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“ Learn and remember what you need to know. This book
contains all the really important things you need to know
for your exam. All the information is set out clearly and

concisely, making it easy for you to revise.

Find out what you don’t know. The Check your; estions
and Score chart help you to see quickly and e topics

you're good at and those you're not so g rint out
the Score charts from the separate print,

-book and keep
a record of your progress. &

What’s in this Lcok?
[J
1 The facts — j that you need to know

® There are seeti ring all the key skills and concepts tested in
the Intermediate igher Tier GCSE Maths exams by all Boards.

® The Higher Tier sections cover A* and A grade topics. These pages

are clearly marked and you only need to use these, as well as the
other pages, if you will be sitting the Higher Tier papers.

® All the sections contain worked examples with clear commentaries
on them.

2 Check yourself questions — find out how much
you know and boost your grade

® Each Check yourself is linked to one or more facts page. The numbers
after the topic heading in the Check yourself tell you which facts page
the Check yourself is linked to.
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® The questions ask you to demonstrate the types of skills you will
need to use in the exams. They will show you what you are good at
and what you need to improve on.

® The reverse side of each Check yourself gives you the answers plus
tutorial help and guidance to boost your exam grade.

® There are points for each question. The total number of points for
each Check yourself is always 20. When you check your answers, fill in
the score box alongside each answer with the number of points you
feel you scored.

3 The Score chart — an instant picture of your
strengths and weaknesses
® Score chart (1) lists all the Check yourself pages.

® As you complete each Check yourself,.xéeord your points on the Score
chart. This will show you instantlyvhich areas you need to spend
more time on.

® Score chart (2) is a graph whi s you plot your points against
GCSE grades. This will gi a rough idea of how you are doing
in each area. Of couré s is only a rough idea because the
questions aren’t real exam questions!

Use this IVIS%T Revision e-book on your
own — or revise with a friend or relative.
See who can get the Mighest score!
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NUMBER

Definition of numbers
Sets of numbers can be described in different ways:

natural numbers 1,2,3,4,5,...
positive integers 1, %2, 73, T4, t5, ...
negative integers 1,72,73,74,75, ...
square numbers 1,4,9, 16, 25, 36, ...
triangle numbers 1, 3, 6, 10, 15, 21, ...

Multiples

The multiples of a number are the products of the

multiplication tables.

e.g. Multiples of 3 are 3, 6, 9, 12, 15, 18, 21, 24, ...
Multiples of 4 are 4, 8, 12, 16, 20, 24, 28, 32, 0

The lowest common multiple (LCM) is the 10\@

multiple which is common to all of the given
2

numbers.

e.g. Common multiples of 3 and 4
The lowest common multiple i

Factors
bef Sre ©

The factors of a num
which divide exactly into t?& nu
remainder).

e.g. Factors of 8 are 1, 2, 4 and 8.
Factors of 12 are 1, 2, 3, 4, 6 and 12.

PR

. without a

CF) is the highest

factor which is co | of the given numbers.
e.g. Common fa&t'& and 12 are 1, 2 and 4.
The highe ‘ n factor is 4.

,3,5, 17,11, 131719232931

ime factors

A prime factor is a factor which is also prime.
All natural numbers can be written as a product of
prime factors.

e.g. 21 can be written as 3 x 7 where 3 and 7 are
prime factors.
60 can be written as 2 x 2 x 3 x 5 where 2, 3 and
5 are prime factors.

The prime factors of a number can be found by
successively rewriting the number as a product of

prime numbers in increasing order (i.e. 2, 3, 5, 7, 11,

13, 17, ... etc.).

e.g. 84 =2x42 Writing 84 as 2 x 42.
=2x2x21 Writing 42 as 2 x 21.

=2x2x3x7 Writing 21 as 3 x 7.
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Squares

Square numbers are numbers which have been
multiplied by themselves.

e.g. The square of 8 is 8 x 8 = 64 and
64 is a square number.

Cubes

Cube numbers are numbers which have been
multiplied by themselves then multiplied by
themselves again.

e.g. The cube of 5is 5% 5 x5 = 125 and
125 is a cube number.

Square roots

The square root of a number such as 36 is Q e
number which when squared equals 36 i

(because 6 X6 = 36).
\/_\L orV is used to den

zuare root.

is the number
ecause 3 X3 x 3

36 or
Cube roots ‘¢

The cube root of a numb’e’suc
which when cubed equals 27 i.
= 27).

The sign >V is used to denote the cube root. *V27 = 3
2

fraction and turning the
he reciprocal of £ is 3 and

converting the n
fraction upside-de

dding or subtracting directed numbers,
ber that signs written next to each other can
replaced by a single sign as follows:

+ + is the same as + + — is the same as —
— + is the same as — — — is the same as +
g ()+(2)="1-2="3 + —isthesameas -

(*2)=(3)=*2+3="5 ——isthesameas +

To multiply or divide directed numbers, include the
sign according to the following rules:

o if the signs are the same, the answer is positive
o if the signs are opposite, the answer is negative

or+x+=4 -x-=+4+ +++=+4+ —+-=+
+X-=- —X+=- ++-==- -+ + ==
eg (B)x(*2)="16 —x+ =—
(F12) = (4) =3 + +—=-
(2 +(5)=*2 —+—=+
(5)> = *25 (52 =(5)x(5 and-x—-= +
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Positive, negative and zero indices

When multiplying a number by itself you can use the
following shorthand.

Tx7="T You say '7 to the power 2’
(or '7 squared’).
TXTxT="T You say '7 to the power 3’

(or ‘7 cubed’).
Multiplying indices

You can multiply numbers with indices as shown.
T*XTO=(TXTXTXT)X(TXTXTXTXTXT)
=TXTXTXTXTXTXTXTXTXT
— 710
A quicker way to multiply two numbers with i
when their bases are the same is to add their
74 x 7° = 74*% = 7'"and in gen
am X u" = um+ n
Dividing indices
You can divide numbers:o?th

A quicker way to divide tWo bers with indices

when their bases are t 0 subtract their powers:
56 54 — 56 4
am = a" = am‘n

+ 86 =81-6=82

and 25 8x8x8x%x8 _1
8x8x8x8x8x8 8

82 and in general
am = l
1 1

-z__=l w11
eg3 32 9and2 7 = 16 otC

Zero powers
You know that 52 + 52 = 52-2 = 50

2 .52 — 5x5 _
and 5 5 =5y = =1
so 5% = | and in general

a® =1

(i.e. any number raised to the power zero is equal to 1)
eg.5°=1,100=1,25%=1and (6)° = 1 etc.
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Significant figures

Any number can be rounded off to a given number of
significant figures (written s.f.) using the following rules.

® Count along to the number of significant figures
required.
® Look at the next significant digit.

If it is smaller than 5, leave the 'significant’ smaller than 5, leave the preceding digits

digits as they are. digits before it) as they are.
If it is 5 or greater, add 1 to the last of the Q it is 5 or greater, add 1 to the preceding

‘significant’ digits. digit.
® Restore the number to its correct size by filling Restore the number by replacing any numbers to
the left of the decimal point.

with zeros if necessary.
e.g. Round 547.36 to 4, 3, 2, 1 significant fi e.g. Round 19.3461 to 4, 3, 2, 1 decimal places.

547.36 = 547.4 (4 s.f) 19.3461 = 19.3461 (4 d.p.)
19.3461
19.3461

547.36 = 547 (3 s.f)) 19.346 (3 d.p.)

547.36 = 550 (2 s.f.)* 19.35 (2 d.p.)

54736 = 500 (I s.f.)* 19.3461 19.3 (1d.p.)
NB You need to pad thé n’@lb d with an NB The numbers to the left of the decimal point are
asterisk (*) with zeros in erder t re the not affected by this rounding process as you are only

numbers to their correct size. concerned with decimal places.
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Without a calculator

Practise working without a calculator wherever
possible. The following examples illustrate some
common non-calculator methods.

Multiplying
e.g. Calculate 167 x 53

167 x (50 + 3) = 167 x50 + 167 x 3
8350 + 501 = 8851

It is more usual to set this multiplication out like this.

167 x 53

167
X 53
8350

+ 501
8851

Multiplying decimals
To multiply two decimals without
® ignore the decimal points a

® add the number of dé@ a
the numbers in the que‘ﬁon

® position the decimal point s
digits after the decimal point in the answer is the
same as the total number of decimal places in the

question.

e.g. Calculate 1.67 x 5.
167 x 53 = 88

Multiplying by 50.
Multiplying by 3.

at the number of

ging the decimal points
multiplying the numbers.
ts after the decimal point in
+1=3.

Replacing the decimal point
so that the number of digits
after the decimal point in
the answer is 3.

pful to check that the answer is approximately
ctie. 1.67 x 5.3 is approximately 2 x 5 = 10 so
answer of 8.851 looks correct.

To divide by a two-digit number, proceed in exactly
the same way as for any other division.

E.g. Calculate 513 + 19
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NUMBER

Dividing decimals e.g. Estimate the v

You can use the idea of equivalent fractions to divide
decimals.

e.g. Work out 0.003 08 + 0.000 14

o 1 significant figure and
as 7:

, _ 0.00308 . 1x10* _ 700
0.00308 < 0.00014 = 0.00014 10x7 70
308 Multiplying top and =10

14 bottom by 100000 A
to obtain an t
equivalent fraction.

or gives an answer of 10.197 777 so that
er is quite a good approximation.

Now divide 308 + 14 perial/metric units

| 4% In number work, it is common to be asked to
281 convert between imperial and metric units. In
= particular, the following conversions may be tested in
28 the examination.
28
0 Imperial Metric
S0 0.00308 + 0.000 14 = 22 1 inch 2.5 centimetres
: 0 1 foot 30 timet
Estimation and.a o0 centmetres
. 24 X . 5 miles 8 kilometres
It is useful to check ydfr“rk imating your - -
answers to make sure that they 1 litre 1.75 pints
Estimation and approximation Guestions are popular 1 gallon 4.5 litres
questions on the examination syllabus. You will 79 Some Tl

usually be required to give an estimation by rounding
numbers to 1 (or 2) significant figures.
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NUMBER

Fractions
The top part of a fraction is called the numerator Before adding (or subtraéting) fractions, ensure that
and the bottom part is called the denominator. they have the same

Equivalent fractions g -3

—_ 35
Equivalent fractions are fractions which are equal in -
value to each other. The following fractions are all
equivalent to 7.

ing both fractions V\éith a

X!
denominator of 40, 7 = 2 and £ = 5.
x5 x8

A e common denominator of two numbers,
Equivalent fractions can be found by multiplying or

eir lowest common multiple or LCM.
dividing the numerator and denominator by the same P
number. e LCM of 8 and 5 is 40 (see card 1).

3_m sl w o o Multlpllcatlon of fractions
To multiply fractions, multiply the numerators and
multiply the denominators.

S

|

x10 x3 +2 +3

One number as a fractio

another ee X — |
To find one number as a fraction 1, write the =TI m&lgglziﬂg Eh: ggrr?oer; ?;Oartsofsn
numbers in the form of a fracti =2 :
e.g. Write 4mm as a fraction o eg 11 x62
First ensure that the wnits a 6. 20 C . h fracti
Remember 8 cm = 80 mm. =3X%5 onv.ertl.ng to top-heavy fractions.
4mm as a fraction of 80mm = 5 = 2 =55 Multiplying the numerators and
o multiplying the denominators.
So 4mm is 35 of 8cm. =]T250=8

7 NB Remember to cancel the fractions where possible.
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NUMBER

Division of fractions

To divide one fraction by another, multiply the first

f B ; You can write t!
fractlon by the reciprocal of the second fraction. 0.26. The dot ©

ing’decimal 0.266 666 6... as
means that the number

eg 7+ 7 ] carries on infi
= %’ x ¥ Cancelling fractions. ers carries on infinitely, two dots
=3 As3=3. how the repeating numbers.
we 41 \ gttt
=%+ Converting to top-heavy fractions. o
Sar  ipd . , i =3.201201201...
=5 X%,  Cancelling fractions. 11.60353 = 11.60253253253...
3x3
= 1x2 . 0
Y Decimals to fractions
: . B ) A decimal can be changed to a fraction by
=43 Rewriting as a mixed nu considering place value.
. . PR E T
Fractions to decimals 100 10D L T T
A fraction can be changed to a d carrying 342.168 =300 + 40 + 2 + 15 + 1% + o0

out the division.

e.g. Change 3 to a decimal.
3 . OO
§=3748=0.375’.‘ P A

e.g. Change 15 to a decimal. = 2% + 15 Rewriting as equivalent fractions
5 =4+ 15=02666666... with denominators of 100.

51

e.g. Change 0.58 to a fraction.
0.58 =0x 1and5x 15 and 8 X 1o

3

N —|
o o
S

oo
|
3|

Cancelling down.
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NUMBER

Percentages Percentages ta
Percentages are fractions with a denominator of 100.  To change a percen t6_a decimal, divide by 100.
1% means 1 out of 100 or 15 e.g. Change 65

25% means 25 out of 100 or 5 (= 1 in its lowest 65% = 65
terms)

Percentages to fractions Deci to percentages
To change a percentage to a fraction, divide by 100. To a decimal to a percentage, multiply by
e.g. Change 65% to a fraction. lé
65% = o5 = %o Cancelling down. G hange 0.005 to a percentage.
0.005 = 0.005 x 100%

e.g. Change 333% to a fraction.

3310,— 3_3‘% _ 61 Cancelling down to |
27700 ~ 0 terms with intege
top and botto

Fractions to percenta

To change a fraction to a percen
100.

1 0&
e.g. Change ¢ to a percentage change
=1 x100% . original amount

= 25% where change might be increase, decrease, profit,
loss, error, etc.

0 =0.5%
T @ NB To compare and order percentages, fractions and
% decimals, convert them all to percentages.
Percentage Change
iply by To work out the percentage change, work out the

change and use the formula:

percentage change = x 100%
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NUMBER

Percentage of an amount

To find the percentage of an amount, find 1% of the To find the original untafter a percentage
amount and then the required amount. change, use revors
e.g. An investment of £72 increases by 12%. What is .g. isi dvertised at £335.75 after a price
the new amount of the investment? ducti %. What was the original price?
1% of £72 = £1% resents 85% of the original price
= £0.72 5%)
12% of £72 = 12 x £0.72 % of the original price = £335.75
= £8.64 6 of the original price = E% = £3.95
The new amount is £72 + £8.64 = £80.64 o 100% of the original price = 100 x £3.95 = £395

An alternative method uses the fact that after a 1
increase, the new amount is 100% of the origin
amount + 12% of the original amount or 112%
original amount.
The new value of the investme
1% of £72 = £0.72

112% of £72 = 112 x £0.72
= £80168 (
Similarly, a decrease of'12% =

amount — 12% of the origfhal a:
original amount.

The original price of the television was £395.

e €8 A telephone bill costs £101.05 including VAT at
175%. What is the cost of the bill without the VAT?

£101.05 represents 117.5% of the bill
(100% + 17.5%)

117.5% of the bill = £101.05

101.05
117.5

the original 9 a1 — —
or 88% of the 100% of the bill =100 x £0.86 = £86
The telephone bill was £86 without the VAT.

NB You should check the answer by working the
numbers back the other way.

