the left. Such a walker obeys

p(z,t+ 1) =p(z + a,t). (9.37)

If we Taylor series aq

p(z,t +7) = plx,t) + 70p(x,t) + 72 /20up + . {\ (9.38)

and
plz +a,t) = p(z,t) + adep + ampaz/%® (9.39)
we obtain for the left moving walkers

&L = gaxL, OE (9.40)
and for the right moving wal
R =-28,R. 0 (9.41)
T

(x,t) = R(x,t) for the right moving walkers and p(z,t) = L(x,t)
ers, to keep our notation straight. Each of these equations (for

Here we have
for the left m

R and for d advection equations. They have the property that they simply
trans! *é stribution of particles to the left or the right, respectively. Because
the 'physics’ i ple, both of these problems can be solved directly: The solution for

R(z,t) = F(z — a/Tt) (9.42)

, where R(z,0) = F(x) is the initial distribution. We can verify that this solves the
equation, since

OR=-"F (9.43)
T
and

0,R = F'. (9.44)
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For the L equation, one can similarly demonstrate that the exact solution is just
L(z,t) = G(xz + a/Tt), (9.45)

where L(x,0) = G(z) is the initial distribution.

There is one more aspect of this problem that deserves mention. What would happen
if you had a collection of disciplined walkers, but you didn’t know which ones moved to
the left and which one move to the right? What would you do? In this case, you would
not be able to measure R and L separately. Instead, you would only be able to measure
the total number of walkers n(x,t) = R+ L . Can we write an equation that describes
the evolution of the total density? If we compute

On =0 (R+L) = —gax(R ~I). (9.46)
On the other hand, if we introduce a new variable c = R — L , we t n
. .
oo =0(R—L) = —;895(}3 + L). L/ (9.47)

Combining these two equations we arrive at: 0 ‘

2
a

Hence, the number density of particles obey§ a partial differential equation that is

second order in time. This equation is called

conditions, in contrast to the diffusion
ber of walkers moving to the left and to
x,t =0) and Oyn(z,t = 0) to get a unique
on for the wave equation using our results for

Note that the wave equation requires twogimi
equation. Here we must specify the tot
the right; or alternatively, we mus
solution. We can write the g
R(z,t) and L(x,t) : namely

n(z,t) = R+,L =
.
’Qé/

Given n(z,0) and On
on(x,0) =a/7(G' — F')!

+ G(z + a/Tt). (9.49)

e can compute F' and G since n(z,0) = F + G and
he second equation can be integrated to yield

G-F= ;——/daz 8n(z,0). (9.50)

This can then be combined with the first relation '+ G = n(x,0) to solve for F' and G .

We will return to other methods for solving the wave equation later on, but the ideas
we have just outlined are in a real sense the most physical and direct.
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Information Propagation

The defining feature of the disciplined walkers is that information is never destroyed
as they are moving—in each timestep the right moving walkers move to the right and
the left moving walkers move to the left—their numbers and their patterns are perfectly
preserved. Information is propagated along the lines z 4= 2¢ = constant. People often call
these lines characteristics.

9.3.1 Disciplined Walkers Moving in More complicated ways

The above discussion assumed that the disciplined walkers moved in a very boring way:
each time step everyone went the same distance. Boring indeed.

But, walkers can move by much more general rules than this. As afifexample one could
imagine a walker that had constant acceleration; or a walker whose trajectory obeyed
some set of differential equations, etc. One could write down partlaJ differential equations
for the density of walkers in all of these situations. 4

A short remark: You should realize the power of formlilatihg this in terms of walkers.
Many many applications can be formulated in thisawaytand one can apply the ideas we
are inventing here to these applications. As a simple example, consider cars moving on
a road. They are disciplined. But they certainly de not move at constant velocity! You
know from your experience driving that rel@tiizely benign changes in the car motions can
lead to large consequences—traffic jams @ndywhatnot. We will see eventually how this
can come about. Another example ifl\;olvés~the case of molecular motors walking along
microtubules.

Let us suppose that our w @obey the following equation of motion:

dx

- = V(z) (9.51)

so that the walkers W Wlth a velocity that depends on their position. If we repeat our
derivation of disciplined walkers, this law could be implemented by letting the step size
= Q@ p letting 7 = 7(x) . In either case, we arrive at the exact same equation

a
as befg@’7 n
L 4

Oip =

(2)0xp. (9.52)

How to solve this equation? We expect information to still be propagated by our walk-
ers; this time the information will just move on trajectories that are more complicated
than those above. Let us use the ansatz: p(x,t) = p(x(t),t) Namely, we imagine that the
solution will evolve on a trajectory given by z(t) . If we then compute

dp dx

-9 D, 9.53
at O g e (9.53)
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we see that our equation corresponds to

dp_

- 54
o =0 (9.54)

as long as the association

dx

— =V 9.55
=) (9.55)
is made—namely, the walkers must walk along the trajectories of the velocity field!

A special and important case of the problem we are discussing occurs when

_ —1dU
- ( dx

where here U(zx) is the potential, and ( is the mobility of the walker. We@@e this

V(z) (9.56)

example subsequently when we start combining effects.

 /

9.4 Biased Random Walkers *\
Intermediate between the case of disciplined walkers and walkers is the case of
biased random walkers. Let us imagine that there is a bility a of moving to the

left, and a probability 1 — a of moving to the rig

Then if we proceed as before, and let p!" = p(i@ n7)gbe the probability that the walker
is at position 7 at time n . Then the rule for 1on of our walker translates into

P = apl 4 (1— a)pl . Q (9.57)

Now this translates into the.e @ 0

p(x,t+7) = ap(x — — a)p(z + a,t). (9.58)

Carrying out a ’Twr sion as before, we find the equation
g

*
7O = (1 — 2a)ad (9.59)
or

Op = —U0zp + DOyyp, (9.60)

where D = a?/(27) and U = a/7(2a — 1). This equation combines both advection and
diffusion!
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9.5 Biased Not Boring Random Walkers

The random walkers thus described are boring, in that at every step they move to the
left or the right but they do the same way. The natural generalization of this is to allow
the probability of moving to the right to depend on where you are—namely, that o = q;

Then, the equation for the probability of walkers becomes

PP =i 4 (1= aign)plyy. (9.61)

We now carry out our Taylor series expansion, as before. To do this we must expand
both p,, as well as a;+1 : We therefore have that

2

Tp =0y ((1 - 2a)ap) + %81119- @@ (9.62)

9.6 Combining different classes of effe%

All equations do not fall neatly into one of these @5- fact most are combinations
of these, containing some terms of one type a ers of another type. We now discuss
what happens when the consequences of different classes of effects are combined. First
we will consider combining linear equaﬁi@ d then we will begin to ask how to make
them nonlinear.

9.6.1 Combining Diffusio @dvection
Consider 0@

O+ Vo, . (9.63)

(9.64)

Therefore combining diffusion with advection leads to a diffusion equation, it is just
that we must move to a frame that is co-moving with the advected velocity! The same
conclusion holds even if the advection velocity V' = V(z) . Then we must consider
u(x,t) = w(xr — xo(t),t) . If we plug this ansatz into equation ( 9.63) we obtain

Orw — xo(t) 0w + V(x)0pw = DOypw. (9.65)

Hence if we choose &9 = V(z¢) we also reduce this to a simple diffusion equation.
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9.6.2 Fokker planck equations

to be included

9.6.3 Combining Diffusion and Growth

The above effect was not particularly surprising. Combining terms can however lead to
quite surprising effects: The combination of diffusion and exponential growth.

The combination of these two factors is widespread in nature. The first analysis of the
phenomenon that we will describe below that I am aware of was by the great population
geneticist R.A. Fisher. He was interested in modelling the spread of a new phenotype
into a population. The question was: how fast does it spread?

The basic mathematical argument %2
by

Our goal is to combine two different effects: exponential growth, asgex

du_ o, d\ (9.66)

i

du
o = Doy, @ (9.67)

Hence we will begin by studying the simple s

du
= - anﬂmu. (9.68)

We will imagine that the initiadf u(z,0) is localized on the z axis, and that
the boundary conditions are which might represent the number of people with
a particular phenotype) de

We can solve thighedlt
& O
A g

*

and diffusion, as exemplified by

Hence

and plugging into our equation we obtain
OF = DO, F. (9.69)

Hence F obeys a diffusion equation!
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Now, let’s take our initial condition to be very localized so that we can approximate
it by a delta function. Then we know from our previous work that the Green’s function
for the diffusion equation is:

1 2
F = —x* /4Dt
27TDte
so that
2
t) = t— —. 9.70
@) = 5 pr POt iy (9.70)
Now we can rewrite the argument of the exponential as
; z? 4Dat?® — 22 (ct — x)(ct + )
ot — = =
4Dt 4Dt 4Dt ’
where here ¢ = vV4Da. @
Now, let’s examine this formula: When = > ct or z < rgument is positive
and hence the solution decays exponentially. The front gvh ates the region where
the solution is growing and that where the solution is g obeys

Tfront = Lt = @

This is a remarkable result: it demonstra t the front moves at constant velocity!
Combining diffusion and growth leads fc? nt velocity ”waves”. The consequence of
this result is profound, on a number©f levelst first of all it leads to a simple prediction for
how the front velocity depends on asured parameters. Secondly, it demonstrates
that there is another mechanis ings to move at constant velocity other than our
"disciplined walker’ model fi y on: if the walkers move randomly and grow the
front also moves at consta ty. This particular result is especially important within
biological contexts— scale phenomena like the spread of the phenotype in the
population, ther yriad of examples at the scales of cells. One prominant example
is the amoeba elium, which sends out spiral waves which help different cells
communicat other.

e 4
e 0
Saturai?on

The one odd feature of the solution we constructed in the last section is that u increases
exponentially. In realistic examples the population size can only reach some maximum
size. For example the organisms might run out of food, or something else might come in
to inhibit their growth.

At the level of ODE’s, the simplest way to account for the saturation of the population
size is to modify or growth equation to

du U
i oau(l — —=). (9.71)
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In this equation the fixed point at u = 0 is unstable, whereas the one at u = NV is stable.
Hence the population will start out small near v = 0 and then saturate at u = . People
call N the carrying capacity of the system.