1% of the bill = £—~—= = £0.86

10
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Number 1-10
1 Place the following numbers in order of size,
starting with the highest.
£,0.85, 0.849, 82.5%, %
(2 marks — deduct 5 mark for each error)

2 Find the highest common factor (HCF) and the
lowest common multiple (LCM) of the numbers
8 and 12.
(1 mark each for correct HCF and LCM)
3 (a) Change % to a decimal.
(b) Give your answer in part (a) correct to 2 d.p
(1 mark for each p,

4 How many yards in 3 kilometre?
(2 marks if full

5 Calculate the following, giving your
index form where possible.

(@) 12" x 12" (b) 17* =

6 What is the dlffereng
of 64 and the cubg,r

*

(1 mark)

11

7 Give an approxima for:
5.18 X \
2.96 x V254

8 A carava
each
(a) r

(2 marfs if fully correct)

at £13 500 depreciates by 12%
a is the value of the caravan after
(b) two years?
(1 mark for each part)
mg machme records a weight of 5 kg
n the actual weight is 4.96 kg. What is the
rcentage error on the actual weight?
(2 marfs if fully correct)
The length of a metal rod increases by 2.2% to
49.056 cm when it is heated. What was the
original length of the metal rod?
(3 marfs if fully correct)

Total marks: 20
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PANSWERS & TUTORIA

12

0.85, 0.849, 2, 82.5%, # (highest to lowest)
Converting the fractions and decimals to
percentages:
42 = 84%, 0.85 = 85%, 0.849 = 84.9%,
1= 80%
HCF = 4 Common factors are 1, 2, 4 and
HCF = 4
LCM = 24 Common multiples are 24, 48,
72, ... and LCM = 24
(a) 0.875 7 ~ 8 = 0.875
(b) 0.88 (2 d.p.) Rounding up.
550 yards
8 km = 5 miles
= 5x 1760 yards as | mile = 1760 yard
= 8800 yards
1 km = 8800 + 8 yards = 1100 yards
Dividing by 8 to fin:

$km = 1100 + 2 yards = 550 y
Dividing b % km.
(a) 12%

12” X 12]5 — 121I +15 — 1
Using a" X a" = a" +n
(b) 1 e 4
17 = 174 = 17** =4 7°
Using a" + a" = a"*" and
Difference = 4
64 = 8 and Vo4 = 4, difference = 8 -4 =4

5.08Xm
2.96 xV25.4
Asm isvapp i

15 _

15
v 3 and V25.4 is

8% (100% — 12%) of the
fle.
ne year, value is 88% of £13 500

@ 10454.40
ter two years, value is 88% of £11 880
= £10454.40
0.8%
Percentage error = ——Sror _____
original amount
Error = 5-4.96 = 0.04
Percentage error = 0.04 X 100%
4.96
= 0.806451 6%
= 0.8% to a reasonable degree of accuracy
10 48cm After an increase of 2.2%, the length
is 102.2% of the original length.
102.2% of original length = 49.056 cm
1% of original length = 49.056 + 102.2
= 0.48 cm
100% of original length = 100 x 0. 48
= 48cm

X 100%

TOTAL SCORE OUT OF 20 |
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Number 1-10

1 Complete the following table.

Fraction Decimal

1 50%

0.25

Percentage

40%

olw

(2 marks — deduct 5 mark for each error) St o
2 Write 2420 as a product of its prime factors. o percentage profit?

(2 marks if fully corr@

3 How many 7 litre bottles can be filled fro

container holding 15 litres? @Q
fs)

4 How many metres in 500 yard

index form where
(a) 18° + 18*

13

6 Give an approxima for:

61.69
20xn " \/%
7 The numb dents handled by a
coastgur%c ases by 9% each year. If the
ef oftincidents last year was 500 how many
! will there be
(b) next year?
(1 mark for each part)

~Astore buys scarves at £8.24 each and sells
em at a price of £16.99. What is the

(1 mark)

(2 marfks)
9 22% of a certain number is 770. What is the
number?
(2 marfks)

10 A car is sold for £5568 after a depreciation of
42% of the original purchase price. Calculate the
original purchase price.

(3 marks)

Total marks: 20
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PANSWERS & TUTORIA

1 Fraction Decimal Percentage 7 (a) 545 o
. Increase of a multiplier of 109%.
2 0.5 50% Number of j this year
i 0.25 25% - ‘09%’\ 545
2 . (b) 594
> 04 40% m incidents next year
3 0.375 37.5% =W9% x 545 = 594.05 = 594 (to the
- 88t whole number) _—
See notes on cards 8 and 9 about converting. | | g |
2 2x2x5x1Ix1lor22x5x11? ) profit
See notes on Cargi 1 aboutApri[’r(}e factors. @ ntage profit = m x 100%
3 ﬁg’obgf“es IP+a=15x5=5=20 rofit = £16.99 — £8.24 = £8.75
500 yards = 1500 feet 3 feet = 1 yard Percentage profit = 8.75 x 100%
= 1500 x 30cm 1 foot = 30 cm 8.24

45000 cm = 106.189 32% = 106%
=450 m Convert to (to a reasonable degree of accuracy) .
5 (a) 182 18° = 18 = 18°“ = 182 9 3500o
Using a" =+ a" = a"™" If 22% = 770 .
(b) 1600 1% = 770 + 22 = 35 Dividing both sides
by 22.
/yxsuﬂéz:,iff u“s“e“;ﬁirf : Same 100% = 100 x 35 = 3500 Multiplying both
4% x 52 = 64 » 9 sides by 100. L
6 10 o 0 | 10 £9600
61.69 * 760 After depreciation, the price represents 58%
0xn * V14 ~ 20 X =1+4+9 (100% — 42%) of the original purchase price.
=10 58% = £5568
i i 1% = £5568 =+ 58 = £96
As T is approximately 3. 100% — fore 100 = £9600

14 TOTAL SCORE OUT OF 20 |
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NUMBER

Ratio and proportion

A ratio allows one quantity to be compared to
another quantity in a similar way to fractions.

e.g. In a box there are 12 lemons and 16 oranges.
The ratio of lemons to oranges is 12 to 16,
written as 12 : 16.

The order is important in ratios as the ratio of
oranges to lemons is 16 to 12 or 16 : 12.
Equivalent ratios

Equivalent ratios are ratios which are equal to each

other. The following ratios are all equivalent to 2 : 50

2:5=4:10
=6:15
=8:20 0;

Equal ratios can be found by mul dividing
both sides of the ratio by the sa r.

e.g. Express the ratio 40pyto

You must ensure thatthe u he same.
Remember £2 = 2008.
The ratio is 40 : 200 = 1 :

e.g. Two lengths are in

in its simplest form.

atio 4 : 5. If the first
he second length?

:5cm

lem: 2 cm

ivalent ratio with 1 cm on the

length is 60 cm
The ratio is‘4 ;

= 60cm : 60 X 3cm

an equivalent ratio with 60 cm on the
d side.

=60cm : 75cm

% the second length is 75 cm.

oportional parts

To share an amount into proportional parts, add up
the individual parts and divide the amount by this
number to find the value of one part.

e.g. £50 is to be divided between two sisters in the

ratio 3 : 2. How much does each get?
Number of parts = 3 + 2

Value of each part = £50 + 5

=£10
The two sisters receive £30 (3 parts at £10 each)
and £20 (2 parts at £10 each).

NB Check that the amounts add up correctly

Dividing both sides of the ratio by 40.
(i.e. £30 + £20 = £50).

15
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NUMBER

Standard form

Standard form is a short way of writing very large and

very small numbers. Standard form numbers are
always written as:

Ax 10"
where A lies between 1 and 10 and # is a natural
number.

Very large numbers

e.g. Write 267 000 000 in standard form.
Write down 267 000 000

then place the decimal point so A lies between 1

o
o

and 10.

ISR RPARA]
267000000
To find n, count the ‘power of 10".
Here, n = 8 so 267000000 = 2.67 x 1

Very small numbers

e.g. Write 0.000 000231 in stand
Write down .000 000321

then place the decm‘l s between 1
and 10, oo

A B SR

0000003.21
To find n in 0.000 000 321, €ount the ‘power of

10"
Here, n = =7 s0 0.000 000321 = 3.21 x 1077

16

Adding and s ‘

To add (or subtract s in standard form when

the powers are th ﬁ ¥ an proceed as follows.
eg. (4 8 x 10“&. x 10
= (4 B.x 10" =79x 10"

-(2.7%x107?)
2.7)x 102 = 1.93 x 1072

subtract) numbers in standard form when
are not the same, convert the numbers to
T ry form.

. (8.42 X 10% + (6 x 107)
= 8420000 + 60000000
= 68420000 = 6.842 x 107

Multiplying and dividing
To multiply (or divide) numbers in standard form, use
the rules of indices.

e.g. (7 5% 10% x (3.9 x 107)

= (7.5 x 3.9) x (10* x 107)Collecting powers of 10.

29.25 x 1047 Using rules of indices.
9.25 x 10"
925 x 10'?

2
2.
X 10°) + (3.75 X 10%)

3 +3. 75) % (10° = 108) Collecting powers of 10.
0.

0.

8

Converting.

As 29.25 = 2.925 x 10"
e.g.

10°-8 Using rules of indices.
l

I II w

8><
8 x
x 10~ As 0.8 = 8x 107"
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Compound measures

Compound measures involve more than one unit,
such as speed (distance and time) or density (mass
and volume).

Speed
The formula for speed is

distance

speed = time

e.g. A taxi travels 16 miles in 20 minutes. What is the

speed in miles per hour?
As the speed is measured in miles per hour,

express the distance in miles and the time i
hours. Q

Time = 20 minutes = 1 hour 0

Speed = dis?ance _ ¥>
time 3

= 48 mph
The formula for speed %b
distance = speed“time

time = distance
speed

17

e.g. A cyclist travels 3.
8 kilometres p
journey take?

n average speed of
w long does the

that 0.45 hours is not 45 minutes as
60 minutes in one hour.

onvert hours to minutes, multiply by 60.
.45 hours = 0.45 x 60 minutes = 27 minutes

o The journey takes 27 minutes.

Density

The formula for density is:

density = _nass
ty volume

e.g. A piece of lead weighing 170 g has a volume of
15 cm?. Give an estimate for the density of lead.

ity = _mass__ 170
Density volume 15

= 11.3g/cm® 3 s.f)
The formula for density can be rearranged:
mass = density X volume or
mass
density

volume =
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NUMBER

Simple and compound interest £2500 is invested Sy
With simple interest, the amount of interest paid is . éc be found by repeatedly

not reinvested. Compound int Ca
interest formula.

With compound interest, the amount of interest
paid is reinvested and earns interest itself.

Simple interest formula: 1 = %l‘ andA =P + [l)gg principz;)l T/£2500

= rate = 6.5%
Compound A=p (1 + R ) T = time = 1 year for each year
interest formula: 100 @ A= 2500 4+ 2500x 65 %1
where I = simple interest, A = total amount, r - + 100
P = principal or original investment, = 2500 + 162.5

R = rate (% per annum, or p.a.), = £2662.50 Writing £2662.5

T = time (in years) as £2662.50
e.g. £4000 is invested for 3 years at 43% p.a. Q Year2 A = 2662.5 + 2662+.065X1
the simple interest and the total am As P = £2662.50 now.
Using the formula I = %F = 2662.5 + 173.0625
N ~ 1= edod = 28355625
where P = principa = £2835.56 correct to the nearest
R = rate = 42% or penny.
T = time } 3"33 Altematively, using the compound interest formula:
4000 x 4.5 x3 _ R )
1 = 4000 x 453 e p(l + R
A=P+1 Amount = principal + interest. _ ( 6. 5) _
A = £4000 + £540 = £4540 A = 250011 + 55 AsT = 2 years.
The simple interest is £540 and the total amount = 2835.5625

18 is £4540. = £2835.56 correct to the nearest penny.
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Number 11-14

1

19

The distance from the earth to the sun is
9.3 X 107 miles. Write this number in ordinary
form.

(2 marfks)

The weight of a hydrogen atom is written as
0.000 000 000 000 000 000 001 67 milligrams.
Write this number in standard form.

(2 marks)

A plan of an estate is drawn on a scale of 1 : 50
On the plan, a fence is 35 cm long. How long is
the actual fence in metres?

(2 ma

Three children aged 2 years, 3 years and 7,
old are given a sum of £60 to be divided.
ratio of their ages.
(a) How much does each child
(b) How much would each chi
same amount of money ha
year later? §
(2 marfks fw‘ar
A van travels 14 riiles
speed in miles per hour?
(2 marfks)

6 Calculate the differefi :1nterest earned on

£4000 over 2 y

(@) 6.5% p.a.
(b) 6.5% p &. pound interest.
(2 marfs if completely correct)

7 The is 5x 102 and of nis 2.5 x 107.
With‘&@ng a calculator find:
(a lue of mn giving your answer in

andard form
the value of m + n.

erest

(2 marks for each part)

A coach travels 45 miles at 60 mph on a
motorway and 20 miles at 25 mph on a country
road. What is the average speed over the whole
of the journey?

(3 marfs if fully correct)

Total marks = 20
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PANSWERS & TUTORIA

93 000 000 miles

See notes on card 12 about standard form.
1.67 x 1072 milligrams

See notes on card 12 about standard form.
17.5 m

1:50=35:50x35=135:1750

so the pathway is 1750 cm = 17.5 metres
(a) £10, £15 and £35

Their ages are in the ratio 2 : 3 : 7.
Number of parts =2 + 3 + 7 = 12
Value of each part = £60 + 12 = £5
So they receive £10 (2 parts), £15 (3
parts) and £35 (7 parts).

£12, £16 and £32

The following year their ages are in th

ratio3 : 4 : 8.

(b

-

Number of parts =3 + 4 + 8
Value of each part = £60 +
So they receive £12 (3 p
(4 parts) and £32 (8 par
42 miles per hour
To express speed in mile
must be in hours sé2
H A\
Speed = distan&é 4
speed ¢
(a) £520
[:P><R><T:4000><6.5><2
100 100

1
3

= £520

(b) £536.9{), differ 6.90 .
_ 6.5
A=Pll + 00{l + 153
£458,

0™~ £4000 = £536.90
= £536.90 — £520 = £16.90

x 1072) x (2.5 x 107%)
5x25%x102x 1073

125%x 102+
12.5x 107
=125%x10% As12.5 = 1.25x 10!

(b) 0.0525 or 5.25 x 1072
m+n=5x102+25x%x1073
= 0.05 + 0.0025
Writing the numbers in full.
= 0.0525 or 5.25 x 1072
8 41.9 mph (3 s.f)
Total distance = 45 + 20 = 65 miles

Time for 45 miles at 60 mph = %
= 0.75 hours
Time for 20 miles at 25 mph = % = 0.8 hours

Total time = 0.75 + 0.8 = 1.55 hours

_ distance _ 65
Total speed = time 155

= 41935484 = 41.9 mph (3 s.f)

TOTAL SCORE OUT OF 20 |
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Number 11-14 8 Light travels at 2.998,% /s. Calculate how far
light travels in one 5iving your answer in
metres using star ex form.

(4 marks if fully correct)

1 The circulation figure for a newspaper is
103 million. Write this number in standard form.

> CJ
(2 marks) Total marks{%

2 Express 8.45 x 107* as an ordinary number.
(2 marks)

3 Express the ratio 3 km to 600 m in its simplest
form.

(2 marfks)
4 Two villages with populations of 550 and 160 {‘?

receive a grant for £3550. The councils agree to
share the money in proportion to the populatio
How much does each village get?

(1 mark for each correct

5 A piece of lead weighing 226 g has a vol
20 cm?. Give an estimate for the densi 1@ 4
marks)
6 A sum of £2000 is invested at simple
interest. How long will it be b mount
equals £22757?

oA ? (3 marks)
7 What is the compounmtere 10000
invested over 2 years at 5.7 .a?
(3 marks)

21
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PANSWERS & TUTORIA

1

22

1.05 x 107

Using the fact that 1 million = 10°

10.5 million = 10.5 x 10® = 1.05 x 107
0.000 845

See notes on card 12 about standard form.

The ratio 3 km to 600 m = 3000 : 600 = 5 : 1
Converting 3 km to 3000 m so that both sides
of the ratio are in the same units.

£2750 and £800

The grant is shared in the ratio of 550 to 160.
Number of parts = 550 + 160 = 710
Value of each part = £3550 + 710 = £5
The villages get £2750 (550 x £5) and £800
(160 x £5).

11.3 g/cm?

iy —_mass _ 226 _ 3
Density Tolume 20 11.3g/cm
2.5 years or 2 years 6 months

The amount A = P + I and
I = £2275 — £2000 = £275
_ _ PRT

1= 275 =00 ‘;0
_ 2000 x 5.5 2’

275 = 100 *

and R = 5.5%.

275 = 110X T

The time is 2.5 y ears and 6 months.

£1183.06 (nedf; y) .
10000 (1 +3:75)

A=P|l + o
Substit®ific B = £10 000, R = 5.75% and
T =

oWnd interest
183.0625 — £10000.00
183.06 (to the nearest penny)

.45 x 10" metres (to an appropriate degree

of accuracy)

If light travels 2.998 x 108 metres in one

second then it travels:

2.998 x 108 x 60 metres in one minute

= 2.998 x 10® x 60 x 60 metres in one hour

= 2.998 x 108 x 60 x 60 x 24 metres in one day

= 2.998 x 10% x 60 x 60 x 24 x 365 metres in
a year

454492 8 x 10'> metres in a year

.45 x 10'> metres (to an appropriate

egree of accuracy)

9
9
d

TOTAL SCORE OUT OF 20 |
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Rational and irrational numbers  eg 0.166666666... ten 0.16 = §
A rational number is one which can be expressed in 0.1428571428 q ritten 0.142857 = 1

the formﬁp where p and ¢ are integers. 0.2727272 \ written 0.27 = 2

Rational numbers include 1, 0.3, 7, V9, Y64, etc. )
Irrational numbers include \2, V3 , 3\20, &, 12, etc. e.g. Chant a fraction.

Irrational numbers involving square roots are also 3 = 8.8888888... Multiplying both

called surds. Surds can be multiplied and divided . sides by 10.
according to the following rules. X O.E.S = 0.8888888... Then subtracting ...
Na a 9x0.8 =8 8.8888888...-0.8888888...
Vax Vb =axb N and 0.8 = § Dividing both sides by 9.
eg BxV3=VBx3=19=3 0 . 1433 —
N vyl _ e.g. Convert to a mixed number.
\/—\IZ—X V8 2 V16 =4 Q 100 x 14.23 = 1423.232323.. . Multiplying both
Na8 _ 4—8=\/Z=2 0 .. sides by 100.
iz 12 o and 1x14.23 = 14232323 Then
Similarly V50 = V25 x 2 = V25 x =502 . subtracting ...
As it is usual to write 5 x \2 as 5 99 x 14.23 = 1409 141243223322332233'~
Also \5 + 45 = \5 + W =45 and  14.23 = % Dividing both sides by 99.

Recurring decinils

Recurring decimals are rationa

= 14% As a mixed number.
umbers as they

. . p NB You could also write 14.23 as 14 + 0.23 and
can all be expressed as fractions in the formﬁwhere convert 0.23 to a fraction before rewriting as a mixed

p and q are integers. number.

23
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Fractional indices NB V25 = -5 as well b ual to take the

You should know that, in general: positive Isquare roe
am"xa" = aqm+tn" AISO, 643 = 3\/6 d
PR — 325 =7
oL e.g 817 =133=27 As8li=3
m
a Al ly, you can use
a(‘) =a e (WBT)
a=1 = 531441
Using these rules, you can see that: =27
R ‘ '
azxa:=a*:=a although this method is rather longwinded.

=a

wl—

1 L 1 1,1
and a® xa® xa> =a3*3"
1

Qe.g. Work out 1253 .
125% = (125%)?
o -
=a

=a =25

So any number raised to the pow s orV  e.g Work out 125 3.
ie a* =a 1257% = LZ
and any number raiseé ‘&ﬁhe eans > 1253
iea”=*a A -1 As 1255 = 52
Similarly: 52

a' ="a =4 As 52 = 25
e.g 257 =5

24
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Direct and inverse proportion The equation is a =

With direct proportion, as one variable increases the When b = 5 th 53

other increases, and as one variable decreases the b _

other decreases. 2 X125 = 62.5

With inverse proportion, as one variable increases e.g. leen thal&a es inversely afl; the cube of g and
the other decreases, and as one variable decreases 3. find the value of k (the

the other increases.

If y is proportional to x then you can write y «< x or
else y = kx.

L =k
If y is inversely proportional to x then you can write qs orp qs
yoc%orelsey =1

propomonallty) and the value of p

ries inversely as ¢°, then

The value of £ is a constant and is called the const
of proportionality.

NB The term ‘'varies as’ is also used instead,
proportional to’.

e.g. If a is proportional to the cub 8q°
when b = 2, find the value of Wh 3 th
proportionality) and the val =5 enq o then
If a is proportional Wh P=38%3
ae b®ora = ki*" og _ 1
Since a = 4 when b = 2, 81>< 27
— 3 =_1
then 4 = kx 2 216
4=rx8
k=3

25
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NUMBER

Upper and lower bounds e.g. The value of p is 21 dethe value of ¢ is 5 with

o both figures being to the nearest whole
If a length is given as 10 cm to the nearest cm then number. Calcu B #aximum and minimum
the actual length will lie in the interval 9.5 cm to values of: @
10.499999... cm as all values in this interval will be
rounded off to 10 cm to the nearest cm. The length Xq,p+q
10.499999... cm is usually written as 10.5 cm

although it is accepted that 10.5 cm would be Pmax = 215.5

rounded to 11 cm (to the nearest cm). Gmax = 5.5

The value 9.5 cm is called the lower bound as it is .

the lowest value which would be rounded to 10 cm maximum = 215.5 + 5.5 = 221

while 10.5 cm is called the upper bound. minimum = 214.5 4+ 4.5 = 219

e.g. A rectangle measures 10 cm by 6 cm where eac p—4q maximum = 215.5-4.5 = 211
measurement is given to the nearest cm. Writ minimum = 214.5-55 = 209

down an interval approximation for the are, .
the rectangle. NB To get the maximum value of p — g you need to

work out prax — min and to get the minimum value of

Lower bound (minimum area) = 9. p - q you need to work out P — Gmax.

Upper bound (maximum area)

cm? pXq maximum = 215.5x5.5 = 1185.25
The interval approximation i 68.25 cm? minimum = 214.5 x 4.5 = 965.25
e.g. Calculate the lowerﬁ’d s of: p + q maximum = 215.5 + 4 = 47.888 888
.’ Tow, upper bound minimum = 214.5 + 5.5 = 39

8000 given to the nearest 1000 8500 .
S NB To get the maximum value of p + g you need to
250 given to the nearest 10 245 255 . N
R > decimal ol 125 YRED work out pmax + gmin and to get the minimum value of
S 1gveitorIcecimalp aces 5 : p + q you need to work out prin + Gmax-
20.0 given to 3 significant figures 19.95 20.05

26
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heck yonrsel)

Number 1 5-18 (hlgher tier) 7 A runner completes a/ ‘in 12.31 seconds to
) ) . the nearest one of a second. What is
1 Which of tlhe following numbers are rational? the shortest tim ould actually be?
(23 167 n+1 3! V4 ®, (2 marks)

(2 marks — deduct 5 mark for each error) g A train travel %mlles (to the nearest mile) in a
2 Simplify the following expressions, leaving your time of 4 ites (to the nearest minute). What
answers in surd form. m and minimum speed of the train

(@) 5 x V20 () V5 + V20 in er hour to 3 significant figures?
(1 mark for each part) (4 marts if fully correct)
T,

3 Calculate a fraction equivalent to 0.347.

arks = 20

(2 marks)
4 Write down the following in order of size with the

smallest first. 0
Qor

243% 107 250° 10243 (-5)° 573

(2 marks — deduct 5 mark for,
5 If x = V8 + V2 show that 2 = 18wi @

your calculator.
fully correct)

6 The braking distance, b, of ortional to
the square of the spee@, s ng distance
for a car travelling &t 5Qunp eet, find:

(a) the braking distance whei
(b) the speed when the brakifig distance is 45 feet.

(3 marks if fully correct)

27
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PANSWERS & TUTORIA

162 37 e

16 = 4as 167 =16 = 4

31 = L a5 3+ :1?1:% B

T _5 1 25 N25 5

\4/6; as 7:/6”; 4 N2 2

(a) 10 V5 x 20 = V100 = 10

(b) 335 V5 +V20 =5 + Vax5
=5+ 25 =315

347
999

1000 x 0.347 = 347.347347...

Multiplying both sides by 1000.

1 x 0.347 = 0.347347...
999 x 0.347 = 347 Subtracting,
S0 0.347 Dividing by,
Order is (-5)%, 52, 107!, 250°, 243°

2433 = (243%) = 3% = 27

10" =L Asa" -1
1 a

2500 = 1 A

— 347
= 999

1024% = (1024%)&‘g =
(5% = 5% 5x5 =125

2o 11
g 5225

’,

5 If x = V8 + V2 then
¥ = (V8 +V2)1 -
=8+2«/§\/2 =& + 2V16 + 2

= 18 as required

12 502 ,
so b = 0.05s?
s =70,b = 0.05x 70% = 245 feet

mph
hen b = 45, 45 = 0.05 x s?

s2 =900 s = 30 mph
2.305 seconds
If 12.31 seconds is expressed correct to the
nearest one hundredth of a second then the
timeis 12.31 = (0.01 = 2) = 12.31 % (0.005).
The shortest time = 12.31 — 0.005 = 12.305

8 Maximum = 69.1 mph (3 s.f.),

Minimum = 65.9 mph (3 s.f.)
Distancen, = 44.5 miles
Distancen., = 45.5 miles
Timey,;, = 39.5 minutes
Timey.x = 40.5 minutes

_ 455

Speedpax = —555 = 69.1 mph (3 s.f)
60
Speedyn = 442 = 65.9mph (3 s.f)

60

TOTAL |
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ALGEBRA

Expressions

An algebraic expression is a collection of algebraic
quantities along with their + and - signs.
Substitution

Substitution means replacing the letters in an
expression (or formula) by given numbers.

e.g. Whena =3, b =2andc¢ =5 then:
a+b+c=3+2+5=10
axbxc=3x2x5=30

bz+2m_22+2><3_1_0_2
c T 5 T 5° 0
etc. Q
Simplifying ?
Like terms are numerical multiple ame

algebraic quantity.

For example, 34, 54, a and %a ar

because they are multipls

quantity i.e. a. o
g

Similarly, x?y, 5x%y, ~20x%y and X

erms
gebraic

2
re all like terms

because they are multiples of the same algebraic
quantity i.e. x%y.

29

O

ting terms

erms. The process of
ike terms in an expression
(or an equation ed simplifying.
owing expressions.

e.g. Simpli %
3x + x—Ty
X+ 3y—-"Ty

Adding and s ot

You can add or subtrz

Collecting together

4y like terms.

49 - 2p)
=5p—4q + 2p As —x— = + for
=1Tp-4q the brackets.

4ab + 6a — 2b + 5ba
= 4ab + 5ab + 6a — 2b
= 9ab + 6a - 2b

As 5ba is the same
as 5ab.

Multiplying and dividing terms
The process of multiplying or dividing terms is also
called simplifying. When dividing terms, they can be
simplified by cancelling.

e.g. Simplify the following expressions.
3px4qg =3 XxX4Xpxq=12pq
5ax7a=5x7xaxa= 35a°

2 4
8a62+2ab—8ab = 8461—46

Asaxa = a°.

Cancelling top
and bottom.

2ab ~ 2ab
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ALGEBRA

Algebraic indices
From Number card 3, in general:

anxat = q"+n terms inside th s by the term outside.
P e.g. Expand t ing.
I 3(p Xp+ 3X71q
a" = e 3p-21q
and a®=1 y ) ="6xa—-6x72b
The same laws of indices apply to algebra. ="6a + 126
Pxp =p2ts e.g#Expand and simplify the following.

=p’ 2a—3(4b—-3a) =2a—-3x4b-3 X 3a
2a—12b + 9a
Ila-12b

A =q =g 0
= qo
o Qoz Factorising into brackets

Axrxpl = b1+l . )
6 To factorise an expression, look for terms that have
=r common factors.

e.g. Factorise the following.
10a — 15 = 5(2a - 3)
Expanding and fact Ors + 125t = 3s(3r + 4f)
Brackets are used to group algebraic terms and the 8ab? — 16a%b = 8ab(b — 2a)
process of removing the brackets is called

expanding. The process of rewriting an expression
including the brackets is called factorising.

30

S rPd=g35=g2="

‘o

NB You should check your answers by expanding the
brackets.
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ALGEBRA

Binomial expressions The word FOIL can alsobe uséd as a reminder of
. . . ) how to expand thes al expressions:
A binomial expression consists of two terms such as

(a + b) or (5x — 22).

. . . F = First axc

To expand the product of two binomial expressions,
multiply each term in the first expression by each term _
in the second expression. O = Out (@+bc+d axd
(@a+ b)c+d =alc+d + bc+d _ —

=axc+axd+bxc+bxd I=ly (@+b)c+d bxc

=ac + ad + bc + bd bﬁ b d
This can be shown in this area diagram. t @+ b)c +d) X

° d xpanding and factorising

Use the reverse process to write a quadratic as a
a ac ad Q product of brackets.
e.g. Factorise x*> — 6x + 5.
a+b Write x2—6x +5=(x )x ) Asxxx=x%
b be b Then search for two numbers which multiply
together to give the *5.
.9 Try substituting:
= *1x*t5gives ™5 (x+ I)(x+ 5) =x>+ 6x + 5
d “Ix5gves*s (x=1)(x=5 =2—-6x+5 v

The area of (a + b)(c + d) is the same as the total NB These are the only pairs of numbers which
area of ac + ad + bc + bd. multiply together to give *5. With practice, you
So (a + b)(c + d) = ac + ad + bc + bd should find the numbers quite quickly.

31
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ALGEBRA

Solving equations

The equals sign in an algebraic equation provides a
balance between the two sides. To maintain this
balance, always make sure that whatever you do to

one side of the equation you also do to the other

side of the equation.

e.g. Solve x + 10 = 5.
x=75

e.g. Solvex—45

e.g. Solve 4x = 14.
x =33

e.g. Solve §= 7.

Taking 10 from both sides.

2.
6.5 Adding 4.5 to both sides.

Dividing both sides by 4.0

must reverse in qality sign.
eg. 4y +
0 Taking 6 from both sides.
Dividing both sides by 4.
O
o 1 2 38 4 5 6 *
e open circle means the value 5 is not included.

eg. 5-1y=9
"1y = 4 Subtracting 5 from both sides.
y < ~8 Multiplying both sides by 2 and

x =21 Multiplying bo reversing the sign.
e.g. Solve 6(3x —5) = 42. ys—8‘<—. N
6Xx3x + 6x75 =42 Expan <0 =9 8 =7 %6 5 4 3 5 7 o
18x _I%O = % th sid The solid circle means the value 8 is included.
X = oth sides.
X =’4‘? Di sidesby 18. eg Tx <8 +5
Alternatively: x<5 Subtracting 8x from both sides.
6(3x - 5) =}:1’2 4 x>75  Multiplying both sides by “1 and
3x-5=7 Dividing both sides by 6. reversing the sign.
3x =12 Adding 5 to both sides. o > x>-5
. x=4 Dividing both sides by 3. e == = = = = >
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ALGEBRA

?,
Patterns and sequences Sequence rule
A sequence is a set of numbers which follow a Most number sequ olve adding/subtracting
partiqular rule. The word ‘term’ is often used to or multiplying/divi rding to some rule.
describe the numbers in the sequence. The following s can be used to find the nth
For the sequence term of a li a quadratic sequence.
3,7, 11,15, 19, 23, ... .
Lin quences
the first term is 3 and the second term is 7 etc. Fo Quence

The expression ‘the nth term’ is often used to denote ,11,15,19, 23, ...
the value of any term in the sequence. wérk out the differences as shown.
For the above sequence the nth term is 4n — 1 so t%

N N 3 7 11 15 19 23 ...
the first term (where n = 1) is 4x1-1 4}

. Ist difference \ * \*4}\+4}\*4}\+4}
the second term (where n = 2) is 4 x
the third term (where n = 3) is =11 As the first differences are all the same then the

sequence is linear, so you can use the formula:

Similarly: the nth term = first term + (n — 1) x 1st difference

the 50th term (wher&.= -1=199 .
dthe 1000th ¢ "o For this sequence:
and the erm _ _
(where n = 1000) is * 1000 - 1 = 3999 thenthterm =3+ (n—1)x4
=3+4n-4
etc. —an-1

33
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ALGEBRA

- NB This method is rathefflongswinded. It may be
Quadratic sequences better to appreciat t a quadratic sequence will

For the sequence be of the form ax? where a is equal to half of
-1,2,7, 14, 23, 34, ... the second diffi

work out the differences as shown.
-1 7 14 23 34 ...

watomee Csfs Mo )

Speci quences
The f are special sequences of numbers that

you be able to recognise.
H + + + + +
2nd difference \ 2}\ 2}\ 2)\ 2}\ 2. @9, 16, 25, ... square numbers
As the first differences are not the same, work out O 8, 27, 64, 125, ... cube numbers
Ejl;gesre;%cérécsi)dlfferences (or the differences of the 0 e 1,36 10,15, ... triangle numbers

As the second differences are all the same, th © 2,357 111317, .. prime numbers

sequence is quadratic so use the formula:

the nth term = first term + (n — 1 NB See Number cards 1 and 2 for more information

on these special sequences.

=1+ (15d) Fibonacci sequence

- e You should also be familiar with the Fibonacci
="T+3n-3+( sequence, where each term is found by adding the
= 1+3n-3+w=3n+2 two previous terms.
=n>-2 1,1,2,3,5,8, 13, 21, ...

34
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Find the sequence rule and write down the next
three terms of each of the following sequences.

(a) 5,2.5,0,725, 75, ...