This then motivates the change in the model for the spread of the population:

0w = DOygu + au(l — %) (9.72)

Now this equation is nonlinear and hence we cannot use our simple trick from above to
solve it. Intuitively however we should note that when u < N, the equation is essentially
the one we analyzed above and we expect there to be travelling waves.

To bear this out, let us look for solutions of this equation which have the form of a
travelling wave: Namely we will write

u(z,t) = F(x — ct).

and growth—but given the discussion above it is the natural thmg&o then can
compute

Ou = —cF’,
and @

Oppt = F"

This is in many ways a courageous move-we are trying to get a Waveii ffusmn

so that we derive the following ordinary differential for F:

—cF' = DF" + oF (9.73)

ent of F', which we will call s = z —ct.
ation slightly: Let’s write ' = N f. Hence

The derivatives here are with respect to t
To make things a little simpler, let’s ¢
0 < f < 1. Using this in the equatd

f+af(l—f). (9.74)

f this ODE in which the population f changes from
which as ¢ - —oo f — 1 and as * — oo, f — 0; or
lons in which asz — —oo f > 0 and as x — oo, f — 1.

Now we are interested i

0— 1. We could,%gcﬁ S
alternatively we could see

The question then is to figure out whether such solutions exist: Now we should say
from our experience in the previous section that in that case we found that the the
exponentially growing region was connected to the zero density region and that there
is a solution that expands in both directions. In particular there is a front that moves
both to the right and to the left. Hence we would rather expect that if we connect
u=1(x = —00) to u = 0(z = o0) this will work with ¢ > 0 and v = 0(z = —o0) to
u = 1(x = 00) this will work with ¢ < 0.

Solving this connection problem can be done using the methodology that we discussed
previously in this course.
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10 Integrals derived from solutions of
Linear PDE'’s

10.1 Integral Transforms

We will now continue in the spirit that we have begun, and spend a few weeks attacking
the general subject of integral transforms, in the context of various types of real les.
Integral transforms arise most often when solutions to linear partial diﬂ"eren@n ions

are expressed in terms of fourier series. As a simple example, consider thea sional

wave equation 0\
O = O, <c2ﬁzu>, é (10.1)

where c¢ is the propagation velocity, If we write

u(z,t) = a(t)e™*® | then the wave equation impli

ap = —c*k%ay, (10.2)

so that ay = ageﬂk‘j. 0
Hence the most general solution to@ e equation is of the form
S . R
u(zx,t) = /
—0o0

From this it is eagy
u(z,t) = Gz =)y F (2

For the wave eqtlatio e frequency of oscillation of a wave of wavenumber k is
wr = kc . There are general classes of equation for which this frequency-wavenumber
relation (dispersion relation) can be more complicated: e.g. w = w(k) . An example of
such an equation is Schrodinger’s equation where

i0pp = V21 + V(z)1. Here if the potential V = 0 , we have that w = k? . Another
example is the bending beam equation

(10.3)

e general solution to the wave equation is of the form

Ogth = —Oypzzet. Here you should show by repeating the above derivation that

w = k% . When the dispersion relation is nontrivial, the equation is said to be disper-
sive.
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Solutions to the wave equation become more complex in multidimensions, and/or
when the material is not homogeneous, so that the propagation velocity has spatial
dependence. Calculations of this sort underly the theory of optics, in which one wants to
know how the scattering of light interacts with refracting media (e.g. lenses) where the
index of refraction (and hence the propagation velocity) changes in a localized region of
space. Questions like: what is the resolution of a lens, what is the optimal size of a lens,
what is the nature of aberration, require careful analysis of this type of integral.

More complicated integral transforms arise in the solution of other types of partial
differential equations. The wave equation is special in that the oscillation frequency w
of the component with wavenumber k scales linearly with &k , so that the medium is
nondispersive . In general system, the oscillation frequency w = w(k) , and this leads to
complications that we will need to evaluate.

10.2 Contour Integration E &

Suppose we have a function f(z) in the complex plane’

fc f(¢)d¢ where c is a closed contour. What is the yva %‘chis integral? If the function
is analytic inside ¢ then of course the integral i § (Cauchy’s theorem). But what if
it is nonanalytic? Let us study this case by co 12 f to be single valued and consider
integrating over the Laurent series.

Show that the only singularities t @1 ute to the integral are poles, and hence
derive the residue theorem.

sider

'aé“’

Do some examples:

0 d
\1temf 1+gfc

\item fo 1+x

\item [;*

Here we wil uss the asymptotics of the Fourier transform Given a function f(x) ,
the fourier transform is defined (up to prefactors) as f f f(z)e ™. The Fourier
transform is defined with

[a,b] = [—00,00] , or one can consider the asymptotics of this function in general, as
k — oo . To understand what happens at large k , we will integrate by parts:

f:f( kadéb_f f — zkwf f fl kadl‘.

Thus, as long as either (a) f(z) is perlodlc on [a,b], or (b)
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f(z) vanishes at the end points, this shows that f ~ 1/k [ €** f'(z)dx . Repeating the
integration by parts N

times shows that, as long as f(z) is n times differentiable, and as long as the end point
contributions vanish, we have that

f(k) ~ ﬁ f: f)(z)e*dz. Now if the (n + 1)% derivative is discontinuous, then
integrating by parts one more time gives a

f(k) ~ (M)%H [ ab oty (z)etk® ~ (Zk)%“ Thus, a function with n

continuous derivatives has f ~ k=71,

A corollary of this statement is that if the function is infinitely differentiable, then the
Fourier transform decays faster than any power: namely it decays exponentially with

k . This is why representing smooth functions by a Fourier transform is so pewerful.
On truncating a Fourier expansion at some wavenumber k* | the error incurreddin’ f ~
O(e™*") ; this means that upon reconstructing the function

T) ~ ff e~ *=dk . the error is 4
O(e ") , uniform in 2 ! Contrast this with the error that is Inade upon truncating

an ordinary power series: truncating at the n** term leads to an etror going like z™ |
depending on :

x , and decaying only like a power law.

All of this analysis brings up two questions: First{"what exactly is the decay of a
Fourier transform of a given function? We have lgarned ghat it decays exponentially, but
what sets the strength of the exponential? Secondly, .hovv do the singularities of

f(z) , extended to the complex plane affe convergence rate?

To answer this, let us assume that n be analytlcally continued to f(z) ev-
erywhere in the complex plane. W ider [a,b] = [—00,00] . The function f( )
is infinitely differentiable when to the real axis, so that we know that f (k)

decays exponentially. What /happ in the complex plane? We convert our transform
to a contour integral using standatd methods: If z > 0 , we close the contour with a
semi-circle in the WP plex plane while if x < 0 we close on the lower. If there
are no branch peinfs, we se Jordan’s Lemma to guarantee that the contour can be
closed. In this casesthe v the transform is just the sum of residues at all of the
poles. If the poles are lodated at {z;} with strength «; , then we have that

ffooo f(z)e*® dx = 2mi Z _, ape’®n . The size of the transform is therefore set by the
distance of the closest pole to the real axis: The pole with the smallest $z,, dominates
the sum.

What if there are branch points? We have previously discussed that with branch
points, we are not allowed to close the contour without encircling the branch cuts. This
is the now infamous ”keyhole” contour that we described in class last week. The keyhole
contour comes in from ioo along the branch cut, encircles the branch point, and goes
right out again to rejoin the Jordan’s lemma circular contour. If we assume that

203



f(z) = (2 = 2)" 220 ap(z — 2j)P near the branch point (at z; ), then if we take
z = zj +i7 , the path of integration is from 7 = co — 0 and then

7 =0 — oo, with a phase shift of 27 in between. Namely,
fooo(’iT)Ve_kTidT + fooo(iTeizw)”e_kTidT.

This is just

eivr/?(l/-‘rl) (ei27r1/ _ 1)’L fOOO TVe—kT — 25;?_(:;’/) eik’Zj—iﬂ/QuaOF(y + 1) 4.

Thus, we have seen that the transform again decays exponentially, but this time the
exponential is dominated by the location of the branch point!

Therefore, in general, we have seen that the rate of decay of the Fourier transform
gives information about the location of the nearest singularity! Were we so inclined, we
could invent a “Domb Sykes like method for the asymptotics of Fourier series. Note that
the information about the nature of the singularity causing the nearest singularity to the
origin is also encoded into the Fourier series.

10.4 Rainbows and Oscillatory Integrals

We now move on to study a class of oscillatory intégrals that are more complicated than
those described above. Despite their seeming o‘bscur‘ity7 such integrals occur all of the
time in science, either explicitly or impli,(;itly. To demonstrate this and motivate our
general methods we will start by deseribighthe problem of the rainbow. This elegant,
classical problem, contains with infit examples of all of the integrals we would like to
learn to evaluate!

The attached image of a rai @hows several features one does not often see: first

there is a double rainbow. d if you look carefully into the arcs of each of the
rainbow you can see t e supernumerary rainbows inside, that is little replicas
of rainbows. We wo understand the phenomenology of rainbows: what sets the

angle? why are the diffgrent colors at different angles? what is the intensity distribution
of each color? Why does one sometimes see rainbows clearly and sometimes not see them

SO cl@y?

We vx’(&l dis ese questions, and find out that to answer them we need to carry out
oscillatbry i s . The types of oscillatory integrals that we will encounter come up
in all sorts of applications (optics and beyond) but we will use the example of a rainbow
to motivate our discussion.

Our account of the rainbow follows in places the excellent recent discussion of the
rainbow by J.D. Jackson (Phys Reports 320, pgs 27-36 (1999)). This article is on the
course web site.

The starting point in the theory of rainbows is due to Descartes, who pointed out
that the intensity distribution around a rainbow is caused by the scattering of light off
a spherical droplet. The figure shows the bundle of rays:
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Figure of a double rainbow. (Taken off of a link from website).