(b) 2, 4,78, 16, 32, ...
(1 mark for each part)

2 Simplify the following expressions.
(@) 3a—5b—2a + 5b
(b) x> + x2—5x— 9% + Tx

3 Multiply out 3x(5 — 3x).
(1

4 Write down the nth term of the sequence

2,7,12,17, ... .
orrect)

(@ (Bx +5)(2x-17)
(b) (7x -3 e

6 Given that (2x— 1)(x 4+ 3)
and b.

(1 mark for each part)

35

7 Factorise x* — 6x —
(2 marks if fully correct)
8 Find three go numbers with sum of 72.
(1 mark)
9 Expand %) —y) and use this to work out
999 )87 without a calculator.
( 2 marks if fully correct)
value of the letters in the following

(1 mark for each part)O (b) 5% +1 = 1
125

(1 mark for part (a) and 2 marks for part (b))

Total marks = 20
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1 (a) Rule: subtract 2.5; next three terms: a="5and b =3
~7.5,710,712.5 ( 3) = 2x*> + 5x -3
(b) Rule: multiply by 2; next three terms: and b = 3.
64, 7128, 256 L | 7 (x+ 2)x - 8Y.
2 (@) a The expression is X% — 6x — \x Jx  )=x+2)x-28)
3a—2a-5b+ 5b = a. i ers that multiply together
(b) x*> — 8x% + 2x The expression is :
o+ x2—9x2 - 5x + Tx = x> — 8x% + 2x.
3 15x—9x? 3x(5 -3x) = 3x X5 + 3x X 3x

bnsecutive numbers be x, x + 1

15x — 9x? - 2.
4 5n-3 x+x+1)+x+2) =72
2 7 12 17 .. 3x+3 =12
Ist difference \ +5)\+5)\+5 ) Bi i g;)
As the first differences are all the same the So the numbers are 23. 24 and 25
sequence is linear. 9 2y ' ' |
nth term = first term + (n — 1) x 1st diff oy = - -
=24 (n-1)x5=2+51-5=23u e ok P A
5 (a) 6x>—11x - 35 19997

Bx+5)R2x-17)
=3xX2x + 3x X7
= 6x*-21x + 10x

Using the fact that x> — y? = (x + y)(x — y):

i 99992 — 99982 = (9999 + 9998)(9999 — 9998)

— 642 _ = 19997 -
(b) 49x§_()x2x 3.13?3 10 (a) x=4 3*=8land 3* =8l sox =4
(Tx-37 ¥ byx="2 5= Loandso = L
= (7x-3)(7x - 3)

TxxTx + Txx 3-3x7x-3x73 so2x+ 1 ="3andx="2
49x2 - 21x - 21x + 9 = 49x* —42x + 9

36 TOTAL SCORE OUT OF 20 |
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37

heck yonrsel)

Write down the first five terms of a sequence

Factorise these exp. completely.
(@) 2 - 2x = ip‘

where the nth term is given as: (b) 2x* —

(@) 5n—-7 {1 mark for each part)

(b) n?—2n 7 Expa lmpllfy X+ Yy - x—yy + 2).
(1 mark for each part) @ 2(2 marks)

The formula for finding the angle sum of an 8 e expression (x + 7)> — (x - 7)°. .

n-sided polygon is (2n — 4) x 90°. (2 marks)

Use the formula to find the angle sum of an
18-sided polygon.

(1 mark)
Expand and simplify the following expression.

1
a(sa + 2b) — 2b(a — 56) °

Factorise these expressions compl
(@) 2lw + 2wh + 2hl
(b) 6x — 10x2

for each part)
Write down the ntg'tQm ence.
2,5,10,17, 26, .5®
arks if fully correct)

e children are x years, (x + 3) years and 2x
ars old. The sum of their ages is 27. How old is
each of the children?
(2 marks)
Simplify the following.
(@) (y"?
(b) (2p%)°
(c) 6x° + 9x8
(1 mark for each part)

Total marks = 20
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38

(@) 2,3,8 13,18
Substitute n = 1, 2, 3, 4 and 5 in 5n - 7.
(b) °1,0,3,8, 15
Substitute n = 1, 2, 3, 4 and 5 in n? — 2n.
2880°
Angle sum = (2 X 18 — 4) x 90° = 2880°
5a2 + 106°
a(5a +2b) — 2b(a — 56?)
ax5a+ ax2b-2bxa-2bx"5b
5a°> + 2ab — 2ab + 106°
5a%> + 106°
(@) 2(w + wh + hl)
As 2 is the only common factor.
(b) 2x(3 —5x) As 2 and x are both factors.
n? + 1
Sequence 2 5 10

Ist difference \ +3 }\ +5)\ +

2nd difference \ +2}\

As the second differences
the sequence is quadrati
= first term + (n s

- )n—2) 2

17

=24+ m-1)x3+ m-1
=2+3n-3+n*-3n+2=n*+1

6 (a) (x +2)(x—4)
Compare with (

2x + 3)(x = 5)
and 2x )x ),
seg} example‘s ob card 3.
7 2y°-2xz N

yzb — {xy + xz - y? - yz}
—yz—xy—-xz+ y*+ yz
or 2y? — 2xz

9 6,9 and 12 years
Sum of agesisx + (x + 3) + 2x = 4x + 3
4x + 3 = 27 giving x = 6 and ages 6, 9 and

12 years.
lo (a) yB (y4)2=y4><y4=y4+4=y8
(b) 32p%° (2p")° = 2p* x 2p* x 2p* x 2p* x 2p*
= 32p%°

2 6. 0,8 — 6X° _ 2

c) = O+ ===

() 3x2 o 3x2
Cancelling down.
TOTAL SCORE OUT OF 20 |
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Linear graphs

Linear means 'straight line’ so all linear graphs are
straight lines and can be written in the form y = mx + ¢
where m is the gradient of the straight line and ¢ is the
cut off on the y-axis (also called the y-intercept).

Gradient of a straight line

The gradient of a line is
defined as: T
vertical distance
horizontal distance.

vertical
distance

Gradients can be positive or
negative depending on their
direction of slope.

horizontal __,
distance

positive
gradient

Quadratic and cubi

graphs
Quadratic and cubic graphs all have the same basic
shapes, as shown in the following sketches.

39

0. X
; ;y=ax2(a<0)
0 X
;y=ax3(a<0)

When drawing these graphs it is important to join the
points with a smooth curve rather than a series of
straight lines.

Reciprocal graphs

Reciprocal graphs are of the form y = % and they all

y=ax3(a>0)
X

have the same basic shape, as illustrated here.
% reciprocal //y

&if§m>m /
< X,
ﬁ=%(a <0)
oo



http://www.studyguide.pk
http://www.studyguide.pk

ALGEBRA

Graphing inequalities

Inequalities can easily be shown on a graph by
replacing the inequality sign by an equals (=) sign
and drawing this line on the graph. The two regions
produced (one on either side of the line) can be
defined using inequality signs.

It is usual to shade out the region which is not
required, although some examination questions ask
you to shade the required region. You must make it
clear to the examiner which is your required region,
by labelling it as appropriate. You also need to make

it clear whether the line i uded (i.e. the inequality
is < or =), or exclu @ he inequality is < or >).

e.g. Draw graplg edines.

x=2 y= \ y==6
Use the graphsito identify and label the region
whe ints (x, y) satisfy the inequalities:
X = I x+y<6
NB The required region is indicated on the graph
belo includes the adjoining parts of x + 2 and
y but not the line y = 1 (which is dotted to
is clear to the reader or examiner).

Required regiony < 1
does not include the
liney =1

Y Required ]
regionx > 2 Required regior
includes the X+ys<

the lin

Now combining the three graphs.

X+y=6

Dotted line showing
that line is not part
of the solution

" Required
region

40
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Quadratic equations e.g. Solve the quadrati ation x? — 6x — 27 = 0.
Quadratic equations are equations of the form To solve the eq n factorise the left-hand side
ax> + bx + ¢ = 0 where a # 0. Quadratic equations of the equatio Algebra card 3) and then
can be solved in a number of ways but at this level N
they are usually solved by graphical (see Algebra card isi e left-hand side of the equation:
7) or algebraic methods.

ch for two numbers which multiply
er to give 27.

Solution by factors : ubstituting:

If the product of two numbers is zero then one or 1 x 27 gives 27: (x + 1)(x —27) = x> = 26x — 27
both of the numbers must be zero.

If ab = 0 then
eithera =0orb =0,
or botha = 0and b = 0.

-1 x *27 gives 27: (x— 1)(x + 27) = x> + 26x - 27

Q0 *9x 3 gives 27: (x + 9)(x—3) = x* + 6x-27

9x *3gives 27: (x—9)(x+3) =x-6x-27/

The quadratic equation can be written
e.g. Solve the quadratic equation ( =0. (x—=9)(x + 3) = 0 and since the product of the
Use the fact that since the pr he two two brackets is zero then the expression inside

brackets is zero then the ex side one one or both of them must be zero.

or both of them m i.e. either (x—9) = 0 which implies that x =9
i.e. either (x—5)& Q”wh s that x = or (x + 3) = 0 which implies that x = 3.
or (x + 3) = 0 whi plies that x = 3. So the solutions of the equation x? — 6x — 27 = 0
So the solutions of the equation arex =9andx = 3.

(x=5)x+3)=0 NB Always check your answers by substituting them
are x = 5 and x= 3. into the original equation.

41
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Trial and improvement methods

Trial and improvement can be used to provide
successively better approximations to the solution of
a problem.

NB An initial approximation can usually be obtained
by drawing a graph of the function or else trying a
few calculations (using whole numbers) in your head.

e.g. The length of a rectangle is 2 cm greater than the
width and the area of the rectangle is 30 cm?. Use

trial and improvement to obtain an answer C

correct to the nearest millimetre.

Width Length Area Comments
4 6 24 too small

5 7 35 too lar.
Width must lie between 4 and 5.

4.5 6.5 29.25

Width must lie between 4.5 a
4.7 6.7
Width must lie beg‘

4.6 6.6 ’.’30.3 oo large
Width must lie between 4.
4.55 6.55 29.8025 too small

Width must lie between 4.55 and 4.6.
42

eg.

equal to 4.6 (correct
to the nearest then you can stop and
say that the so .6 (correct to the

nearest milﬁg-l
solution of the equation

Given tha
X - ies between 3 and 4, use trial and
t to obtain an answer correct to
place.

¥-3x=3"-3x3=18

¥ -3x=4-3x4=52

olution lies between 3 and 4 (closer to x = 3).
Try x = 3.5 x> —3x =35>-3x3.5=132375
Solution lies between 3 and 3.5 (closer to x = 3.5).
Tryx = 3.3 ¥ —3x =3.3"-3x33 = 26037
Solution lies between 3 and 3.3 (closer to x = 3.3).
Try x = 3.2 ¥ —3x=32°-3x32=23.168
Solution lies between 3.2 and 3.3.

Tryx = 3.25 x*—3x=3.25"-3x3.25
= 24578125

Solution lies between 3.25 and 3.3.

Since 3.25 and 3.3 are both equal to 3.3 (correct
to 1 decimal place) then you can stop and say that
the solution is 3.3 (correct to 1 decimal place).

Since 4.55 and 4.6
ill
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Rearranging formulae

You can rearrange (or transpose) a formula in exactly
the same way as you solve an equation. However, to
maintain the balance, you must make sure that
whatever you do to one side of the formula you also
do to the other side of the formula.

eg ForS = % S is the subject of the formula.

The formula can be rearranged to make D or T the
subject.

ST =D Multiplying both sides of the formula
by T.
D = ST Turning the formula round to ma

D the subject.

Now, using D = ST:

&

g =T  Dividing both sides o, ula by S.
T= D Turning the formul o make T
- S the subject,
o

Simultaneous equa

Simultaneous equations are usually solved by
graphical or algebraic methods. Both methods are
described in the sections that follow.

43

Graphical so

simultaneg
Simultaneous e

can be solved by using
o equations. The coordinates of
ction give the solutions of the

The coordinates

of the point of
intersection, (3, 5)
gives the solutions
of the simultaneous
equations as x = 3
andy = 5.

123456 7 8 9,

NB Always check the solutions by substituting them
into the original pair of equations.
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Algebraic solution of

simultaneous equations

The following two algebraic methods are commonly
used to solve simultaneous equations.

Method of substitution

One equation is rewritten to make one of the
unknowns the subject. This is then substituted into
the second equation which can then be solved.

e.g. Solve these equations.
x—4y =11
3x + 4y =1

Rewrite x—4y = 11 asx = 11+ 4y.

Now substitute this value of x into the seLQ

equation.
3x + 4y =1
3(11 + 4y) + 4y = 1
334+ 12y + 4y = 1
33 4+ 16y =1
16y = _
y 304
Now substitute this Vgﬁle o

x=11+4x72
x=3

The solutionisx = 3andy = 2, 0r (3, 2) as a
coordinate pair.

44

The equations, or
added or subtragf

>f the equations, are
inate one of the

e left-hand sides of both equations

ether to eliminate y.

e sum of the two left-hand sides will equal the
sum of the two right-hand sides.

(x—4y) + Bx +4y) =11 + 1
x+3x =12
4x = 12
x=3
Substituting this value in the first equation:
x—4y =11
34y =11
4y =8
y="12

The solution is x = 3,y = 2, or (3, 2).

Both of these methods give the same solution of
x=3andy = 2.
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Number 7-12

1 Rewrite the following with the letter indicated in
brackets as the subject.
PRT

@ I'=355 P

(b) T= 211\/1 (1)
g

(1 mark each part)

2 The graph shows

the train journey
from Asseema to 50
Catalima and
back again. Distance

(a) What is the o
average
speed from
Asseema to
Catalima?

Train journey between Asseema and Catalima
Catalima 60 —

(c) What is the averdge " en Bereesa
and Asseema?* 4

(3 marks — dedh

3 Calculate the gradients of
pairs of points.
(a) (1, 1) and (6, 3) (b) (3, 3) and (3, 2)
45 (1 mark each part)

ark for each error)
e lines joining these

(a)

S (1 mark each part)
the integer values of 6 < 2x— 6 < 11.
(1 mark)

Show on a graph, the region represented by:

X+ys<5>5 y < 2x y=0 (2 marks)
By drawing suitable graphs, solve these
simultaneous equations.

Xx—-y=>5 2k +y=1 (2 marks)

Draw the graph of y = x* — 6x + 5. Use it to find:
(a) the coordinates of the minimum value
(b) the values of x when x> — 6x + 5 = 5.
(2 marks)

Solve the following quadratic equations.
(@ (x=5)(x-6)=0 (b) * +x-12=0

(1 mark each part)
A solution of the equation x> + x = 100 lies

between 4 and 5. Use trial and improvement to
find the solution correct to 1 d.p. (2 marks)

Total marks = 20
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1001 5 6,7 and 8 7
1 (a)P_W 12<2x< 17 to both sides .
100I = PRT Multiplying both sides 6<x<8 1 oth sides by 2.
by 100 and swapping sides. Integers satix inequality are 6, 7 and 8.| _|
P= % Dividing both sides by RT. 6 G g
_ lﬁz region
(b) [ = (275 g
I _ L Dividing both sides by 2. E |
21 9 v/ andy = 3
(L)z =1 Squaring both sides. @ x=5
21 g om = 1andc="5.
_ TJZ S Tui ; y="2x+1
- (2n g Multiplying both sides by g. éo M Dandc= 1.
2 (a) 40kph Speed = 60 + 1.5 = 40 The coordinates (2, ~3) give the solution. |
(b) 12 minutes 8 (a) (3, 4) Coordinates of minimum are (3, 4).
(c) 31.25kph Speed = 25 + (48 (b) x=0andx =6 i
= 31. _— Values lie on Ej /y”?*ﬁﬂ5
3 (a) 2 y=x2-6x+5 .
Y : Gradient andy = 5, 2
3 (6,3) Grgdlent 5 %5 ie.x = 0and ) %
=5 PUS x = 6. o -
o 9 (@) x=50rx=6 See Algebra card 9.
’,‘ — (b) x =3 o0rx ="4 See Algebra card 9. -
4 @Qy=x-5 From 10 4.6 (1d.p.)
c="5s0y=x-5. When x = 4.5 ¥ 4+ x = 95.625 small
(b) y="2x+ 1 From graph, m = 2, When x = 4.6 x* +x=101.936 large
c=1soy="2x+ 1. When x = 4.55 x> + x = 98.746375 small

46 TOTAL SCORE OUT OF 20 |
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Number 7-12 6 Calculate the coordi the point of
. intersection of the line + 4y = 1 and
1 On the same set of axes, sketch the following 2 —3y = 12.
graphs. L) (2 marks)
(@ y+2x=3 (b) x =2y + 3 7501\,”2_5@
(1 mark each part) Q. (2 marks)

2 Draw i.ndi\./idual g.rgphs to show each of the 8 The 1 o f the diagonal of a square is 50 cm
following inequalities. B Form'antalgebraic expression and solve it to find
(a) x=3 (b) y <2 sth of each side.