0.5

-1.5

-2

Scattering off of a spherical droplet.
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Notation for scattering off of a spherical droplet. Th’ 1s taken from Fig. 1 of
J.D. Jackson, Phys. Rep;

cattering leads to a bunching of rays
ion; we seek to compute the intensity

What is apparent from the figure is tha
around the so called “ray of minimu
distribution of the rays contributin

First we set up notation, shownei re 77

The initial angle of the li
reflected initially to an a

ve to the tangent to the sphere is ¢ ; the light is
here nq sin(i) = ng sin(r),

refraction of the two media, respectively. For air and
t al deflection angle of the light is given by

n1 and ng belng
water ng/ny = 4

Op = 2(i — ; the light turns by angle ¢ — r on entering and leaving the
sphere and — 2r while inside the sphere.
rst the maximal angle of deflection. It is usually asserted that the
angle ight ed is at the maximum angle of deflection. Setting

n = ng/ny , we need to solve for dfp/di = 0 . Now the definition of §p implies that
dfp = 2di — 4dr,

but from Snell’s law we have

cos(i)di = ncos(r)dr,

implying that the stationary angle satisfies

cos(1)
cos(r)

Now cos(r) = /1 — sin(r)2 = /1 — sin(i)2/n? , so that with a little algebra we have

n
2
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cos(i) = %

Taking n = 4/3 , this gives the angle §p = 130° .

It is convenient for our analysis to introduce the ’impact parameter’. As depicted in
figure 7?7, the impact distance b = asin(i) , and we will write the impact parameter as
x = b/a . We then have that the deflection angle

Op = 7 + 2sin"(z) — 4dsin~(z/n). (10.4)

Taking derivatives of 8p with respect to x we obtain

dfp 2 4

dr - N o VnZ — z2 &05)

d20p 2 4z

dz? (1 — 22)3/2 - (n2 — 22)3/2" *\ (

Written in these terms, dfp/dz = 0 when zp = /(4 and evaluated at this z

we have @
d29 D vV 4 — TL2 o

dz?

=S Q’é
10.4.1 Colors 0

se the index of refraction is wavelength dependent.
on varies from about 1.345 for violet (400nm) light
s is a change of An = 0.015 . One can now ask how
much the maxirﬁﬁlﬁdeﬂe gle will change with changing index of refraction. One
can show (Jackson/algeb at with this change in the index of refraction there is a
change in the deflection angle of Af = 1.89° .

g (10.7)

The colors of the rainbow a
For visible light the index
to 1.330 for red (¢@On

10.4.2 Deflection angle of the rainbow and the Method of Stationary Phase

Now let us consider the intensity distribution of light through the rainbow. Let us call
¢(x) the total amount of phase accumulated along a ray passing through the water
droplet. Within the droplet, the total path length of the light ray is 4acos(r) ; hence the
phase accumulated along this path is 4nskacos(r) . Outside the droplet we measure the
phase accumulated between the entry and exit lines (see Fig 1 of Jackson, these lines
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are AA’ and BB’). Now the total length of this part of the ray is 2a(1 — cos(i)) , so that
the phase accumuluated is 2kan; (1 — cos(i)) . Hence the total phase accumulated is

d(z) = 2ka(ni(1 — cos(i)) + 2nacos(r)). (10.8)

We can rewrite this in terms of the impact parameter = to be
P(r) = Qka(l —V1—22+2Vn2 — 1‘2.)

Now, let us consider the total intensity of light that one observes far away from the
scattering point.

This is just

/a exp [iknz +iky -r) + zqf)@)} dx 6@ (10.9)

—a

where here the vector r = (z,r] ) is the vect
looking at the scattering, and k)|, k, are the w
the propagation direction. The integral is ow
terizing by the impact parameter x . We wi
angle 0, to the horizontal (measure
The vector k| is perpendicular to
this is measured along the line B
, so that for a ray exiting the

n along which the observer is
rs parallel and perpendicular to
incident rays, which we are parame-
me that the z axis is oriented with an
ame sense as the deflection angle itself).
gation direction. If we write r; = x , where
figure 77, then we haver, - k; = —k(0—6,)x
at angle 6 we have

e pr;

k| -1=—kb(O—0,) =

Descrates angle.
. Hence we hav

—0.)x = —ka| (0 —0p)+ (0p — 9*)) where 0p is the

e sign here is because k| is in the opposite direction to r
e intensity is given by

A 4
o % >
g

—kazx(0p — 0,) — kax((0 — 0p) + gb(x))} dzx. (10.10)

To determine the Descartes angle, let’s suppose we are observing the system at 6, = 0p
. Then we need to evaluate

etk /a exp [z (—kaz(@ —0p) + qs(x)ﬂ dz. (10.11)

—a
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10.4.3 Stationary Phase

How do we evaluate such integrals? Our integral is of the general form:

f f(z ’k¢ ) dz? One option would be to follow our example of integrating by parts
with Fourler transforms: We do this writing the integral as

—oo  ¢/(x) ¢ (x) - oo
region, we have destroyed the wonderful convergence properties of this integral, as the
function

. w .
[z dem}(m)f(a:) = J@) ‘ i %e’k‘ﬁ. Now, if ¢/ = 0 anywhere in the integration

[/ is no longer perfectly smooth-it diverges at the zeros of ¢’ . The consequence of
this is that the integral will no longer decay exponentially for analytic f . How does it
decay?

The method to determine this is called the {\sl method of stationary pha %Was
invented by Stokes in a study of wave interference (Stokes’s problem w. e the
rainbow problem described above.). As you will see, the method looks a place’s
method: let us assume that ¢'(c) =0, where

—00 < ¢ < 00 . Then we can expand the argument of the expor@to be
c+R (¢
2R S i0(0) + 49 (o — 07

Here we are doing the 1ntegrat10n Just in a small ound the place where ¢’
vanishes. Letting x = ¢ + 71/2/(¢"(c)k) , so that al becomes
R\/k¢' (c) /2
f T (c f (c)e' ¢>”(c)k dr.

Clearly as k — oo the integral becomes
OO
g

(The factor of two is beca ral is even—note the integration range is half
the integration range of the formula.) We can evaluate this integral by using a
contour which moves out eal 7 axis, and comes in along the line at an angle

7/4 to the Vert?cﬂ trates that
J e T dr = —e ’iﬂfo = /4 /x.
Hence we have shown that the integral is

—etho(e) gim/4 ¢,, f( ), to leading order.

What is the error? There are two contributions: first, we localized the integral; there
will be corrections from the Taylor series of f(z) about x = ¢, etc. Since the characteristic
scale of the integral is k=12 we expect that these corrections will be of this order. There
is also an error from the fact that we excised the integral we did above from the full

integral; the characteristic size of the remaining integrals [ 130
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and f__lzo are of order k! ; this is the same order as the local corrections described
above. In particular, this estimate demonstrates that the leading order contribution to
the integral is the behavior near the stationary point.

Note that we have assumed in this analysis that f(c) #0 . If

f(e¢) = 0, then it is no longer apparent whether the stationary point will give a
relevant contribution to the integral. This can only be discovered by carrying out a full
analysis.

Note that the one major difference between this method and the Laplace method is
that here, when we excised the region of interest from the full integral, the contribution
from the non-excised region decays algebraically, like k! . In contrast in the Laplace
method this error decays exponentially. Therefore the application of the method of sta-

tionary phase is more subtle in general.

The analysis above demonstrates that the integral is i by its stationary point,
and that this recovers the often-quoted argument that therainbow is dominated by the
ray of minimal deflection. Why? We need to ev: ation ( 10.11), and according

to our analysis the integral is dominated at th ary phase point, which is
4 [—ka:v(ﬁ —0p) + ¢(x)} — —ka(0—0 & + % — o,

10.4.4 Back to the Rainbow

dz
But from formula ( 10.8) for ¢ , . av at
do do
— =k = kar—. 10.12
dz “ 72 “r o ( )
Hence, the stati @ point occurs when df/dx = 0 , or at the Descartes angle!

would really like to compute the intensity around this minimal
es the intensity change? Naively we expect that the variation in
ualitatively different when 6, < #p than when 6, > 0p . In the
no-man’s land, to speak. None of the rays can arrive there. On the
atter case we expect to see interferance between the different rays.

forhen dase

other Nand i

To study this, we recall our integral

etk /expi(—k:ax(HD —0,) — kaz(6 —0p) + gb(a:)). (10.13)

We can use equation 10.12 to expand the phase around the Descartes ray: Namely

¢ = kaxt = kaxpb'+ka(xr—xp)d , but on the other hand since fp is also a minimum
of 0(z) we have 0(x) = 0p + 0" (zp)(x — xp)?/2 , so that
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¢(x) =~ ¢p + kaxrp(0 — 0p) + kabd” (x — 2p)3/3+ ..., The complete phase within our
integral is therefore

® = —ka(fp — 0:)x — kax(0 — 0p) + kaxp(f — Op) + kad”(x — xp)3/3+... (10.14)

or if we use the fact that § = 0p + 6"”/2(x — xp)? ( Op being a minimum!) we have
that

® = —ka(fp — 0,)x — kab"(z — xp)>/6. (10.15)

S
etk1# /_2 expi(—k‘am(HD —0,) — kab"(z — xD)3/6)>. 0\6 (10.16)
ove

v a cubic instead of the
s the formula we derived
0p = 6, we have the integral

We therefore need to evaluate

Note that in contrast to our stationary phase methodolog

\item When p = 0. , the leading term in the phase is a( ’
generic quadratic we expected from our argument above
there is not going to work for the intensity. Instead,

Je, exp [—z‘ka(az - wD)?’/G] da.

n O
If we write x —xp = (%) t then thral is just
m ol
(%) ffooo et dt.

Hence we achieve the be ult that the intensity of light at the Descartes angle
scales like (ka)_l/,% \ ave 0, # 0p , the stationary phase formula gives an
imaginary answet! What ence the point of stationary phase is not along our
integration path! The me erefore fails.

10.5 Saddle Points

How to proceed? Without a stationary phase point the integral is oscillating, and com-
pletely not obvious how to evaluate.

The idea we will use here is to use the one freedom we have that we have not yet
exploited: name the deformation of the integration contour in the complex plane. This is
an idea invented by Peter deBye. While we are deforming we might as well hope we can
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get rid of the oscillations entirely, and this way we can just do a Laplace type integral
and get the integrand to decay exponentially as in Laplace’s method.

Namely, given
I(z) = / h(t)e™® dt (10.17)
C

the idea is to deform the contour to make the integral as much like Laplace’s method
(and as little like stationary phase) as possible. We will think of ¢ as a complex variable
and distort the contour into the complex ¢ plane. Ideally we will find a contour for which
\item Sp(t) is constant along the contour so there are no oscillations. \item Rp(t) < 0
along the path of the integration, ie there is a maximum in the Real part along the
contour. If we assume that p(t) is analytic, then V2Rp = 0 so that %p has no maxima
or minima. Thus the only way that the gradient of Rp can vanishgaleng a contour is if
it is a saddle point. \ 7 4

Now, the nature of functions in the complex plane impli@s, something remarkable:

if we write
p(t) = o(t) + iv(t), . NV (10.18)

where both ¢

and 1 are real valued functions, and we thinkyof ¢ = u 4 iv , then

RVp = (Dut, 0,9). PR/ o (10.19)

Now consider : S22
Vo Vi = 0y, + @(V¢ -V)o. (10.20)

By the Cauchy RQ,®U tions, it is apparent that this quantity is zero. On the

other hand, the/qu can be interpreted as the directional derivative of i along
the direction of the gradient of ¢ . Hence, if we consider a curve in the complex plane
that moves along the gradient of ¢ , the imaginary part is constant! Thus, we have
achievéd ¢ what we had hoped for-in general there exist contours where the real
part dé@sease ‘a contour (from a maximum point) and where the imaginary part
of p is const iven that as we said above the extrema of Rp must be saddle points

To identify these contours, we need to look for {\sl saddle points} of p , namely
points where p' = 0 . We then need to identify the contour which has Rp decreasing,
and transform our integral to this contour. In doing the transformation it is possible
we will need to circumvent poles or branch points and of course, we will have to pay
for such indiscretions. It should be anticipated that along the new contour, the integral
will reduce to a Laplace integral. Recall that laplace integrals are dominated by the
region around the maximum. Therefore, to leading order, we will only need to know the
behavior of the integrand and the saddle point contour near the saddle point! Hence, the
requirement that we know the saddle point contour is not as onerous as it might seem.
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10.5.1 Elementary Examples

The first example here illustrates how powerful it can be to manipulate a contour. Then
we will turn to an example of Carrier, and to our rainbow.

10.5.2 Example 1: Finite Fourier Transform

Before we considered the large k behavior of the fourier transform. Let us reconsider this
problem for a finite fourier transform:

I(z) = /Oﬂ ft)e™tat (10.21)

To evaluate this consider the integral

fc f(t)ei®tdt, over the rectangular contour with the following fgur
along the x axis; (2) m — 7 + 4T parallel to the y axis; (3) m + T
x axis; and (4) i7" — 0 along the y axis. The integral along leg & hes as we send
T — oo , and clearly if f is analytic inside our domain ther esidue contribution,
so we have that I(z) = Integralalongleg2 + Integralalongle

I(z) = /Of(z's)e—“ds + /Ooof(w + is)eiﬂf"(;@ (10.22)

In the limit that x — oo we can just ap ain idea from Laplace’s method (both

integrals are dominated as z — 0 , to ii

(10.23)

ds. (10.24)

Example 3: Back to the Rainbow Now let’s go back to our rainbow. We have the
integral

etk dz expi(—kaa:(@D —0y) — kad" (x — xD)3/6)>. (10.25)
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which is proportional to

/a dx expi(—k:a(GD —0.)(z —xp) — kabd (z — xD)3/6)>. (10.26)

—a

1/3
Let us define s = (kaT(’w) (z —xp). Using this substitution in the integral, we arrive

at

I(2) = (%)1/3 / " exp [—i(zs—i—s?’/Q)] ds, (10.27)

—0o0

<
O

L (2(ka)2)1/3(9D o *

o (10.28)

N
The function &0
Ai(z) = /_ Z exp {—i(zs + 53 @e (10.29)

is called the Airy function, eorge Airy, who actually invented it in the context
now is to figure out the behavior of Ai(z) in the limit

of the rainbow problem.
that z is both large , and large and negative. Please note that the z — oo
limit is the relev; cause in our rainbow ka > 1 —the droplet radius is much

larger than the th of the light.

Thg y eforming the Contour Now we would like to apply the Saddle
. ‘ . . . . . .

point hod Airy function, to discover its functional behavior for large z . Before
doing this weméed to briefly discuss how we are going to define our Contour integrals—ie
what are the constraints we are going to place on our deformations of the contours?

Let us write

Ai(z) = /C exp [—i(zs + 83/2)]d5, (10.30)

where here C' is a contour in the complex s plane. Which contours are allowed?It is
standard to define s = it , and then we find that
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Ai(z) = /Cea:p [zt - t3/2} dt. (10.31)

Clearly in the complex ¢ plane our contour should go from roughly —ioco — +ioco —this
is what is called for by our algebraic manipulations. How much can we move our contour
around? For the integral to converge we need to require that the integrand approaches
zero (or at least does not diverge!) as we move to the ends of the contour.

Let us therefore examine the integrand. This is est=t°/2 Clearly as [t| — oo , the #3
term wins. If we write ¢ = Re” then this is just t3 = R3e3% = R3(cos(30) + isin(36))
. Hence, as R — oo the integrand will behave as e~ R?/2c0s(30) Requiring this to decay
exponentially is tantamount to requiring that the contour obeys cos(36) > 0 . There are
three regions in the complex plane that allow this:

\item & <0 < §.

\item%’rgﬁg%ﬂ. ’b

\item =T < ¢ < =T

Thus for the integral to remain finite we must nudge oursc &in‘co moving from

region (3) to region (2). This can be done with only a small cha the contour (indeed
our definition of Ai(z) above is along the extremes of thi

Now we need to evaluate our integral. Where are onary points? Let us first
assume that z > 0 . Note that z can be either 's@r negative depending on the
sign of 8, — #p . The assumption that z > 0 co@ s to 0, < Op —ie here we are in
no-mans land, where the intensity should be @

Now, the function p = zt — t3/2 obeys
t=+v2z.

@our integration path is at t = —/22/3 . Let

oint, writing ¢t = —/2z/3 +t . This gives

at

The stationary point whichai
us expand p about this statid

p=—c?? 4 \/32/2.

Here the constaiif c
e 9

p=—cz®/? + 212 ( 9) + isin(26)).

Now we would like our contour to have the feature that the real part of p decays
exponentially, and the imaginary part of p is constant. We can attain this if we choose
6 = 7/2 , namely our contour should go through the saddle point at a right angle to the
access.

Deforming the integration contour to this path gives
p — ,—(22/3)3/2 oo g7 —\/32/20> _ —(22/3)3/2 T
[er=e 7, dte e /—M.

If we go back and use equation (49) ’s definition for z , we can show that the intensity
in the dark zone on the rainbow is given by the beautiful formula
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exp | —2/3ka(0p — 0.)|. (10.32)

2146 1 1
3

= \/E[_ VEa 03 0p — 6,)1/4

The light side What about the light side of the rainbow? When 6, > 0p , z becomes
negative and there are now two saddles at ¢t = £i4/2|z|/3 . Our integration contour now
requires that we go through both of them (NEED A FIGURE HERE). A calculation
gives the answer

Jef = /ﬁsin(%z]?’ﬂ + %)

We thus arrive at the beautiful formula for the intensity in the light region:

216 1 1 ‘
I= ﬁ[g] re (G — 61 sin [2/3]6(1(9;— . (10.33)
10.6 A terrible Integral 0
The following problem was assigned for rk one year. Consider the integral
I(z) = dt. (10.34)

proximate expressions for the integral at large x and

compare to nu cuE ations of the integral.

where ¢(t) = —4t% —5t+13i(t+3t3) . However, the integral is sufficiently complex that
there are several possibilities for what might dominate the integral. These include: \item
The saddle points. These will occur when ¢’ = 0 . From class we know that generically
the saddle point contributions cause the integral to decay like z~1/2 . \item The possible
residue contributions. Given that the poles exist at t = 1/2(—1)/3 | these will contribute
exponentially decaying contributions to the integral. \item The final possibility is that
there could be contributions from the endpoints of the integration regions when the
integral is extended to the complex plane. As discussed in class these generically give
behaviors which decay like 1/x .
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Figure 10.1. Numerical integration of the integral. {\b

On the other hand, the algebra is complicated, and it is vemgpte
calculate all of the contributions, especially when we mig
that really matters is the dominant contribution. For thi
backwards by doing the numerics first. In the presént 4
way of solving problems in today’s world as any: oth

eason, let’s solve the problem
7, I think this is just as valid a

The figure below plots a numerical eval of the integral as a function of z .
Four different data sets are shown: the squares and x’s are three methods of
integration; the solid like is the law (z

The numerical integration sh
lab’s numerical integration r
fff(m) dx , I simply broke
tegral as Zi\:ol f(z)A

)
’éagra

then see that the in
ire

above figure was performed first with Mat-
uad’; and second by brute force: Given the integral
al into NV intervals and then approximated the in-

sing the number of points in the interval N one can
to a well defined law over a wider and wider range. If
one discretizes the ¢ the convergence rate is terribly slow: the squares show
what happens if the enti#® integral is discretized into 10* points. Instead I discretized
the region between 0 < x < 10/e , reasoning that the integrand decays away to nothing
beyond this scale. These are the circles, which agree with the squares up to some point

On the other hand, neither Matlab nor Mathematica’s numerical integration routines
fared so well-both produced either nonsense (matlab) or error messages (mathematica)
when the integration routine got too large. The reason is that both of these programs
are supposed to intelligently disperse the integration points to get the most accurate
answer possible—the algorithms for doing this apparently miss that all of the action is
near the origin!
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-10 . ‘
0 5 10 15

Figure 10.2. Contours of constant phase going through points of the integral (at ¢ =
0,10). Note that near the origin the c ase contour is linear..

Thus we have shown that the integral de like 1/x . Recall that (a) saddle points
tend to decay exponentially when they a he real axis; (b) Laplace contributions
decay like 1 %

1/y/x when they are on the real‘axis/din the interior of the domain; (c¢) poles should
also decay exponentially, as shot yranch points. Thus the only possibility for the 1/x
is that it must be an end pointie ibution to the integral.