(€) x+y<>5 d) y >«

(2 marks)

1
. . rekatlea) g the method of trial and improvement, solve
3 Solve these inequalities. he equation x> + 2x = 35 correct to

(@ 3x+7=10-2x 1 decimal place.

(b) 4(1 —x) < 16 —2x (2 marks)
(1 mark eQ Total marks = 20

4 By drawing the graphs of y = %a d

==1.

(2 marks)

on the same axes, solve the eq

5 Solve these &multané@s
x-2y=17
3x + 2y =5 b4
(a) by the method of substitution
(b) by the method of elimination.
(1 mark each part)

47
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1 (a), (b) Vi y=2x+3
4
X=2y+3
1
7675*47:37;@\/3456789)(
-3l
L3 Y

Region does not
include the line y = 2.

| Region includes
the line x = 3.
x>3

545678y

Region includes

the line
C =
( )X+y<52 X+y=5.
2|
1
o 1234 5\6,
3 (@) x=3 ¢
(b) x > 6
4 13(1dp)

From the graph, the curve y = % crosses the

curve y = x> — 1 when x = 1.3.

48

and y
[{ ) fX—2J = 7thenx7 2y + 7. Substitute
this value for x.
(b) Adding the two equations, 4x = 12,
sox = 3.

6 (3,72
2 X equation 1 gives 6x + 8y = 2
3 X equation 2 gives 6x — 9y = 36.
x=6o0orx="1 x*-5¢-6=(x—
35.4cm (3 s.f) x
Using Pythagoras’ theorem:
X2 + %% =50° x [Reocm
x = *35.355339

= 35.4cm (3 s.f.) ignoring negative length.
9 3 1(1dp.)
First approximation (by graph or guessing)
gives x = 3 and x lies between 3.05 and 3.1,

6)(x + 1)

|

giving x = 3.1 (1 d. p.). See Algebra card 10.

TOTAL SCORE OUT OF 20 |
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Function notation

Function notation is useful for describing the
relationship between two variables.

In function notation the relationship y = ...
as:

f(x) =
So the relationship y = ax* + bx + ¢

is written f(x) = ax® + bx + ¢
where y = f(x)

written in function notation.

If f(x) = x> — 4x + 3 then:

f(5) is the value of the function when x = 5 a
f(-2) is the value of the function when x =

In this case:
-4x5+3

f(2) =(22-4x72+3
=15

etc. [ 4

Slmllarly for f(x) = x2 ”49’ 3,
-4 +3=0

(X— 3)x-1) =0

x=3orx=1

0 then:

49

is written

Trapezium rul
One method of find ea under a graph is to
a

count squares, al etter method involves
dividing the are, series of trapezia.

’0

The area of a trapezium = 3h(a + b) where a and b
are the lengths of the parallel sides and f is the
perpendicular distance between them.
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Using the trapezium rule

y
\\
h y = 1x)
\‘\/
) o) flxg)  fxa)  flxg)  flxe)  flx7)  flxg)
0 X4 X7
-« h -><-h-><-h-><-h -><-h-><—Q

An approximation for Ql rea
found by adding the areas’f th

Area = h{f(x;) + 2f(x,) + Xo_1) + f(x,)}
NB It is sometimes helpful to remember:
Area = 3fi{ends + 2 x middles}

50

between x = ~14g
It is helpquo drawing a diagram.

Area = | h{ends + 2 x middles}

= 1 {f( 1) + (5
2[f(0) + f()+ f(2) + {(3) + f(4)]}
%{2+26+2[ +2+5+ 10+ 17}

=11{98}
= 49 square units
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Area under a graph
The area under a graph can be expressed as:
units along the y-axis X units along the x-axis

so that if the y-axis is speed (in miles/hour) and the
x-axis is time (in hours) then:

area under the graph
units along the y-axis X units along the x-axis
miles/hour x hours
= miles

As 'miles’ is a measurement of distance, the area
under the graph measures the total distance in mi

Similarly if the y-axis is rate of flow (in gallon
second) and the x-axis is time (in seconds)

area under the graph
= units along the y-axis x u
= gallons/second x second
= gallons

*
As 'gallons’ is a measurex nt
the graph measures the 1 fl

the x-axis

51

Gradient and

The gradient of a ¢ :
d finding its gradient.

a tangent at tha‘&n

a curve, place a ruler on the

Curve y = f(x)

Y1

y; gradientatP = X—1
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Gradients and tangents continued Gradient of a
e.g. Find the gradient at x = 7 on the curve The gradient of a gr; ¢an also be expressed as:

y = 10x - x2 distance alo

Draw a tangent at the point on the curve where distance alofig the x-axis
x = 7, to work out the gradient.
so if the e along the y-axis is distance (in
v4 2 miles) ariable along the x-axis is time (in
24 y=toxx? t he gradient of the graph is
20 gradient = ~4
i iles per hour.
12 As ‘miles per hour’ is a measure of speed, the gradient
5 of the graph measures the speed in miles per hour.
Similarly if the variable along the y-axis is velocity (in
4 metres per second) and the variable along the x-axis
is time (in seconds), the gradient of the graph is
2 2] 2 metres per second
£ seconds
or metres per second per second (i.e. m s72).
Gradient =

As ‘metres per second per second’ (or m s7) is a
measure of acceleration, the gradient of the graph
measures the acceleration in metres per second per
second (m s72).

NB See Algebra card 7 for information on positive
and negative gradients.

52
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Further formula rearrangement

At the higher level you are required to rearrange
formulae where the subject is found in more than
one term.

e.g. Make b the subject of the formula a = a;ﬁb.
_a-b
"=
a’h =a-b  Multiplying both sides by ab.
a*h + b=a Collecting the terms in b on

one side.

Dividing both si

At the higher level you‘are@xpe
quadratic equations by a Variety
including the use of the formula’and iteration
techniques.

53

b(a* + 1) = a Factorising the left-hand siQ

Solving qua

formula

Where a quadr
use the formu

X =

y quadratic of the form ax?> + bx + ¢ = 0.

to
% ve the equation x? + 2x -1 = 0.
C irst, compare x* + 2x — 1 = 0 with the general

form ax®> + bx + ¢ = 0.
This givesa =1,b=2,¢="1.
Substituting these values in the formula:

X='biV62—4ac _2+V2-4x1x"1

2a 2% 1
_2=*Vs
2
oy 2t 2.82284271 o414
orx = % =241 (3sf)

NB Your answers should be rounded to an
appropriate degree of accuracy such as 3 s.f. or 2 d.p.
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Solving quadratics using iteration

An alternative method for solving quadratic
equations is to use an iterative formula which can be
found by rearranging the equation in some way.

e.g. Find an iterative formula to solve the equation
¥ -5x+1=0.

¥-5x+1=0

For the previous examp

— 1 2
Xp41 =5 (Xn +
provides a soluO\ uadratic whereas

Xp41 =5

will not, ssive iterations will diverge.

Usin. L2 + 1) with x, = 0 (say):
X+ 1 =5 Adding 5x to both sides. T( , ) 1 2' (say)
5x = x?> + 1 Turning the equation around. t% Xp = 500"+ 1) =5(0"+1) =02
x=10+1) o X3 = 1> + 1) = £(0.2> + 1) = 0.208
Now, wri]ting2 this as an iterative formula: 0 X = Lu? + 1) = 0.2086528
= L2+ 1
Yov1 =50+ D % = L2 + 1) = 0.208 7072
Alternatively:
-5+ 1=0 0 Xe = (x> + 1) = 0.2087117
x> =5x—1 Writin subject. X7 = 1(x? + 1) = 0.2087121
x=5-1 " Dividj ides by «. X = L + 1) = 0.2087122
X9 = L(xg? + 1) = 0.2087122

Now, writing this as*dh it
* v

NB Any equation can give rise to several different
iterative formulae, although they are not always
useful for solving the quadratic equation.

54

and this solution converges to a value of 0.208 7122
on the calculator.
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ALGEBRA
Further functions and graphs

There are four different graph transformations with
which you need to be familiar.

v = ki v
y="fx +a

y = f(kx)

y=f(x +a)

Examplges of each of these are shown for the function
f(x) = 2.

Y = kf(x)

Under this transformation the function is translated
along the y-axis. If a > 0 then the graph of the function
moves up (positive direction) and if a < 0 then the
graph of the function moves down (negative direction).

Under this transformation the graph of the function
is stretched (or shrunk if £ < 1) along the y-axis.
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4
y = f(kx) y=f(x + a)
y
® v
y = 1K) *\ y = f(x)
& y=fix+a)
_ @>0)
0 X =
y=fx+a) X
a<0)
y = f(kx)
k<1) y = f(kx)
(k>|1)

Under this transformation the gra function Under this transformation the function is translated
is shrunk (or stretched if £ < 1) a, -axis. along the x-axis. If a > 0 then the graph of the
function moves to the left (negative direction) and if
a < 0 then the graph of the function moves to the
right (positive direction).

NB When using transformations it is helpful to try out
a few points to check that you have the correct idea.
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Algebra 13-20 (higher tier)

1 By dividing the area into three equal intervals, find
an approximation for the area under the curve
f(x) = x> between x = 2 and x = 5.

(2 marks)
2 Find the gradient of the curve y = ¥* — 2 at the

following points.

(@ x=2
(b) x=0
(c) x=73

2
3 Rearrange the formula p = I ar > to make r th
-r

subject.
(2 marks_j

4 Solve the following quadratic forsh
@ X +x-1=0 A
(b) x> =5x—-2

e 4
5 A garden is 4 metre§ longer t

width of the garden if the ared$i§’50 square metres.

marks if fully correct)

57

(1 mark each part){}

6 Sketch the following

paper, on the sa

— 2
(@) y=x ‘f\é
& y = 3sin x

graphs on graph

axes.
— (X _ 2)2

(2 marks for this part)
y = sin (x + 90°)

(b) y = sin
) (2 marks for this part)

ey takes 2 hours, write down an equation in x
use it to find the value of x.
(3 marks if fully correct)

8 Use the iteration x, . | = 5 —i with x; = 5 to find

a root of the equation x*> — 5x + 3 = 0 correct to

4 d.p.
Total marks = 20

(2 marks if fully correct)
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1 157.5 square units

5 5.35 metres (3 s.f)

Area = 5 fi{ends + 2 x middles} Let the width be length is (w + 4)
= 2{8 + 125 + 2[27 + 64]} Zletres. ( A 50— 0
=1%315 = 157. t L rea = w(w + and w- + 4w — =0.
2 Graphofy oo o | duareunis w = 5348 4GBNGT = 9.3484692 but a
’ 2 metres is impossible.
x |3|2|-1]0]1 2|3 ]
y |729|-10| 3|2 |-1| 2 [ 25

(a) 12 (b) O (c) 27

X y=sin (x+90%)
3 r= _f x =40
Py o ime =20, 45 _
p(l —r?) = gr Multlplymg by (1 —r?) Total time = + =2
popr = ar 200 - 10) + 45x = 2(x - 10)
_ X = x = 2x(x —
p = qr* + pr? Collectmg toge: 2 Multiplying by x(x — 10).
_ ) 2x* — 85x + 200 = 0  Writing as a quadratic.
p p=ria+p Fa_ctorlsm (x—40)2x-5) =0 Factorising.
P r x =40 orx = 24 but x = 2} is not realistic. ||
pra 8 x =4.3028 (4 d.p.)

= pfq”ﬁi : ] USin%Xn+|:5*X§WithX1=5:
4 (a) x=0.6180rx=*1.62 3 !
See Algebra card 17. X, =5 -5 = 4.4 etc. See Algebra card 18.
(b) x =4.56 or x = 0.438 (3 s.f) giving x; = x¢ to 4 d.p. so one root is 4.3028
See Algebra card 17. (4 d.p.).
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SHAPE,

SPACE & MEASUR

Angle properties

Angles on a straight
line add up to 180°.

Angles at a point
add up to 360°.

A

a+b=180°

72

p+q+r+s=360°

When two straight
lines intersect the
(vertically)
opposite angles are
equal.

Angles between parallel

A transversal is a line
which cuts two or more

parallel lines.

x=2z vertically opposite an
y=w vertically opposite

parallel
lines

transversal

a =x corresponding angles

59

Alternate angles
(or Z angles) are e

he missing angles in this diagram.
%Y

p 72°

From the diagram:

p = 47° The angles of the triangle add up to 180°.

q = 72° It is an alternate angle between the two
parallel lines.

r = 47° Angles on a straight line add up to 180°,
or r and p are alternate angles between
two parallel lines.

NB In these examples there are usually several
different ways of arriving at the same answer — trying
different methods can serve as a useful check.
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Angles in a

circle

This diagram shows the
main parts of a circle
and the names given to
them.

The following properties
need to be known.

® The angle in a semicircle is
always 90°.

® The perpendicular bisector
of a chord passes thrggh
the centre of the cilde;’

*

60

?,
Bearings
Bearings are a usefi escribing directions.
Bearings can b in terms of the points on a
compass or in t angles or turns measured
from north i clwise direction. Bearings are usually
given as iglire numbers, so a bearing of 55°
would u written as 055°.
N
NE NW
?
2992,
2802
i E W -270
260%
Zﬁoﬁ
SW SE sw
S

e.g. The bearing of a
ship from a rock
is 055°. What is
the bearing of
the rock from
the ship?

From the sketch,

it is clear that the
required bearing R
is 235°.

180° + 55°= 235°
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SHAPE, SPACE & MEASUR

Polygons

Any shape enclosed by straight lines is called a
polygon. Polygons are named according to their
number of sides.

Number of sides Name of polygon

3 triangle
quadrilateral
pentagon

hexagon

heptagon or septagon
octagon
nonagon
10 decagon

O |0 (o |V~

A regular polygon has all sides e all angles
equal.
A convex polygon hasaz’o? te reater than
180°. A

A concave (or re-entrant) pol
interior angle greater than 180°.

has at least one

61

Exterior angle

The exterior angle
continuing the

n is found by
olygon externally.

)

polygon

exterior angle

The exterior angle
plus the adjacent
interior angle add
up to 180° (angles
on a straight line).

The sum of all the
exterior angles of a
polygon is 360°.

or
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Angle sum of a polygon

The sum of the angles of any polygon can be found
by dividing the polygon into triangles where each
triangle has an angle sum of 180°.

OB
%

A four-sided polygon can be s
Angle sum = 2 x 180°
= 360°

t into two triangles.

62

A five-sided polygon
® can be split into
three triangles.

Angle sum = 3 x 180°
= 540°

An eight-sided

polygon can be split

into six triangles.

Angle sum = 6 x 180°
= 900°

\\

From these diagrams, you can see that an n-sided
polygon can be split into (1 — 2) triangles.

Angle sum of an n-sided polygon = (n — 2) x 180°

NB The angle sum of an n-sided polygon can also be
written as (2n — 4) X 90° or (2n — 4) right angles.
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SHAPE,

Line symmetry
When a shape can be folded so that one half fits
exactly over the other half, the shape is symmetrical
and the fold line is called a line of symmetry.

SPACE & MEASUR

A rectangle An equilateral

has 2 lines triangle has 3

of symmetry lines of
symmetry

This letter H has
2 lines of symmet

The arrow has 1
line of symmetry

The letter N has
0 lines of symmetry

ed about its centre to fit
| position, the shape has

/‘\‘ 1st
sition A position
This position
looks identical
to the original
/‘\ 2nd /‘\ 3rd
B position c position
This position This position
looks identical is back to
to the original the original

The number of different positions gives the order
of rotational symmetry. An equilateral triangle has

rotational symmetry of order 3.
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Planes of symmetry

A plane of symmetry divides a solid into two
equal halves.

SHAPE, SPACE & MEASUR

A square-based pyramid has #’planes of symmetry

Tessellations

If congruent shapes er exactly to cover an
area completel apes tessellate. These
shapes tessellate.

These are examples of shapes that do not tessellate.
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?,
Reflection Rotation
A reflection is a transformation in which any two A rotation is a tra n in which any two
corresponding points on the object and image are corresponding Poi the object and image make
the same distance away from a fixed line (called the the same angl ed point (called the centre of
line of symmetry or mirror line). rotation). ‘

A reflection is defined by giving the position of the
line of symmetry.

image
line of symmetry x
A B B' A T object
centre of rotation
F E E F To find the centre of rotation, join corresponding

points on the object and image with straight lines
and draw the perpendicular bisectors of these lines.
The centre of rotation lies on the intersection of

D C c—D .
object these straight lines.

object image To find the angle of rotation, join corresponding
points on the object and image to the centre of
X3 rotation. The angle between these lines is the angle
oo ;’ of rotation.