It is very likely that thegendp®int in question is the one at t = 0 , since at t = 10 the
integrand is very s f"&}‘ doubt this, you could test it numerically by varying the
upper limit of inti and showing that the integral does not change very much.)

With this in , we are almost done: we need to investigate the constant phase
contours emny ‘om the origin. Now since

Bt ?: — 13i(t +3t%) , near t = 0 we have that ¢ ~ t(5+ 13i) . Thus we have

that nea , the constant phase contour moves along the line

5+13
524132

Just as a check, figure 2 shows constant phase contours for this problem, and you
can see that near the origin, the contour is linear. I have also included in figure 2 the
constant phase contours that pass through ¢ = 10 : the integration path we must take
starts along the real axis from t=0:10 (our original integration path), moves out along
one constant phase path and in along the other.

t=s

Now, we are almost done: only the constant phase path through the origin will con-
tribute to leading order, since the residue contribution is exponentially small, and the
contribution at
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©  computation
= theory
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107 i e
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L/
Figure 10.3. Comparison of the formula I(z) = 15/1942~! with the n@l simulations.

t = 10 is also exponentially small. As for the saddle poi ither is along an inte-
gration path, and so we don’t have to worry about thes therefore have
5+13i 13 1 13 1

I(2)S ~ [ dsgrlss exp—as = 53 s = 191y
Figure 10.3 compares the numerical computations 6 this exceedingly simple formula.

Thus, we understand the integral asympt y. Our understanding is nonrigorous,
but convincing, combining numerics and otics to understand what is going on.

10.7 Some Applicati @tionary Phase Ideas

Here we discuss a few a
different problems??e
into Fourier moﬁ%w th

Slast) = 75, dk ik,

where further analysis shows that

ok, t) = p(k,0)e~wk)t,

The quantity w(k) , the frequency at which a disturbance at wavenumber k oscillates,
is called a dispersion relation . Now we have ¢ The question we would like to address

is the value of this integral at large time. To address this we write x = Ut , for some
velocity U , so that the integral becomes:

d(x,t) = [°5_ dk d(k, t)etBU=wk),

of the method of stationary phase. First, in many
oses the solution to some partial differential equation
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The method of stationary phase then states that the integral is dominated at the value
of k so that

U= %w(k). Thus, at long times the integral is dominated by signals that are moving
at the velocity U . This velocity is called the group wvelocity , distinguished from the
phase velocity Uppase = w(k)/k , the velocity at which the phase varies.

To continue the analysis, if we let 0(x,t) = t(kU —w(k)) , then if kg is the wavevector
of stationary phase, then we can expand 0 = (koU — w(ko)) + w” (ko) /2(k — ko)® + ... .
Our integral therefore becomes

; > ;1 2 ; i "
) = zt(koU—w(ko))/ dke™™ (ko)/2(k—ko)? _ i(koU—w(ko))—im/4sgn(w (ko))
= e TRl
@ (10.35)
10.7.1 The Front of a Wavetrain Py a
The aforementioned analysis assumed that w” (ko) s condition is often violated

in practice. For example consider gravity Wave annel of finite depth hg . The

dispersion relation for such waves is
w(k) = v/ gktanh(khy). @ (10.36)

A typical wavetrain is thus

oo, t) = / F(k)eito—i (10.37)
The integral is dv@ he stationary phase points
W' (k) (10.38)

rify that the group velocity w’(k) has a maximum value = \/ghg
the leading edge of the disturbance will travel at this velocity.

The issue with this is that since the dispersion relation has a maximum, then at
this maximum w”(kg) = 0 . Thus, our analysis must break down. Naively, one would
expect that above this maximum velocity, the water in front of the disturbance will be
unperturbed, so there should be a transition from a wave pattern to a flat one. To find
out how this transition happens, we pick z/t = \/ghg , and evaluate the integral here.
The phase function ¢(z,t) = kx — w(k)t = (k(z — /ghot) — " (ko) (k)3 /6t). Hence, the
integral reduces to

$(a,t) = / F(0)e!(k(e=Vahat) gh®/6ti™. (10.39)

—00
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It turns out that this formula comes up enough to have a name—it is the so-called Airy
function, defined as

: 1 > i(uz+ud/3)
AI(X)% e du. (10.40)

Hence, if we redefine variables u3/3 = k3 /6t

so that u = W"t'/3k/2'/3 | we have

1/3 _
2 (L= Vghoty (10.41)

(b(x,t) = (tw///)l/?) ! (tw///)l/S
10.7.2 Free particle Schrodinger Equation
As an example, let us consider solutions to the Schrodinger equati éee particle.
If ¢(z) is the wavefunction, then Schrodinger’s equation is
O + 702 = 0.

If we decompose the solution in Fourier modes, writir®:

We will discuss the form of the Airy function very shortly.

Y = [a(k,t)e?*®, we find that a(k,t) obeys

ia = ’;nfa so that c @
Y= [a( kx*ﬁt) Writing

x = Ut as above, the stationary phas s that the integral will be dominated
when U = 2kh2m, so that

)~ eit(m/t)zﬁ/(Qm)a(%) /th7/r i

10.7.3 Waves behind

+&
Let us consider%ho"ave ed by a boat moving down a canal. Waves in a canal
satisfy a dispersion Telati = w(k) ; let us also imagine that a wave with a wavenumber
k is damped with a damping rate (k) . The wave amplitude at a location

e we used the result from the last class.

x produced by the boat when it was at location z’ , a time

At later is then given by

ff zk (z—2")—iw (k) At—y (k) At dk.

If the boat is moving with a steady velocity U , the time lapse is related to the initial
location of the boat by At = —2//U . If we want to total amplitude of the disturbance

in the water we need to add up these contributions over all locations where the boat has
been ' : if we suppose the current location of the boat is z = 0 at time ¢t = 0 we have
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eikm
fezkxdk f z(k w(k)/U)+~(k)/U)x’ dx' = Uf —i(kU—w(k)+~ (k)

Now the integral can be performed by contour integration. There is a pole when
kU — w(k) 4+ iy(k) = 0 ; If we solve for k where

U= # (call this k, ), then writing

k = k* +iq , the pole exists when ¢ = —y(k)/dw(k*)/dk . This is in the negative half
plane. Hence, when x > 0 , the disturbance of the boat is zero; when x < 0 we pick up
the pole contribution, so the disturbance is

w%?,g ) etk (k) /W' (K)z Thig decays exponentially behind the boat, at a rate depending

on the dissipation.

10.7.4 Waves behind a boat

Now lets consider the more interesting problem of waves behin odt on open water,
so that the waves can move in two dimensions. We first ae et up a coordinate
system. Suppose the boat is moving in the & directlon wi v U . Suppose that
we are interested in the wave amplitude at a p081t10n

which is far from the boat and at an angle 8 to r& velling direction. If we now
repeat the derivation above we find that the wa litude behind the boat is

ik-r zk r
S mdk f CTEOETO +7(k we write k-t = krcos(6 — ¢) , we
can then per ormlng the contour integral o o find

[ eik(@reos( ¢).d¢>, c?

where k(¢) satisfies
—w(k]g¢)) = Ucos(¢).
If we now use the dispersi 1on for gravity waves,

w:\/@,weﬁndth%
k(9) = grisg

U2cos?

Thus, our in

*
Bbis‘?hte e evaluated at the point of stationary phase! The stationary point
occursewhen

tan(0 — ¢) = 2tan(¢). Using
tan(8 — ¢) = (tan(0) — tan(¢))/(1 + tan(0) tan(¢)) , this is just
_ _ tang
tanf = m
There are only a certain range of § where this equation can be satisfied. This sets the
size of the wake! The maximum angle happens when tan(¢) = 1/v/2 , which implies

tan() = 1/(2v/2) . This gives
¢ = atan(1/2+/2) = 19.5° ! Thus, the size of the wake is

39¢ . This remarkable result is due to lord Kelvin, and is called Kelvin’s wedge .
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10.7.5 Dispersive Electromagnetic Waves

In free space, electromagnetic waves move at constant velocity

e— — (10.42)

where € is the dielectric constant and g the magnetic permeability of vacuum. In a
real material however both € and p can depend on frequency, and this causes dispersion
of the waves. In the early days after Einstein proposed his theory of relativity, there was
much work investigating whether the hypothesis that nothing could move faster than
the speed of light would hold up when taking these dispersive effects into account. In
fact many of the mathematical methods we are discussing were invented in response to
this question.

The relation for electromagnetic radiation is, in general, @
k% = w?pe. eg(m.zﬁ)

 /

N

The simplest model for how € &
can depend on w is called the Lorenz model, which is as fol% sider the equation

of motion for an electron in an external electric field

mi + i + kx = —eB, (10.44)

where v is the damping constant, k is a sprin and m is the mass, and e the
charge. Then if the electric field is periodic E the displacement of the electron
z(t) = X(w)e™! | where

B —eE/m
X(w) = e — 0Q (10.45)

where w? = k/m . Using
—nex(t) where n is the den
have

that the electric polarizatability is given by P =
tron oscillators, and that eF = ¢g '+ P we therefore

) . (10.46)

Here I' = v/m and wf, = ne?/(egm) is the plasma frequency.

The question of the general structure of an electromagnetic pulse input into a metal
is therefore quite interesting. As always we need to evaluate

The nontrivial structure of the dispersion relation leads to interesting answers, which
we will explore in the homework.
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10.7.6 Absolute and Convective Instability

Consider the following model for the development of an instability

OA = €A+ DO, A. (10.48)
If we use the ansatz A(x,t) = e then it is straightforward to show that
w=e— Dk (10.49)

This implies that an initial perturbation will grow in time if the wavenumber k <
Ve/D ;if k> \/e/D

the perturbation will decay. There are many examples of natura%omona in which
instabilities occur; the mathematical framework for describin elopment of the

instability is often very similar to the model presented he
Given an initial condition A(z,t =0) = the& at time
t is given by the following integral

Az, t) = / ApeFr e Rt (10.50)

This integral can be performed by sa(@ nt method: the saddle point occurs at

iz + W (k)t =0, o (10.51)

The appropri
check that the

7

as the long time behavior. The behavior is therefore the precise superposition of growth
and diffusion!