NB In mathematics an
anticlockwise turn is described
line of symmetry as positive (+ve) and a

clockwise turn is described as |+ ve -ve
negative (-ve).
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Enlargement afienlargement can be found

An enlargement is a transformation in which the

distance between a point on the image and a fixed SF =
point (called the centre of enlargement) is a factor
of the distance between the corresponding point on or

the object and the fixed point.

An enlargement is defined by giving the position of
the centre of enlargement along with the factor
(called the scale factor).

oints A(3, 8), B(7, 8), C(7, "4) and D(3, "2)

joined to form a trapezium which is enlarged,
centre of enlargement ale factor, with ("5, “6) as the centre.

OA = 16.12 m

OA' =} x 16.12 g
= 8.06 g

OB = 18.44 5|

OB' = 3 x 18.44 ;
=9.22 object

ocC = 12.2 A'|£7 B

oC =3 x122 X
= 6.1

OD = 8.94

OD' = 1 x8.94

To find the centre of enlargemefit, join corresponding = 4.47

points on the object and image with straight lines.
The centre of enlargement lies on the intersection of
these straight lines. NB A fractional scale factor will reduce the object.
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SHAPE,

Translation e.g. The triangle ABC w' dinates (1, 1), (3, 3)
2
A translation is a transformation in which the and (2, 5) under a translation of (‘6) to
distance and direction between any two corresponding ot @ N
points on the object and image are the same. ABC. Sho anglgs ABC a“,d ABC an‘d‘ )
L. . st . write down theltranslation that will return A'B'C
A translation is defined by giving the distance and to A

direction of the translation.

-6 | is a movement of 2 units to the
This is a translation of five units to the right. 6j

The,

nd ~6 units upwards (i.e. 6 units
nwards).

Z e translation which
object image will return A'B'C'
' . (72 y
A R z Y to ABCis | ¢ |- 6
5 C
P 4
F Q X ; object
Q Y 3
object image 2 B
1

A3

-10[ 1 2 3 456 7x
(e}

This is a translation of seven uni

-1
units up. oH -
Vector notation is oftéh uged t -3 - Image
translations. The notatior’is wri " B
units moved in x-direction -5 s

units moved in y-direction

-6
8 7
so the translations above can be written as (0) and (4)
67
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The single
transformation
that will return
X"Y"Z" to XYZ is
a reflection in
the line y = “x.

Combinations of transformations
A combination of the same transformation or a
combination of different transformations can
sometimes be described as a single transformation.
e.g. If Ris a reflection in the y-axis and T is a
rotation of “90° about the origin, show
(on separate diagrams) the image of the
triangle XYZ with vertices X(2, 1), Y(2, 5) and
Z(4, 2) under these combined transformations:
(@) T followed by R
(b) R followed by T.

Which single transformation will return each o@

NB You can see from the example above that the

these combined transformations back to it order of the transformations is important.

original position?

Defining transformations
Reflection: define the line of reflection.

Rotation: define the centre of rotation and the angle
of rotation (positive or negative).

2
image1 X' z

548 210
L Enlargement: define the centre of enlargement and
R the scale factor.
A 3 . . . . .
Y i Translation: define the distance and the direction.
i You can also use vector notation.

68


http://www.studyguide.pk
http://www.studyguide.pk

Shape, space & measures 1-10

1

Use the diagram to calculate the sizes of the
angles marked a, b, ¢ and d.

69

(1 mark for each angle) .

(a) How many lines of symmetry do the

following shapes have?

(i) kite 5

(ii) regular hexagon L
(b) How many planes of symmetry do t

following solids have?

(i) equilateral triangular pri mark)

(i) square-based pyrami
A plane takes off heading n

makes a left-hand turn t
bearing is the plag?@w

(1 mark)

(2 marks)
Find the angle sum ofah

(2 marks)
Explain why regular pentagons do not tessellate.

(2 marks)

Total marks = 20

6 An enlargement sc

“vw s oS

D C
’7‘6’5’4ﬂ’2’17(1J 123456 7x
2
-3

stor 1 and centre (0, 0)
ABCD onto AB,C,D,.
D, is translated by

(2 marks)

7 The triangle PQR with vertices P(2, 1), Q(3, 1)
and R(2, 3) is rotated through 90° about the
origin, then reflected in the line y = x. What
single transformation will map the triangle back

to its original position?

(2 marks)

8 The points A, B and C lie on
a circle so that AB passes
through the centre, O, and
ZCAB = 35°. Calculate
Z/ACO, ZACB and ZOCB.

(1 mark for each angle)
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PANSWERS & TUTORIA

N pp—"
1 a =33° Alternate angles.
b = 82° Angles on a straight line.
¢ = 65° Angles of a triangle. eans that regular
d = 33° Vertically opposite angles. . agons cannot tessellate
2 (a) () 1line (i) 6 lines Bl
(b) (i) 4 planes (ii) 4 pl ;_
R 3A4ﬂ36 7 x
@ \
3 315° ) A reflection in
From the dlagréam, . theliney = 1 afera +o0°
bearing = 270° + 45 (or the line PQ) rotation about
= 315° the origin ob oct
|mage J
4 900° =
A heptagon is a seven-sided P 1 ! glmsag: fx
shape, which can be split ," 72| After areflection
into five trlangles $ 48| intheliney=x
Angle sum = 5 ‘ 8 ZACO = 35° Base angles of isosceles
5 The interior angles Cann _ ono trlangl_e AOC. .
together to form a total of 360°. ZACB = 90 aAlr\ngalS;r})gcsemlcnc]e 1s
For regular polygons to tessellate, all the  eo . o
interior angles must add up to 360°. Z0CB =55 90° - 35°.

70 TOTAL SCORE OUT OF 20 |
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SHAPE,

Geometrical constructions

The following constructions can be undertaken using
only a ruler and a pair of compasses.

® The perpendicular bisector of a line (AB)

R

® The perpendicular
line (AB)

1 With the compasses set
to a radius greater than
half the length of AB, and
centred on A, draw arcs
above and below the line.

2 With the compasses still
set to the same radius,
and centred on B, draw

P

Q

greater than
length of AB, and
‘ed on A, draw an

on the opposite side of the line from P

ith the compasses still set to the same radius,
and centred on B, draw an arc to cut the arc

arcs above and below the line, to cut the
first arcs.

Join the points where the arcs cross (P a
This line is the perpendicular bisector

® The perpendicular from a poin
line

drawn in step 2, at Q.
4 Join PQ.
® The angle bisector (of ZABC)
1 With the compasses set to a radius of about
5cm, and centred on B, draw arcs to cut BA at
L and BC at M.
2 With the compasses set to the same radius, and

1 With the compasses set
to a radius of about
5cm, and centred X,
draw arcs to cut Yﬁe%le
at A and B.

Now construct the
perpendicular bisector of
the line segment AB.

centred on L, draw an arc between BA and BC.
3 With the compasses still set to the same radius,
and centred on M, draw an arc to cut the arc
between BA and BC, at Q.
4 Join BQ. This is the bisector of angle ABC.

Angle bisector
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SHAPE,

Locus of points

A locus is a path along which a point moves to
satisfy some given rule. These are the most common
examples of loci found on examination papers.

® A point moving so
that it is a fixed
distance from a
point O

The locus of a point
moving so that it is
a fixed distance
from a point O is

a circle with

centre O.

locus of points
at fixed distance
from O

® A point moving so
that it is a fixed
distance from two
fixed points A and B

The locus of a point
moving so that it is 4
a fixed distance ¢+ J
from two fixed points
A and B is the
perpendicular

bisector of the line AB.

72

® A point moving so
that it is a fixed
distance from t!

line PQ \nt

locus of points
at a fixed distance

The locus [¢)
it is a

from

is a pair

r.a!lel to PQ,

A point moving so
that it is a fixed

distance from two A
lines AB and CD

The locus of a point
moving so that it is a c
fixed distance from

two lines AB and CD

from PQ
(——9)
locus D
‘ locus
B

is the pair of angle

bisectors of the angles
between the two lines
(drawn from the point
where the lines cross).


http://www.studyguide.pk
http://www.studyguide.pk

SHAPE, SPACE & MEASUR

Length, area and volume

The following information will be useful for the
examination paper at the Intermediate tier.

Circumference of circle
= 7 X diameter
= 2 X 1t X radius

diameter

Area of circle

= x (radius)z diameter

Area of parallelogram
= base x height

*
* 2
A

Area of trapezium %

_1
—2(a+b)h

73

Volume of cuboi

= length X wi

* width length
Volume@nder
Ky —

lume of prism
= area of cross-section X length

-

Units for length, area and volume

Lengths, areas and volumes can all be identified by
looking at the formulae or units:

® area is the product of two lengths
® volume is the product of three lengths.

By ignoring constants (including 7t) you should be
able to identify length, area and volume.

e.g. md and 27mr are measures of length
bh, ¥(a + b)h and nr? are measures of area

Ibh, 4mtr, mr?h and $mr® are measures of volume.
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Congruent triangles Similar triangl
triangles can be fitted

Two triangles are
if one of the tri
an enlargement
exactly over the other, so other triangl all Cy

C
congruent if one of the
that all corresponding A 5 Z correspo les are |g
Xﬁ
Y

angles and corresponding ponding
sides are equal. e same ratio. 5
AB = XY ZA = /X
BC =YZ ZB =Y Y
CA =17ZX /ZC = /1
If the two triangles ABC and XYZ are congruent the
you can write AABC = AXYZ. é If two triangles are similar then the ratios of the
The following minimum conditions are enough corresponding sides are equal.
show that two triangles are congruent: AB_BC_CA
. : XY YZ ZX
® two angles and a side of one triangl
angles and the corresponding si XY _YZ _ZX
(AAS) AB BC CA
® two sides and the included an triangle
equal two sides and tl1e Ing of the The following minimum conditions are enough to
other (SAS) At ? show that two triangles are similar:
© the three sides of ofié triang he three ® two angles of one triangle equal two angles of the
sides of the other (SSSY. other
If the triangles are right-angled then they are ® two pairs of sides are in the same ratio and the
congruent if the hypotenuses are equal and two other included angles are equal
corresponding sides are equal in the triangles (RHS). ® three pairs of sides are in the same ratio.
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o find the missing
ight-angled triangle.
a’ + b? = ¢
322+ 492=¢
2 =322+ 49

Pythagoras’ theorem e.g. Use Pythagoras' thegte

e i
For any right-angled triangle, the square of the length ﬁi‘)
of the hypotenuse is equal to the sum of the squares
of the lengths of the other two sides.

2 =10.24 +24.01
a’ + b = ¢ A 2 =34.25
¢ =V34.25
c ¢=5.85cm (3 s.f)
b
. Use Pythagoras’ theorem to find the missing
B a c length of the side in this right-angled triangle.

a’ + p* = ¢
a’> + 8.3% = 14.2?2

In any right-angled triangle, the side opposi
y & s g PP a’ + 68.89 = 201.64

right angle is called the hypotenuse an

always the longest side. 14.2cm a®> = 201.64 — 68.89
Y ¢ 83cm | 42 =132.75
a= V13275
a a=1153sf)

Always remember to round your answers to an
appropriate degree of accuracy.
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Trigonometry

The sides of a right-angled triangle are given special
names, as shown in this diagram.

abbreviated as sin)

For angle A: gth of side opposite to A BC

c So =—
length of hypotenuse AC

e .
0\6005 side
of® opposite a
to angle A
A side adjacentto B .
angle A Cosine of an angle

The cosine of an angle (usually abbreviated as cos)
_ length of adjacent side
" length of hypotenuse

_ length of side opposite to C _AB
length of hypotenuse AC

For angle C:

length of side adjacentto A _ AB

o cosA= length of hypotenuse ~ AC
) and cos C — length of side adjacent to C _ BC
A side opposite length of hypotenuse AC

angle C

76


http://www.studyguide.pk
http://www.studyguide.pk

SHAPE, SPACE & MEASUR

?,
Tangent of an angle <= 5a33
The tangent of an angle (usually abbreviated as tan) = 14 s.f)
_ length of opposite side e.g. Find the ar‘ =
length of ad]]acenl: 51fde.d . - ' this recta;{.
_ length of side opposite to A _ BC
So tanA = length of side adjacent to A~ AB 18.cm
_ length of side opposite to C _ AB 28° r
So tanC= length of side adjacent to C  BC base

Using sine, cosine and tangent

Use the sine, cosine and tangent ratios to find
missing lengths.

length of opposite side
length of adjacent side

of rectangle = base X perpendicular height
o To find base use tan A =

. ., tan 28° = b1—8
Finding lengths ase
e.g. Find the length ¢ in this base = Lo
- . tan 28
right-angled triangle.
base = L
0.5317094
base = 33.853076 cm
cos B = Area of rectangle = base x perpendicular height
. Area of rectangle = 33.853076 x 18
cos 21° = c = 609.35537
c¢xcos21°=1538 = 609cm? (3 s.f)
_15.8 rounding the final answer to an appropriate degree
€= os 2I° of accuracy and remembering to include the units.

77
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Finding angles (b)
You can find the angles of a right-angled triangle by
using the sin™! (or arcsin), cos™' (or arccos) and tan™'
(or arctan) buttons on your calculator.

First you need to find the sine, cosine or tangent of
the angle, then you can use the inverse button to find
the angle.

e.g. Find the angles marked « and § in the following
right-angled triangles.

(a)

4.5cm

_ length of opposite side

0 P = Tength of adjacent side
o tanf = %

tan B = 1.40625

0 p = tan™' 1.40625
Q B =546 (3 sf)
0 Elevation and depression

The angle of A
elevation
is the angle up
from the angle of R
. _ horizontal. depression c
5}n a=3g The angle of of C from A
sina = 0.5 depression is the P
a =sin" 0.5 f}?glﬁ dpwntfrlom angle of elevation
a = 30° € horizontal. of R from P

B

78


http://www.studyguide.pk
http://www.studyguide.pk

Shape, space & measures 11-18 Join AB, BC, CD and

) What is the spec

1 Calculate the perimeter and area of each of these quadrilateral?
shapes. 2

From the top

iven to this

nstruction and 1 mark for name)

vertical cliff 525 metres high,
pression of a boat at sea is 42°.
5¢cm i distance of the boat from the foot of

(2 marks)

angle measures 12 cm by 8 cm. A similar
angle has sides of 6 cm and xcm. What are the

§cm ossible values of x?

(1 mark for each value of x)
A cylinder has a radius of 4.1 cm and a volume of
380 ml.
Calculate the height of the cylinder, giving your
answer correct to an appropriate degree of
accuracy.

2 A ship sails 15km on a bearing (2 marfks)
20 km on a bearing of 135°. . .
For b 5 0 S s e g point? 7 Identify the following az length, area or volume.
(2 marks) (@) 2wr(r + h)  (b) 360 % nd (c) 37mr?

*

3 Draw the line AC sO thayAC
Construct the perpendicular or of AC. —
Construct the points B and D'so that they lie on Total marks = 20
the perpendicular bisector at a distance of 4 cm
from the line AC.

79

(1 mark for each part)
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80

PANSWERS & TUTORIA

(a) Perimeter = 26 cm

Perimeter =8 + 5 + 8 + 5 = 26 cm.
Area = 32cm? Area = 8 x 4 = 32cm’.
Perimeter = 28.3cm (3 s.f)

Perimeter = td = © X 9 = 28.3cm

(3 s.f.).

Area = 63.6cm? (3 s.f.) Area = mr’.
=7 x (4.5)> = 63.6cm? (3 s.f.).
Perimeter = 32cm Perimeter =
8+8+3+6+5+2=32cm.
Area = 34m? Area =2 x5 + 3 x38

= 34 m? (two rectangles).

Distance = 25km
Using Pythagoras’
theorem:

a’ + b*> = ¢
152 + 20%2 = ¢2
¢ = 25km
Rhombus

(b)

(c)

>,

583 m (3 s.f)

tan 42° = 223
X

_ 525 _
X=tnar *= 583.07157m

prm— —

12cm 6om m xcm
8om som [ Jecm
12_6 * 12 _x
8 XO 8 6
X = =4 cm x=%><6=9cm
6 to an appropriate degree of accuracy
r’h
=nx412xh
80 ml is equivalent to 380 cm”.
h= LOZ = 7.1955834cm
T X 4.1
= 7.2 cm to an appropriate degree of accuracy.
7 (a) Area
In 2ntr(r + h) 2w is a constant, r + h =
length and r(r + h) gives length x length
= area.
(b) Length
0 i .
360 X mis a constant and d gives the
unit of length.
(c) Volume
37 is a constant and r? gives units of
length x length x length
= volume.

TOTAL SCORE OUT OF 20 |
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Shape, space & measures 11-18
1 Calculate the volume of each of these solids.

4am
3m
8m
5m 4m

(2 marks for each part)

2 Calculate the surface area of a cube of side
3.5cm.

(2 mar

3 Draw the locus of points less than 2 cm from

square of side 4 cm.
s)

4 ABC is a right-angled triangle with
If AC = 4cm and BC = 63 cm w|
perimeter of the triangle?

(2 marks)

5 A pylon of height 50 mca
67 m long. Calculate.the an
sun. ‘;’

(2 marks)

6 The following diagram shows the cross-section of
a swimming pool. Calculate the greatest depth of
the pool.

81

‘F\Wﬁ’

(3 marks)

7 Proye t iAI’OT = ASRT and hence find the length

f o 4y R
' T

5.4cm
Q S

(2 marks)

8 A metal block has a

triangular cross-
section with
measurements as
shown on the
diagram.
Find the area of the
cross-section and the
volume of the block.
(2 marks for the area and 1 mark for the volume)

Total marks = 20

“80cm-
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82

PANSWERS & TUTORIA

(@ 60m’
Volume = [bh = 5 x 4 x 3 = 60m?
(b) 402m3 (3 s.f)
Volume = nr?h = x 42 x 8
= 402.12386m?
73.5 cm?
Surface area = 6 x 3.52 = 73.5 cm?

locus of points less
than 2cm from
the square

4cm

4cm 2cm

18.1cm (3 s.f)

Using Pythagoras’

theorem:

@+ b=

42 + 632 = ¢

c=17.632168 8

Perimeter = 4 + 63 + 7.63

= 18.132169cm

36.7° (3 s.f.) * 2
50 i o

6 10.5 feet

(3 s.f) 33 feet

| x feet

50 feet
= X X = 6.958 655

Vertically opposite angles.
Given

TS Given

APQT = ASRT SAS

As APQT = ASRT then PQ = RS = 5.4cm
Area = 3580cm? (3 s.f)

or 0.358m? (3 s.f.) p| \20cm
Volume = 537000cm? (3 s.f)
or 0.537m* (3 s.f.) 80cm

802 + b* = 1202 Pythagoras’ theorem.
6400 + b*> = 14400 Converting 1.2 m to cm.
b? = 8000 so b = 89.442719

Area of cross-section

= ;X base x perpendicular height

= 1x 80 x 89.442719 = 3577.7088 cm?
Volume of block

= area of cross-section x length

= 3577.7088 x 150

= 536 656.31 cm?

TOTAL SCORE OUT OF 20 |
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SHAPE,

Sine, cosine and tangent

The sine, cosine and tangent for any angle can be
found from a calculator or by using the properties
of sine, cosine and tangent curves as shown in
these graphs.

y =sinx

1 T T T
~360°7270°-180¢ ~90° 90° 1802 270° B60° ¥

y =cosx

— 5 . —
360° 2Wo° 90%_180° Z70° 360°
»

y y = tanx

/ / "
- -
ﬁem-z?/mw 90941 90°

A calculator gives the sine, cosi
angle although the reve € pr
answers in a specified‘fange.

e.g. Find the values of 6 in the
360° < 6 < "360° such that tan § = 1.

From a calculator, tan 6 = 1 gives 6 = 45°.

83

y=tané@
y=1
A
T T T
90° 1801 270° 360° 6
225°

graph, all the solutions in the given
60° < 6 < +360° are 315°, 7135°, 45°

ck these on your calculator by evaluating
15°, tan “135° and tan 225°.
osine rule

The cosine rule is used to solve non-right angled
triangles involving three sides and one angle.

The cosine rule states:

c
a? = b> + 2 — 2bccos A bi:a
2 2 2
orcos A = 64-2% y P 5
Sine rule

The sine rule is used to solve non-right angled

triangles involving two sides and

two angles. The sine rule states: A
a __b _ ¢ 9 b
sinA~ sinB  sinC B a2 ¢
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SHAPE,

Using the sine and cosine rules

e.g. Use the sine rule to evaluate
angle A in this triangle.
sinA _ sin B Reciprocating
a ~ b both sides.

sin A _ sin 36°
175 = 11

sin A =0.9351129
A = 69.246393° Using the inverse button (sin”!

or arcsin) on the calculator.
%

A

11 cm,

B Q
17.5cm
C

Unfortunately the value of A = 69.246393° is
unique since there is another possible value f
A which satisfies sin A = 0.9351129.

From the graph, another possible value of A is
110.753 61°.

84

Area of a triangle
The area of triangle ABC = }absinC
Area = X base x height

= lah A
But i = bsinC
So area = jabsinC
c b
h
B 2 C

NB The angle C is the included angle between the
sides a and b
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Further length, area and volume Volume of cone =

The following information will be needed for the Surface area of cone
examination paper at the Higher tier.

Using Pythagoras’ theorem:
[2=r%+ R

Volume of sphere = $nr?
v Surface area of sphere = 4nr?
cale factors
Two solids are similar if the ratios of their

surface = corresponding linear dimensions are equal.
In general:

® the corresponding areas of similar solids are
proportional to the squares of their linear
dimensions

ea of fIatz ® the corresponding volumes of similar solids are
ace = mr proportional to the cubes of their linear
dimensions.

This means that if the ratio of the lengthsis x:y
then the ratio of the areas is X
and the ratio of the volumes is bl

Volume of
hemisphere = § x $nr?

- 2 3
= Znr

Surface area L g ;’
of hemisphere = § x 4ns? +

= 3nr?

85
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?,
Arc, sector and segment Sector area = angle su .
The following definitions will be useful for this work.

An arc is a part of the circumference of a circle.

d at centre
X r?

= 2

major
major segment
arc
(minor)
(minor) segment
arc
ind the area of the shaded

segment in this circle of

radius 6 cm.
Arc length = angle subteralggd at centre oy 0 120295 om
p A PN B
= ——X2nr '
360 Area of segment
A sector is the area enclosed betweg ArcC an = area of sector AOB — area of triangle AOB
two radii. 120 ) )
Area of sector AOB = 360 X T X 6%=37.699112cm
major & Area of triangle AOB = }absinf = 1 x 6 x 6 X sin 120°
sedor | e¢ o = 15.588457 cm?
? Area of segment = area of sector — area of triangle
(minon) =37.699112 - 15.588 457
sector =22.110655cm?
=22.1cm? (to 3 s.f)
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Angles in a circle

This diagram shows the main
parts of a circle and the
names given to them.

(a)

A tangent is a straigh

only one point. ¢ .
‘.

atangent to
the circle

tangent

(external
point)

(a) The angle subtended‘wan :
centre is twice that Subténded

tangent

(b) Angles subtended by tBe sam
equal.

(c) The opposite angles of a cyclic quadrilateral are
supplementary (i.e. they add up to 180°).

87

arc (or chord) are

® A tangent to a circle is perpendicular to the radius

at the point of contact.

® Tangents to a circle from an external point are

equal in length.
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Chords in a circle

A chord is a straight line joining
two points on the circumference
of a circle.

NB A diameter is a chord which
passes through the centre of

a chord of

the circle '

alternate seg el

Alternate se eorem

The alternate angle states that the angle
between a tangent ord equals the angle
subtended by t| in the alternate segment.

alternate segment
to ZCPS

c
the circle.
. . Y c
The following chord properties need to be known. . X
tangent
-
P téngent s P \tangent
AICPT o ops = zovp
IfAB = CD (alternate segment theorem) (alternate segment theorem)
then OL = OM . )
and conversely e.g. Find the size of ZXPC,
if OL = OM given that ST is a tangent
to the circle at P X

Using the alternate N1/ ¢
segment theorem:

LCPT = LCXP = 51°

By the alternate segment

chord bisects the chord.
NB Conversely, a perpéhdi r of a chord

passes through the € o tga(g;er:. JCPT = 51°
e Chords which are equalin le are equidistant Alternate angles between parallel lines XC and PT.
from the centre of the circle. /ZXPC = 180° - (51° + 519
NB Conversely, chords which are equidistant from Angles of triangle XCP add up to 180°.
the centre of a circle are equal in length. LXCP = 78°

88
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Vectors and vector properties

at+b= " and a
A vector is a quantity which has Q S
magnitude (length) and direction 5 1 4 -b
(usually indicated by an arrow). ﬁs a-b=(3]- 4 a-b
Vectors are used to define T h . a
translations and also can be used as show agrams.
to prove geometrical theorems. Ma e of a vector
The above vector can be represented as PQ, % PO Th ude (length) of a !/
or s (you can write s) or as a column vector (3 . V% n be found by using l
Y oras’ theorem.
Two vectors are gqua[ if they have the same lensth of the vector AB is
magnitude and direction, i.e. they are the same > ? and . B| = \/ﬁ h
length and they are parallel. x* + y? and you can write |AB| = Vx? + y*> where
the two vertical lines mean the magnitude or length.

X

Addition and subtraction

of vectors

Vectors can be added or

subtracted by placing them
end-to-end so that the arrows
point in the same directiqp.

An easier way is to write ﬁﬁm
as coluKnn vectors

. *
5 1
3] and b = (71):

Ifa=

89

Multiplication of a vector

Vectors cannot be multiplied by other vectors but
they can be multiplied by a constant (sometimes
called scalar multipﬁic tion).
2
) naa- (3)

e (d) - (D mssa-ox(3
so3p-ta=-23) - (3) = (4]

e.g. Given thatp = | -g ) and q =

(0]
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Further enlargement

The subject of enlargement is introduced on Shape,
space and measures card 8. The topic is extended to
include negative scale factors at the Higher tier.

Negative scale factors

For an enlargement with a negative scale factor, the

enlargement is situated on the opposite side of the

centre of enlargement.

e.g. The quadrilateral PQRS with vertices P("1, ~2),
Q(3,72), R(3, 1) and S(°1, 3) is enlarged w1th a

scale factor of -2 about the origin. Draw PQRS
and hence P'QR'S'.

y
7
6
5
4
3

(

SPACE & MEASUR

e drawn and the
to give P'Q'R'S'

and N(2, 8

The points P Q, R
enlargement is i 'R'S'.
e.g. The trlangls ithWertices L(2, 2), M(5, 2)
)

ged with a scale factor of 3

about the (0, 2). Draw LMN and hence
LVMV 1
y
& J N
o) ’
6
5 object
4
L 3
M
[
image M
N
‘3‘2‘1_112345678)(
-2
-3

90

The points L', M' and N' and AL'M'N' are drawn
and the enlargement produced to give LM'N'
as shown.
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Shape space S measures 19-26 6 The diagram ShOWS thé ‘s*ft ’gle PQR where L, M

) of the sides as shown.
(hlgher tier) Vector PL = a apdyeCtof PN = b.
Solve cos 6 < ~0.5 in the range 0 < 6 < 360°. y R
(2 marks)

2 The volume of a cone of height 12.5 cm is 220 cm?.
What is the volume of a similar cone of height

5cm? M
(2 marks) b
3 The arc length between two points A and B on the _
circumference of a circle is 10 cm. If the radius of £
the circle is 14.2 cm, calculate the angle P 2 - ll_ Q

subtended at the centre of the circle and the ar
of the sector.

(2 marks for e Express in terms of a and b the vectors:

4 The sides of a triangle are 2cm, 3cm a (@ LN (b) QR (c) PM.
respectively. Find the size of the and What can you say about LN and QR? ;
the area of the triangle. (1 mark for each part and 2 marks for full explanation)
(2 marks for each part) Total marks = 20

5 Given that PT is a
tangent to the circle e 4
at P and ZPSQ = 28° 7. -4
find ZPRQ, ZPOQ .
and ZQPT.

T
tangent

(1 mark for each part)

91
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1 120° <6 < 240 Largest angle
cost 4 is opposite
0.54 longest side.
: m
o 1200 _ 240° ‘
05 ond 180 ¥ 70 360
-1 B c
From the graph 6 lies in the range ) _pP+-a
120° < 6 < 240°. S S 26¢
2 14.1cm’ (3sf) 0 _9+4-16_
Ratio of lengths is 12.5:5 = 5: 2. 12 "
Ratio of volumes is 5°: 2° = 125:8 0s A =-72=-02550A = 104.47751°
_ ... 8 Area of trlangle 3 besinA
- 125 2><2><3><Sir’1104,47751O
= 220: 14 08 =72.9047375cm? |
3 Angle = 40.3° (3 s.f), area = 71 cm? 5 /PRQ = 23° Angles subtended by the

same arc.

__6 .
Arc length = =/ x 2mr Q ZPOQ = 46° Angle at centre is twice angle

360

_0_
10—360><2><7t><l

at circumference.
ZQPT = 23° Alternate segment theorem.

6 = 40.349 41° 6 (@ b-a IN=-a+hb=b-a
034914]‘ (b) 2(b-a) QR = -2a+ 2b=2(b-a)
Area = 7360 (¢ a+b PM=PQ+QM=PQ+i0R
7l em? » | 14.2cm =2a+ix2b-a)

=2a+b-a=a+b
LN is parallel to QR and QR = 2LN or
LN = 1QRr.

92 TOTAL SCORE OUT OF 20 |
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HANDLING DATA

Representing data

You should always ensure that the representation
chosen is appropriate to the data being represented.

Pictograms

A pictogram (or pictograph or ideograph) is a simple
way of representing data. The frequency is indicated
by a number of identical pictures. When using a
pictogram, you must remember to include a key to
explain what the individual pictures represent as well
as giving the diagram an overall title.

e.g. Show the following information as a pictogram.

Ice cream sales
Flavour
Sales

vanilla
8

strawberry
4

raspberry

Ice cream sales

TIVITVTY
soniers VVYY o
sy YYNTH 0
o
@ =1 ice cream

Vanilla

Other

Other

or alternatively

@ = 2ice creams

of representing data.
ed by vertlcal or

d clearly label the axes and give
8 to explain what it represents.

llowing information as a bar chart.

tea coffee milkshake  other
7 3 4 2
Drinks served
8
7
§ 6
$5
12}
g 4
€3
Z2
1 Drinks served
0 ea coffee rr?illt( other tea
shake @
Drinks gmﬁﬁi
= mi
" tivel O shake
or alternatively otherl |
0
1 3456 78
Number served

93
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Line graphs chart, you must clearly

. ; . give the diagram a title
A line graph is another way of representing data. The

frequencies are plotted at various points and joined e.g. Show the follo
by a series of straight lines. Once again, you must
clearly label the axes and give the diagram a title to
explain what it represents.

e.g. Show the following information as a line graph.
A patient’s temperature

Time [ 07.00] 08.00] 09.00 [ 10.00 [ 11.00 [ 12.00
Temperature (°F) [102.8 [101.5 [100.2 | 99.0 | 98.8 | 98.6

ach of the sectors and
plain what it represents.

érmation as a pie chart.

walk | cycle [ car
20 | 11 | 23

re 90 people, the pie chart needs to

n to represent 90 people. There are 360°
11 circle so each person will be shown by
= 4° of the pie chart.

Number Angle

104 36 36 x4 = 144°
o103 20 20 % 4° = 80°
S 102 11 11x4° = 44°
3 101 23 23 x4° = 92°
© o
ﬁg_ 100 Total = 90 Total = 360
& 99 Travelling to work

98

0700 0800 0900 1000 1
* e
£ X3

Pie charts

A pie chart is another common way of representing
data. The frequency is represented by the angles (or
areas) of the sectors of a circle. When using a pie

04

&=
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HANDLING DATA

owing distribution.

Measures of central tendency e-g. Find the median of ggiuliowing

8,6,7,4,9,
Measures of central tendency are often referred to as Rearranging in :
measures of average i.e. mode, median and mean. 5 78.8,8,9 10

Mode So th é: 28y
The mode of a distribution is the value that occurs
most frequently.

e.g. Find the mode of the following distribution.
8,674938,8,6,7,6,8

The number 8 occurs most frequently so the
mode is 8. m
NB The mode of a grouped frequency distribution h, B

no meaning although you might be asked to find th@

o=

edian is the 3(n + 1)th value in the
here n is the number of values in the

ove example there are 12 values and the
nis the 3(12 + 1)th = 65 th value (indicating
t it lies between the 6th and 7th values).