(10.52)

our is therefore parallel to the real axis k = ik; + Ak —one can
the integrand is constant along this contour. Hence we obtain

4Det? — a;?)

10.53
4Dt ( )

ete—z 4Dt Ak:] exp (

Note that the solution has the interesting behavior that it {\sl grows} within the
region 4Det? > 2 or x < 2v/Det and it decays exponentially outside of this region. The
edge of the region separating instability from stability moves at a constant velocity .

Now, suppose we modify our model to include a convection of the perturbation. That
is

A+ Uy A = €A + DOy A (10.54)
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This contains the additional bit of physics that the function A

is being advected away at velocity U . Clearly, if the advection rate is fast enough, the
perturbation will grow but it will be advected out of our field of view as it grows. If on
the other hand the velocity is very small we should recover the situation above where the
perturbution grows in the laboratory frame. We can expect on purely intuitive grounds
that the transition velocity will be U = 2v/eD , since the latter is the characteristic
velocity at which the unstable front moves out of the field of view. When U < 2veD ,
the system is said to be absolutely unstable ; when U > 2v/eD the system is convectively
unstable.

3
0&0
Q

By
A2
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11 Nonlinear Partial Differential Equations

We will now turn to examining how the method of thinking we have advocated in this
course can be applied to nonlinear partial differential equations. We will limit ourselves
to equations with one space and one time dimension, in order to get across the essential
concepts and allow easy numerical implementation and testing.

Recall from our previous remarks on partial differential equations that it is useful to
classify equations in essentially four types:

1. Diffusion. The canonical diffusion equation is dju = 0y, Du, where &) isythe dif-
fusion constant. Such equations lead to spreading like v/Dt. We swill*géneralize
this concept to mean all ’diffusion like’ equations. Instead of tayingfo define this
(vague) notion in detail, we’ll learn what belongs to this elass‘by example. For
instance, clearly when we let D = D(u,z) (ie the diffusion,cénstant depend on
the value of the quantity that is diffusing), then this isediffusion like; similarly the
fourth order equation dyu = — 0,z is also diffusiofitlike. You can verify that the
Fourier mode A(t)e**® decays in time with A(t) = < U

2. Advection. Here the canonical equation isé@;u £V 0,u = 0. The solution to this
equation (if V is a constant ) is u(x — V#).If V= V(x, u,t) then solutions can be
more complicated. Advection equation e up often in science, largely through
wave equations, which have the for Ozl

3. Dispersion Here the canonical e 1S Ostt = KOpgzU.

4. Laplace equation Oyt =i— ve written this here in a strange form—using a
time variable. I've dong¢ this¥e emphasize that despite the superficial similarity to
the wave equation (ngte the only difference is the negative sign on the right hand
side!) the n%tgre & solutions could not be more different.

5. To this list wa'@igh include the general class of ordinary differential equations,
e.g. ‘C%’“ = f(ut). Th ot of course a PDE, but if we think of u being a function
of space and time then the ODE could describe the properties at every point in
space.

11.0.7 Solving Nonlinear Pde’s using Matlab

Matlab has a nifty function called pdepe that solves nonlinear partial differential equa-
tions, with one space dimension. Here we will outline how to use this function for solving
the diffusion equation—subsequently we will see how to modify the program to solve more
complicated equations (it is easy!)
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pdepe solves equations of the following general form

c(x, t,u, Opu)Opu = 0, F (u, Opu, x,t) + s(u, Opu, x, t). (11.1)

Here F' is the flux, and s is a source. The boundary conditions must be of the form
p(x,t,u) + q(x, t)F(u, pu, z, t) = 0. (11.2)

For diffusion equation we set ¢ = 1. F' = 0,u and s = 0. The program is written in

such a way that u can be a vector, so one can solve multiple equations simultaneously.
Although for ’professional applications’ I have often found it necessary to rewrite the
program myself, it will serve our purposes perfectly: as a testing ground for how to
easily discover the behavior of nonlinear partial differential equations, so we can see how

it

this from the excellent example programs that are given i

works.

The following is a fragment of code that solves the diffusion equat I simply modifed
@ ’s helpdesk, under

pdepe).

 /

© 0w N O Otk W N

e e e =
N O R W N = O

function [x,t,sol]=pdexl
x = linspace(—20,20,200); 0
t linspace (0,2,10);
sol = pdepe (0, @pdexlpde, @pdexlic bc,x,t);
the first argument of pdep , ines the symmetry

of the problem. For slab sYmmet#y we use m = 0.

o° o

function [c,F,s] = pde ,t,u,DuDx)

defines ¢, F, s in on 10.1 in terms of x, t, u, and
the partial of é spect to x: DuDx.

o° oo

function [pl,gl,pr,qgr] = pdexlbc(xl,ul,xr,ur,t)
defines the boundary conditions according to
p and g in equation 10.2

o° o° o o

x]l = x(1) and xr = x(end), ul = u(xl) and ur = u(xr),
and the same for pl, pr, gl and gr.

pl = ul; % sets the b.c. u(x = —=20) =0

ql = 0;

pr = ur; % sets the b.c. u(x = 20) =0

qr=0;

We will use this program in what follows.
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11.1 The diffusion equation, and nonlinear diffusion

Recall our previous discussion of the diffusion equation: we found the green’s function
by using dimensional analysis. The argument was as follows: If we look at dyn = D9?n,
we see that roughly 0; ~ DO?

There is a sense in which this equality is meaningless. What I mean by it is that if
you have a function n which obeys a diffusion equation, taking a single time derivative
of the function gives a number of about the same size as when you take two spatial
derivatives. What this means is that the characteristic length scale over which n varies
is of order v/Dt. Now since the initial distribution & is perfectly localized, and therefore
has no length scale, we expect that at time ¢. G(x — 2/, t) will have characteristic width

v Dt.
Thus, we guess a (so-called) similarity solution: @

Glz —2',t) = A(t)F(x\/_D_i,). e@ (11.3)

The time dependence of A(t) is determined by mass conservation &

/_pdaz—/ Alt ) \/_/ dy (11.4)

must be constant in time, we see that A =1/

changed variables from z to y = x/v D c @

Now let’s just plug in G(x,t) = 1/\/ tF( :%!

is the density and we have

mto the diffusion equation.

This gives the following ordinary differential ion for F

1 1 1 1
—D(—=F — —yF') = —— 11.
Cancelling out the time fact

1

integrating this equation once gives

F'= —=—Fy. 11.6
2 (11.6)
. . DY QO . .
This equation can pﬁlm integrated to give
Fy) = Foe ¥/, (11.7)
or
F N2
Gz —a',t) = 0 exp— (z =) (11.8)

4Dt

VDt

where the constant Fy = 1/y/7 is determined by requiring that [ G = 1.

Now, what is particularly amazing about this solution is that it actually works for an
arbitrary initial condition (that is localized in space) as long as we wait sufficiently long.
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The reason is that any information encoded in an arbitrary n(x,t = 0) will diffuse away,
and eventually the solution will spread according to the Green’s function, multiplied by
a constant factor representing the total mass of the solution. Hence if [ ng(a')dz’ = M
then at large times

$2

M
n(r,t) = ——exp———.
@0 = 75 P~ 1Dy

(11.9)

Let us demonstrate this: Figure 11.1A. shows the solution of the diffusion equation
starting from the initial condition ng(z) =1 if |z| < 3 and ug(z) = 0 otherwise.

Figure 11.1B. compares our analytic solution with the simulation. Finally, Figure
11.1C shows the time dependence of the solution We compare %: 0,t) with the

prediction from the diffusion equation n(z,0) , where D d M =3.

After t ~ 10 the time dependence of the formula agrees ively with the sim-
ulation. Can we estimate when this should have occurze i 1t1al condition had an
initial width of 3. The time for information to propa oss the solution is of order

32 = 9. Hence this agrees with our expectatlonw

11.1.1 A nonlinear diffusion equation

Let’s now consider a slightly more @@ed variation on this theme. Consider the

equation

CRTEN <u28xu). (11.10)

,0) = up(z).
g times? This equation corresponds to a situation where the
arly proportional to u?.

with the initial conditi

What happe
diffusion const,

e argument as before? Let’s go through the logic. On one hand,
themw p the above discussion was based on the idea of a Green’s function—
where the eq is linear, and thus we can use superposition of solutions to construct
the general solution. On the other hand at the end of the discussion above we observed
that the Green’s function itself worked only in the limit of large times—the reason for
this was that when the characteristic width of the solution is much larger than that of
the initial condition, these lengths should no longer play a role in the solution.

Cap‘ve

Can we apply the same logic here? On what parameters can the solution at large
times depend? As above, there must be some characteristic width of the solution L(t).
Moreover, mass conservation must be obeyed. In principle the solution at any time should
also depend on any length scales implicit in the initial conditions—lets call these £.
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Top: Simulation of the diffusion equation, starting out from ng(z) = 1 for |z| < 3.
Middle: Comparison of simulation (blue dots) at ¢ = 20 with the Green’s function
solution (red line). Bottom: Time dependence of u(0,t),comparing the simulation
(dots) with the derived formula. Note the quantitative asreement after ¢ ~ 10.



Program 18 MATLAB code used to create figure 11.1

function [x,t,sol]=CH9a_diffusion

x = linspace(—20,20,200);
t linspace (0,20,20);

sol = pdepe (0, @pdexlpde, @pdexlic, @pdexlbc,x,t);
the first argument of pdepe, m, defines the symmetry
of the problem. For slab symmetry we use m = 0.

o° o

10 $x* analytical solution*x
11 ana = (3/sqrt(pix20))*exp(—(x.72)/(4%20));

12 % code for plotting @
13 quickplot (x,t,sol,ana);
14 subplot (3,1,3),hold on, loglog(t,3./sqgrt (pi.*t),

18 function [c,F,s] = pdexlpde(x,t,u,DuDx)

19 % defines ¢, F, s in equation 10.1 in f x, t, u, and
20 % the partial of u with respect to x D

21 ¢ = 1;

22 F = DuDx;

23 s = 0;

25 function u0 = pdexlic (x)
26 % defines the intial cond vector

27 for i = l:length (x)

28 if abs(x(i)) > 3
20 uo (i) = 0
30 else

31 u0 (
32 end
33 end

- ol

36 fu@ion ,pr,qr] = pdexlbc(xl,ul,xr,ur,t)
defin e boundary conditions according to
p and g in equation 10.2

w
©
o° o o o

x]l = x(1) and xr = x(end), ul = u(xl) and ur = u(xr),
40 and the same for pl, pr, gl and gr.
41 pl = ul; % sets the b.c. u(x = —=20) =0
42 gl = 0;
43 pr = ur; % sets the b.c. u(x = 20) =0
44 qgr=0;
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Hence we know that

u(z,t) = ﬁF(%%) (11.11)

In the limit that the characteristic scale of the solution L(t) is much larger than ¢ we
thus reduce to the previous case.

Let us therefore work out the solution under the assumption that

u(z,t) = %F(%) (11.12)

Plugging this ansatz into the nonlinear diffusion equation gives

—é (F + ?7F,7) = % (Fan) K qul-w)

where ) = 7. If we now balance the time dependences we have tha?\

L 1
which implies that L = (4t)%/%. The function F(n) obey&iinary differential equa-
tion 0

—nF = F°F,, 0 (11.15)
where we haveintegrated once using Q
P ok, = 1)y o (116

and also set the constant of
this equation again to giv

F= Aot

An interesting feature Of this solution is that F(n = 4+v/A) = 0. Therefore in contrast
to diffusion we expect the solution to be nonzero in only a finite region of space.

n to zero since F' — 0 as 7 — oo. We can integrate

(11.17)

The free constant here is determined by the mass of the solution: we want

VA
/ F(n)dn = M. (11.18)

If we substitute

n = VAcos(0), (11.19)
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the integral becomes

/O sin?(0)Adf = Ar /2, (11.20)

—T

so that A = 2M /pi. Combined this gives us the solution

1 |2M z \?
u(x,t) = (4t)i - ((4}5)}1) . (11.21)

Let us now compare this solution with numerical simulations: Figure 11.2A shows the
solutions to our equation starting out with the same initial condition that we used in
the previous section. You will see that the spreading is much slowemstthan before, and as
predicted the edge of the solution is sharp: u is nonzero only i %ﬁe region around

the origin.
Figure 11.2C. shows the time dependence of u(O,t)’T@c pared with our pre-
diction, that

oM 1 *
u(0,t) = G \Q (11.22)

The agreement between the theory and i ion becomes quite good as t becomes
large, and is quite close beyond ¢ ~ 40¢ does this threshold time come from? The
initial condition has width 3, so we wouldgxpect agreement beyond when L = (4t)1/* = 3
or t = 3%/4 = 20, consistent wit asurements.

What about the profiles? Fi

.2B. compares the simulation and theory for ¢ = 100

The agreement is esse

11.1.2 Radial ar Diffusion Equation

onlinear diffusion equation, and also the ordinary diffusion equa-

Here 6 C
ns, assuming spherical symmetry.

*
tion,oixaglul
*

11.2 A reaction diffusion equation

Now we turn to a different example. Consider the equation

Oy = Dppu 4 u. (11.23)

This is the combination of diffusion, with some sort of reaction: here the reaction is
encoded by the u* term which says that the rate of producing u is proportional to u*.
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—y

Solution Value
[}
[y}

=
]
i
=
o F
—
oF

Distance

B. Comparison to Analytical Solution E Q

(RS T T T T T T
0.4F
02fr
]
T2y RT: 10 - 0 5
Distan @
C. Time on
1™ S ' .

—
fa}
=]
(&)
1

Solution at Center Point <olution Value

Figure 11.2. Top: Simulation of the diffusion equation, starting out fromug(z) = 1 for |z| < 3.
Middle: Comparison of simulation (blue dots) at ¢ = 50 with the analytic solution
(red line). Bottom: Time dependence of u(0,t),comparing the simulation (dots)
with the derived formula. Note the quantitative agreement after ¢ ~ 20.
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Program 19 MATLAB code used to create figure 11.2

1 function [x,t,sol]=CH9a_nonlineardiffusionu2

2

3 x = linspace(—20,20,200);

4 t = linspace(0,50,20);

5

6 sol = pdepe (0, @pdexlpde, @pdexlic, @pdexlbc,x,t);

7 % the first argument of pdepe, m, defines the symmetry
8 % of the problem. For slab symmetry we use m = 0.
9

10 $x* analytical solution*x

1 M = 6;

12 L = 3;

15 quickplot (x,t,sol,ana)
16 subplot (3,1,3),hold on, loglog(t, sqrt (2+«M/pi

13 ana = (1/((4%50)"(1/4))) *sqrt (2+«M/pi—(abs (x)/(
14 % code for plotting
\ 1/4) l_rl)

19 function [c¢,F,s] = pdexlpde (x,t,u,DuDx
defines ¢, F, s in equation 10.1 i

of x, t, u, and

o° oo

21 the partial of u with respect to X.

22 ¢ = 1;

23 F = (u."2).*DuDx; % no th nlinear u”2 term
24 s = 0;

25
26 function u0 = pdexlic (x) @
27 % defines the intial n vector

28 for i = l:length(x)
20 if abs(x(i)) %
30 u0 (i

31 else

u0

,pr,qr] = pdexlbc(xl,ul,xr,ur,t)

37 % defin e boundary conditions according to

38 % p and g in equation 10.2

39 $ x1 = x(1) and xr = x(end), ul = u(xl) and ur = u(xr),
40 % and the same for pl, pr, gl and gr.

41 pl = ul; % sets the b.c. u(x = —=20) =0

42 gl = 0;

43 pr = ur; % sets the b.c. u(x = 20) =0

44 qgr=0;

236



This could represent a chemical reaction, where four u molecules combined to catalyze
the production of more u molecules.

What happens to the solutions of this equation? First let us recall the behavior of

solutions to the ordinary differential equation, which has a similar structure to our PDE

1/3
% % . Here the blow up time t* is encoded by

the initial condition so that u(t = 0) = (3/t*)'/3.

= u?. The solution here is u = (

But what happens in our equation? Let’s analyze (11.23) by asserting that the solution
u(x,t) has a characteristic size A(t), and a characteristic length scale L(t). Then the
equation obeys the scaling relation

dA A
— ~—— + A% 11.24
dt L? * ( )

Here the three terms refer to the dju, Oypu and u*, respectively. We haveswdfitten a
negative sign in front of the diffusive term, because diffusion will alway§, work te smear
things out and decrease the amplitude. 4 4

As has now become our routine, we have three possible dominant Balances: The first
and second term represents diffusion, the first and third term ref)résents reaction, and
the second and third represents a steady balance between reaetion and diffusion. What
happens? ‘ g

Roughly speaking, we should expect the following: if. ‘phe first term on the right hand
side is much larger than the second, diffusion will“déminate and the amplitude will
decrease in time. If the second term on the right hand side dominates, the reaction will
dominate and the solution will diverge in time eifransition between these two regimes
clearly happens when A/L? ~ A%, or when ~2. Let’s turn to simulations to see if
this picture is correct. Figure 7?7 shows a 1on of equation (11.23) starting from our
initial condition u(x) = 1 for |z| < 3 e that the solution grows in time. Indeed,
the time dependence shown in ows that the solution apparently diverges in
finite time, as would be expecte he dominant balance were the reaction term. Note
that since the initial condition has\a length scale L = 3, we should expect this solution
to diverge since Af’ =1 WEa="1/9.

als a subtlety that we must return to: as the solution is
the region where the solution is large also seems to be

The numerical sgkqtio
blowing up, the spatial sc
changing!

Before examining this in more detail let’s consider one other simulation: Figure ?7
shows the solution to the reaction diffusion equation but now we decrease the value
of the initial condition by an order of magnitude: take u(x,0) = 0.1 for |z| < 3. This
solution does not blow up, but appears to diffuse outwards! Figure 7?7 shows the time
dependence of this solution, and indeed the solution appears to decrease like 1/ \ﬂt)
Now we use our criterion, 43 = 1073 < 1/L? = 1/9, which confirms the dominance of
diffusion, as can be readily seen in Figures 7?7 & ?77.
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Figure 11.3 e top figure, we see the solution evolve in time. The width of the region that
is blowing up appears to change as time progresses. To get a general idea of the
behavior away from this shrinking length, we also look at the behavior of the
center of the domain as a function of time, in the second plot. The center point is
clearly blowing up in finite time, encoded by the domain width.
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Program 20 MATLAB code used to create figure 11.3

© 0w N O s W N

NN N NN NN N KN R R e s e e e
© 0 N O U A WN RO © OO OA W N~ O

function [x,t,sol] = cl0Og

% =
t

sol

linspace (—20,20,200);
linspace (0, .3,10);

= pdepe (0, @clOgpde, @cl0gic, @cl0gbc, x,t);

subplot (2,1,1), plot(x,sol)
subplot (2,1,2), loglog(t,sol(:,100))

function

c =
£

s =

u0
for

end

function [pl,ql,pr,q
pl =
ql =

pr
qr

i [c,f,s] = clOgpde(x,t,u,DubDx) 0
1;

DuDx;

u.A4; 0
function u0 = clOgic (x)

zeros (l:length(x));
i = l:length(x)

if abs(x (1)) > 3
ul (i) = 0;
else
ul (i) = 1;
end "::!

(x1,ul,xr,ur,t)

ul;

s
o

ur;  ** g

0; ¢
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Figure*11.4. e see the simulation result for an initial condition an order of magnitude

smaller than the previous simulation. The character of the behavior of the solution
has changed dramatically; we no longer see it blowing up, rather diffusion has
dominated the process! In the second figure, the behavior of the simulation center
point is compared with the derived scaling of 1/v/t. The comparison holds quite
well over a decade
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Program 21 MATLAB code used to create figure 11.4

function [x,t,sol] = cl1l0rd2

X
t

linspace (—20,20,200);

1inspace (0,100,20); 0

sol = pdepe (0,Q@cl0rd2pde,@cl0rd2ic,@cl0rd2bc,x,t);

subplot (2,1,1), plot(x,sol) ’
subplot (2,1,2), loglog(t,sol(:,100))
hold on

subplot (2,1,2), loglog(t,0.3./sqrt(t), 'g—"') O‘

function [c,f,s] = cl0rd2pde(x,t,u,DuDx)
c =1;

f DuDx;
s = u. 4;

function u0 = cl0rd2ic(x)
u0 = zeros(l:length(x));
for i = l:length(x)

if abs (x (1)) > 3

ul (i) = Q
else Q

ul (1) =

end
end
function [pl,ql,p
pl = ul;
gl = 0; ”0’
pr = ur; .
gqr = 0;

d2bc (x1,ul, xr,ur,t)
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I understand the ar-
gument that all three
terms should exactly
balance each other, but
why does that motivate
the particular form of
the ansatz given below?

Are there really two different dominant balances for this equation? Let’s evaluate
the two unsteady balances that arise in the numerical solution to the reaction diffusion
equation we’re studying. If diffusion dominates, then our theory leads us to expect u ~
(A/\/t)F(x/\/t). This solution implies that 8,,u = A/t32, whereas a dominant reaction
term implies u? = A*/t2. Hence as t — oo, we have A/t3/2 > A*/t?, conditioned upon
t > A®. Thus the diffusive term is logically self consistent, as we have seen.

What about the reaction dominated regime? Here we have one weak part of our
argument: we argued above that reaction dominates diffusion as long as A3 > L72.
In using this criterion we assumed that L was given by the initial condition. But, our
simulation seemed to indicate that L changed, and indeed decreased, in time, as can be
seen in the numerical solution profiles in Figure 77?7

Why does this occur? Let’s first consider the dominant balar%here diffusion is
negligible, so that the equation is just @ = u*. Following our dz’ of the beginning
of this section, the solution is

. .
u(z,t) = uo(2) &\ (11.25)

(1 — tug(z)3t/3)1/3° g g

Is diffusion negligible in this solution? We’ dy seen two different behaviors in
our simulation by modifying the initial valtie;"we can understand this behavior if we
compute dpptr ~ ug(x) ™ (ug(x) ™3 — t/3)F e can compare this against the scaling
of the u* term, u* ~ (3ug(z)=3 — ) ng that both solutions exhibit blow-up like
behavior with different exponents. ect that for initial values larger than one, we
will see comparable contributio ween these terms, showing our dominant balance
is inconsistent!

So what happens? Ap the solution will sharpen until diffusion also becomes
important. At t % reaction term, diffusion term and the time dependent
term are all ex nced with each other. By realizing that the only dimensionless
argument for a al form must be x/L, we explore this balance of three terms by

WritiE%th
o4 :‘
u(z,t) %) (11.26)

and use this ansatz in our reaction diffusion equation. This gives

. L A
AF — Z AnFy = <5 Fyy + AP, (11.27)

We demand that all of the terms are the same order of magnitude. Hence we have
that A = A%, which implies A = (t* — t)~1/3; also, A* ~ A/L?, which implies that
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L? ~ A% or implicitly L ~ (t* — t)'/2. Thus we have that the function F obeys the
ordinary differential equation

1,1
- (§F + 5nFn) = F,, + F*. (11.28)

A solution of this type would still diverge, but would have diffusion contribute nonethe-
less to the profile of the solution. We’ll proceed to seek a reasonable solution.

What do we mean by reasonable? The solution that we wrote in equation 11.26 cannot
apply across the entire region of our solution—e.g. we do not expect this solution to satisfy
whatever boundary conditions we impose at the two spatial boundaries of our simulation
region! This solution should apply only locally in our simulation, near the place where
u is diverging.

But, we must impose boundary conditions on our solution—what are they? aim
that the correct boundary conditions to impose are the following: our soluti f the
form

@
u(z,t) = %F(%). @\ (

We need that as n = 2/L — oo, since the solution c vary quickly in time. The
reason we require this boundary condition is that clea the singularity the solution
is changing extraordinarily rapidly—but far from jt#% %r region, the solution does not
change this fast. For this criterion to hold, we balance the pre-factor, implying
the scaling F(n) ~ n~%/3 as n — oo. If this s olds then we have

2\ ~2/3
u(x, t) ~L‘2/3<z> ~ 23 (11.30)

In order to respect symmetry

11.29)

low-up point, we additionally require F’(0) = 0.

Are there solutions to e
set of solution to’we
numerical solutigms:zolv

*

.28 that obey these conditions? Figure 77 shows a
8 with F(0) = 0.3 and F’(0) = 0. It is seen that
ontinuation do exist that decay as n~2/3.

11.3 An advection diffusion equation

Now let us consider a problem with nonlinear advection. Consider

U + Uty = Vigy. (11.31)

This equation is called Burger’s equation. The second term on the right hand side is the
advection term. As before we consider a simulation with the initial condition ug(z) =1
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sing a continuation method, we solve the boundary value problem associated
with our ODE subject to the boundary conditions described in the text. It is clear
from the plot that the solution has a long regime that respects the scaling n=2/3,
which we derived in the text.



Program 22 MATLAB code used to create figure 11.5

34

37
38

function cl1l0ssl

infinity = 1;
maxinfinity = 5;

solinit = bvpinit (linspace(0,infinity,5), [0 —0.31);
sol = bvpdc(@sslode,@sslbc,solinit);

eta = sol.x;

f = sol.y; 0
figure é

loglog(eta, f(1,:),'bo'); ’\

hold on *

drawnow
shg

for nb = infinity+l:maxinfinity

solinit = bvpxtend(sol,10” (nb—1)); 0

sol = bvpdc(@sslode,@sslbc,solinit);

eta = sol.x;
f = sol.y;
loglog(eta,f(1,:), 'bo");
drawnow
end “:E,b

hold off
function dfdeta = s , £)
dfdeta = [ f£(2)

+ £(1)/3 + £(1).74)

~

(
end QJN,i

function res =
res = [f0(1)—0.3
f0(2)1;
end

o

end % clOssl
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Figure 11.6. Solution to Burger’s equation.
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when |z| < 3. We also take v = 0.1. The solution is shown in figure 11.6. Three features
are noteworthy: The solution propagates to the right; the solution does not smear out at
all on the right hand side but appears to maintain its characteristic width; and finally
on the left hand side the solution does smear out.

It is sometimes useful to rewrite the Burgers equation in this form:

u2
Opu = ax[—7 + vOyul (11.32)

First lets look at some properties of Burgers equation.
1. Total u is conserved. In other words % ffooo udr = 0 and ffooo udxr = constant if
ffooo udzr = finite, for ¢t = 0.
. (0]
Proof: Int;egrate Burgers equations fr012n r = —oo to x = oo. f_oo Quudr =
75 0u—Y + vorulda % Owudr = [—% 4+ vOu)>%, =0
We used the fact that u — 0 as * — 400 so that f_ udzx is finit

For the second part: % [* udz = 0 implies that [ ud:c , where the
constant is decided by intial conditions.

2. Total u? decays monotonically if ffooo u?dz is finite at hlS means u does
not blow up.

Proof: Integrate u times the Burgers equation fro —00 to 0o. ffooo uQyudxr =
f_oooo —u?0u + vudyyudz

Using integration by parts and the fact t 0asz — :I:oo, % f * Ouuldr =
foo 20U+ vudu|> —v [ uldr = —Tud|>, —I/f (Opu)?dx

& f—oo wlder = —2v f—oo axu)de
Since this is always negative, [ % must always be decaying.

3. At any finite ¢, u(z,t) iss
Lets try to understand t
there are traveling waves.
constant velocity:.w
equation gives ¢ ;’

of u(z,t): It appears from the numerical solution,
consider whether there are solutions that move with
tz u(z,t) = F(z — Vt). Plugging this into Burger’s

*
~VF' + FF =vFlk

(11.33)
If we now integrate this equation between r = —oco and x = oo, and require that as
|x| — 0o, u — constant, we see that
~(Vugp —Vuo)+ (v /2 —u? /2) = v/ = o. (11.34)
Or, the velocity V must satisfy
2 2
V= %H - %(u+ Ful). (11.35)
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Thus the velocity is the average of the value of u between the front and the back!
Additionally one can integrate the differential equation to get the exact solution

Uy —U—

U=1u_+ .
1+ exp [u+ n (a:—Vt)]

(11.36)

Hence the characteristic width of the solution is ¢ = 2v/(uy —u_).

This solution shows that solutions with w > 0 will propagate to the right (since
then the average u must be positive), and moreover that the characteristic width of the
solution that is propagating scales linearly with v. For our simulation above we expect
that roughly £ ~ 0.1 and this is in accord with the figure shown. On the other hand it is
equally clear that this solution does not explain what we see in the figure: there, the front
propagates to the right, but its amplitude decreases in time. Accg ? g to the solution
we just constructed we should expect that if the amplitude decredgespthe velocity should
also decrease and the characteristic width should increase. Q construct a solution
with these properties? P .

The fundamental reason that the computed soluti di ers from a s1mp1e travelhng
wave is volume conservation: the equation implie
therefore motivates us to look for a solution of

1 7 (J: — xo(t)
L(t) L(t)

). (11.37)

If we plug this into the PDE we at all of the terms balance as long as L = /vt
and xg ~ v/vt. The function F' c«@the ordinary differential equation

—(F+nF,)— F, + Fyp. (11.38)

This equation ntegrated once to yield
vE, (11.39)
0077
oo O
where*#®e ha d the constant of integration because we require that FF — 0 as

Note that this equation explicitly depends on 7 : hence we do not have translation
invariance. If F'(n) is a solution then it is not true that F'(n + ¢) is a solution.

In integrating this solution, we start at = 0 and specify a single initial condition
F(0). Figure 11.7 shows these solutions for a range of initial conditions-note that each
initial condition has a different total mass.

Thus the procedure for understanding the solution of initial value problem is as follows:
first find the F'(0) such that the mass of the solution in question corresponds to the mass
of the initial value problem. Then this is the mass of your solution at long times!
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Figure 11.7. similarity solutions for burger’s equation for a range of initial conditions.
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11.4 Burger’s Equation

To be filled in.

11.5 Pattern Formation

The equations thus far have led to either the amplification or dissipation of the initial
condition. The equations did not have, in themselves, characteristic length scales that
could lead to the formation of a pattern. Now we consider an equation that has this

property.

Consider

Ot = —0Oppth — Oyt + U2, : 0 (11.40)

Q"’Q@
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