The median of a frequency distribution or a

1 ] grouped frequency distribution can be found from
modal group the cumulative frequency diagram (see Handling
Median 9 data card 6).

The median of a distribution is the i e Mean
when the values are arranged in n rder. The mean (or arithmetic mean) of a distribution is
e.g. Find the median of the follo ibution.

found by summing the values of the distribution and
dividing by the number of values.

e.g. Find the mean of the following distribution.
8,6,7,498,86,7,6,8

8,6,7,4,9,8,8,67
Rearranging in nug; tcal
4,6,6,6,7,7
So the median = 7
Mean

Where there are two middle values (i.e. when the 8+6+74+4+9+8+8+46+7+6+8
number of values is even) then you add the two = 11
middle numbers and divide by 2. 7

95 =7

~

—
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Mean of a frequency distribution

The mean of a frequency distribution is found by
summing the values of the distribution and dividing L
by the number of values. For a grouped f y distribution you use the
£ val mid-interval values‘or midpoints) as an ‘estimate’ of
Mean = —SUM ol Values the inter
number of value
_ Xfrequency x values _ Zfx

Xfrequencies f

where ¥ means 'the sum of’ and Zf is equal to the
number of values. @

e.g. Find the mean of the following frequency

distribution

e.g. Fin an of the following grouped

y distribution.

| 1020 | 2025 | 2530 | 30-50
7 1 9o 1T e [ 3
midpoints of the individual groups are 15, 22.5,
5 and 40 respectively, from the table above.

Mean

distribution.

0 Group Fr y Midpoi Freq y X midp
Value | 5 | 6 | 7 | 10-20 7 15 105
Frequency | 1 | 3 | 2 20-25 9 225 202.5
6
3
5

25-30
Value Frequency T ﬁue 3050

275 165
P f 40 120
5 1 =5 If=2 Sfx = 592.5
6 3 =18

lrequency X values

> = E Mean — Xfre zuffgcu;; Zalues

8 @ 8 =32 S quency
ES( 3 ft =69 —
* Zf
Xfrequency X values  XZfx 69 _ 5925 Sum L
b A SR LS A = = === of the frequencies is 25.

Mean >frequencies > T0 6.9 25
=237

26
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Measures of spread

Measures of spread are another useful tool for
comparing data. They tell how spread out, or
consistent, the data are.

While the range ca
the mterquartl]‘ r y takes the middle 50% of
the distribution count.

Range i nd working out the difference

The range of a distribution is found as the numerical per quartile and the lower quartile.
difference between the greatest value and least e interquartile range of the following test
value. The range should always be given as a single .
7 8 10 9 8 8 2 9 10 8

value.
e.g. Find the range of the following test marks. o Arrange the data in order and consider the
9 7 8 10 9 8 8 2 9 10 8 middle 50% of the distribution.
Rearranging in order: 0 27 8 8 8 8 9 9 9 10 10
278888999101‘? T T T
Greatest value = 10 La median ua
Least value = 2 Lower quartile = 8
Range = greatest value - lea Upper quartile = 9
=10-2 Interquartile range
=3 P :? = upper quartile — lower quartile

NB The range of 8 is deceptive it is affected =9-8
by the value of 2 (which is call extreme value =1
ggﬁi%su%gri)s not typical of the rest of the NB In general, the lower quartlle is the 1(n + I)th
’ value and the upper quartile is the 2(n i 1)th value
in the distribution.
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Cumulative frequency diagrams . am looks like this.

A cumulative frequency diagram (or ogive) can be
used to find the median and quartiles of a
distribution.

To find the cumulative frequency, find the
accumulated totals and plot them against the data
values. The cumulative frequency diagram is formed
by joining the points with a smooth curve.

60,
50,
40
e.g. The following information shows the time (given %
o

to the nearest minute) which customers have to 3
wait to be served. Waiting time Frequency
(minutes)
1-3 <20
4-6 §
7-9
10-12 10
13-15
Plot this information on a cu % 3 5 5 T2 75
diagram. Waiting time (minutes)
Waiting time ( ) | Frequen
13
yars NB The cumulative frequencies must always be

plotted at the upper class boundaries (i.e. 3.5, 6.5,
9.5, 12.5 and 15.5).

-9

10-12

13115 Remember that the interval of 1-3 minutes, to the
NB The final cumulative frequency should equal the nearest minute, includes all values from 0.5 minutes
sum of the frequencies. to 3.5 minutes, and so on.
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Using the cumulative frequency (1)

The cumulative frequency diagram can be used to find
the median and quartiles of the given distribution.

Median

You have already seen that the median i is the middle
value and, in general, the median is the 1(n + 1)th
value in the distribution (see Handling data card 3).

For the cumulative frequency diagram on Handling
data card 6, the median is given by the %(n + 1)th
value = (55 + 1) = 28th value in the dlStl’lbuthn

Interquartile range

The interquartile range is the difference be
upper quartlle and the lower quartil
quartile is the %(n + 1)th value and
quartile is the 3(n + 1)th value in
(see Handling data card 5).

For the cumulative freq Yy lower
quartile is given by thesd(,+ | 1) = 14th
value and the upper qua is the

3+ 1) = 3(55 + 1) = 42nd valte.
NB Your answers should usually be correct to the
nearest half-square (in the example on the right,
+0.1 minutes).

99

ulative frequency

60

30

//'

upper.gu

lower quartile

6 9
Waiting time (minutes)

12

From the graph:

median = 8.1
upper quartile = 10.6
lower quartile = 5.9
interquartile range
= upper quartile — lower quartile = 10.6 — 5.9
=47
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Using the cumulative frequency (2)

The cumulative frequency diagram can be used to
find out other information about the distribution
such as how many customers waited:

(a)
(b)

less than 5 minutes
more than 10 minutes.

Waiting time Frequency Cumulative frequency
(minutes)
1-3 6 6
4-6 11 17
79 20 37
10-12 13 50
13-15 5 55

(a) To find out how many customers waj
than 5 minutes, read the cumulati
frequency for a waiting ti
From the graph, the num
who waited less than 5
An answer rounded to 1

acceptable. 4

To find out how%ny
more than 10 miputes,
frequency for a waitin e of 10 minutes.

From the graph, the number of customers
who waited less than 10 minutes is 39.5.

E5

100

Cumulative frequency

@
S

n
=}

o

6 9 12 15
Waiting time (minutes)
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e/ yonsalf
Handling data 1-8

1 The numbers of hours of sunshine in one week
were recorded as follows.
Day | Fri | Sat | Sun |Mon | Tue | Wed | Thu
Sunshine | 80 | 75 | 60 [ 45 [ 60 | 65 | 75
Draw a line graph to illustrate this information.
(I mark)
2 The following distribution shows the number of

(d) How many stude

lled by bus?
(4 marks)
4 Find the mean, ns&nd mode of the following
frequency distti n.

Shoe size A | 5 | 5% | 6 | 65 | 7
Frequeficy 3 ] 4 [ 10 [ 3] 4
(4 marks)
5 C an estimate of the mean for the

different flavoured ice creams sold one morning. ing data.
Flavour Frequency ~ Show this information as: {Height (inches)| 1020 | 2030 | 3040 | 40-50
Vanilla 5 (a) a pictogram Frequency [ 19 ] 10 ] 6
Strawberr; 8
Raspberryy 3 (b) a bar chart & marks)
Other 2 (c) a pie chart. 6 The following table Words | Number of paragraphs
shows the number of 1-10 15
. words per paragraph 11-20 31
3 Study this pie chart. in a newspaper. 2130 G
(a) Which method of Draw a cumulative 31-40 25
transport was the most frequency diagram to 41-50 4

popular?
(b) What method of transp
was the least pep ’§r?
(c) What angle is represented
by the ‘car’ sector?
The number of students who travelled by bus is
twice the number who cycled. There were 100
students who took part in the survey.
101

illustrate this
information and use your graph to estimate:

(a) the median and interquartile range

(b) the percentage of paragraphs over 35 words in
length.
(5 marks)

Total marks = 20
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PANSWERS & TUTORIA

Hours of sunshine

1. 2 (a) sgree of accuracy.
1%7-0 Ice cream sales Usmg the mid-inte es of 15, 25, 35
2o vola  §YYITVS and 45, 2fx =129 = 48
255 swawvery § ¥ § ¥ = -
T iz Raspberry v i 6 .

=8 3 M TW T Other ¥V §-2icecreams | The cumulative
1o lce cream sales | | i frequencies should be
1a ce oream sales plotted at the upper
2 (b g2 2 (9 boundaries of 10, 20,

3" Rw 30, 40, etc. as the

3 number of words is

2 : discrete in this instance.

Words

0

7)“\\\ “B\ﬂ ?@ev 0“@‘

(a) Median = 23, upper quartile = 29,
lower quartile = 15 All found by drawing

3 (a) Walkmg From the pie chart. suitable lines on the sraph.
:b)) ggl’ I;BOOm tfh;()%ie chart. 0 Interquartile range e
c ° % O ° = = ile — i
(d) 30 _ The number tr y bus = lzlgp_ei ;‘ujr]tge lower quartile
or cycling = 45% of 100 ple and (b) 10% Number of paragraphs under 35
the number travellin words = 108.

dxf =34 Number of paragraphs over 35 words

16 (3s. f). = 120-108 = 12

Median = 6} 1(35 + 1) ="I8th value Percentage of paragraphs = {175 x 100
WhICh occurs at 63 . =10%

4 Mean = 6.16 (3 s.’?).@fx

Mode = 61

102 TOTAL SCORE OUT OF 20 |
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Scatter diagrams

Scatter diagrams (or scatter graphs) are used to
show the relationship between two variables. Each of
the two variables is assigned to a different axis and
the information is plotted as a series of coordinates
on the scatter diagram.

e.g. Draw a scatter graph of the following table which
shows the heights and shoe sizes of 10 pupils.

Shoesize |3 | 2|6t]| 4|3 |6 |1 |34]74]5

Height (cm) |133| 126| 153| 135|128|152|118|l42|101 | 150

To draw the scatter graph, consider each pair of
values as a different pair of coordinates (3, 13
(2, 126), (63, 158), etc.

Scatter diagram of height and shoe slze

180
170
160
E 150
S
£ 140
=
£ 130
* x “‘
120 %
110
x
100 5 1 2 3 4 5 6 7 8

Shoe size

q}’é

Moderate correlation

Little or no
correlation

Weight (kg)

Cost per mile

Mark on Chemistry exam

Length (cm)

Mark on Art exam

Scatter
diagram to
show length
against weight
of fish.

Scatter
diagram to
show distance
travelled
against cost
per mile.

Scatter
diagram to
show marks
on Chemistry
and Art
examination
papers.

103
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Positive and negative correlation

Correlation can also be described in terms of positive
and negative correlation.

Positive correlation Negative correlation

Scatter diagram for engine size
and maximum speed

Scatter diagram for insulation
thickness and heat loss

a

<200 Y i

2 xx"x 33 ’)‘(x

5150 e 2215 S

S Xx’(*x 2s e S

S100b K gg0 S

5 50[ X% £35 a2
ER) .E0 X%
£ 0 50 100 150 200 (] 2 3 4

Maximum speed of car (kph) Heat loss from roof (k

Where an increase in one variable i
an increase in the other variable, t
positive or direct; where an incr
is associated with a decrease in
the correlation is negat'w‘o

Line of best fit *®

When the points on a scatter difigram show moderate
or strong correlation, a straight line can be drawn
through, or as close to, as many of the points as
possible, to approximate the relationship. This is the

104

ation is
e variable
variable,

line of best fit (or regr:
predict other value

e.g. Draw a scafter
following t
shoe size

ne). It can be used to
given data.

d line of best fit for the
ch shows the heights and
pupils.

[ 2]os] 43 ]6]1[34]73]5
133] 126] 158[ 135128 | 152 118 142 101 [ 150

Shoe
Hei,

Scatter diagram of height and shoe sizes

Height (cm)
IR
o ©O o o

110

Shoe size

NB In most cases a line of best fit can be drawn ‘by
eye’. For more accurate work the line of best fit
should pass through (x,j) where X and y are the
mean values of x and y respectively.
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Probability Total probabil

In probability, an event which is certain to happen The probability of
will have a probability of 1 whereas an event which is 1 minus the pro
impossible will have a probability of 0. In general, e.g. If the pro
_ number of 'successful’ outcomes h
p(success) = number of possible outcomes

where p(success) means ‘the probability of success’.

e.g. If a box contains seven red counters, ten blue T tical and experimental
counters and eight yellow counters then: 8 oo .

o e ) tical probability is based on equally likely

® the probability of picking a red counter is: mes and is used to predict how an event should
p(red counter) = number of red counters rform in theory; experimental probability (or
number of counters 0 relative frequency) is used to predict how an event

= 2l5 performs in an experiment.

- o e.g. The following frequency distribution is obtained
® the probability of picking a blue counter4s; when a die is thrown 100 times.
Score | 1 | 2 | 3 | 4 | 5 | 6
Frequency | 15 | 19 [ 18 [ 15 [ 17 [ 16

appening is equal to

e event not happening.
that it will rain tomorrow is %
ility that it will not rain tomorrow

1 -p(rain) = 1-1% =%

The theoretical probability of a score of six is §

re possible. and the experimental probability (or relative
® the probability of pickiig a frequency) of a score of six is J& = L.

num

NB The expected number of sixes when a die is
thrown 100 times is:

5 = 100x L =166
i.e. the outcome is impossible. or 17 (to the nearest whole number).

p(green counter) =

105
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Possibility spaces
A possibility space is a diagram which can be used to
show the outcomes of various events.

e.g. If two fair dice are thrown and the sum of the
scores is noted, then the following diagram can
be drawn to illustrate the possible outcomes.

Second die
1 2 3 4 5 6
1 2 3 4 5 6 7
2 3 4 5 6 7 8
. .3 4 5 6 7 8 9
First die 2 5 6 7 3 9 1
5 6 7 8 9 10
6 7 8 9 10 11

The diagram above is a possibility space; t
36 possible outcomes.

From the diagram:

® the probability of a sum of 2 is

(as there is only one entry wi

® the probability of a&ﬁt’ of

(as there are six entrieﬁith
o the probability of a sum of 18'is 35 = 15

(as there are three entries with a sum of 10)
etc.

106

A tree diagram is a di
of different events @re

so that the probabilities on individual pairs (or

groups) of br: es always add up to one.

eg A ba@ins five blue and four green discs. A
i n from the bag, replaced and then a

isc is drawn from the bag. Draw a tree

m to show the various possibilities that
occur.

he following tree diagram shows the various

o possibilities that can occur.

5~ blue  blue then blue
blue -2
5.~ 4
9 SN green  blue then green
<4_1 blue  green then blue
’ green -9
4
EARN green green then green
first choice M
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Mutually exclusive events ® The probability off ing a multiple of 3 or a

multiple of
Events are mutually exclusive if they cannot both (or _ p(rl:mlt' 1
all) happen at the same time.

In the case of mutually exclusive events, apply the he events are mutually exclusive.
addition rule (also called the or rule):

r9) + p(4 or 8)
p(AorB) =p(A) + p(B) = p(6) + p(9) + p(4) + p(8)
e.g. A spinner has 10 sides numbered 1 to 10. & As the events are mutually exclusive.
1 1
™t 1

1,1, 1 _ 51
+ 1%+ 10t 0= 36,= 2

ultiple of 4)
+ p(multiple of 4)

® The probability of scoring a multiple of 2 or a
multiple of 3

= p(multiple of 2 or multiple of 3)

These events are not mutually exclusive as the
number 6 is common to both events and if the
probabilities are added then p(6) will be
added twice.

So p(multiple of 2 or multiple of 3)

- _ =p(2or3or4or6or8or9orl0)

® The probability of@co p(5) = Pl

o The probability S ori o = p(2) + p(3) + p(4) + p(6) + p(8) + p(9)
i ;(I;rgr 2)1 ity of ‘*mn ora six + p(10) All of these events are now
= 11 lusive.
= p(5) + p(6) s the events are Lyl T_uila_i_yfxiujwf_ 1

o mutually exclusive. 10T 0 T I0 T 10 T 10 T 10 10

=5+ 1% = 36,= 1 Cancelling down.

|
S

107
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Independent events

Events are independent if one event can occur
without affecting the other events.

For independent events, use the multiplication rule
(also called the and rule):

p(A and B) = p(A) X p(B)

A bag contains four red counters and three blue
counters. A counter is drawn from the bag,
replaced and then a second counter is drawn

from the bag. Draw a tree diagram to illustrate
this situation.

e.g.

1st counter

LY,
® The probability thgt%oth
= p(red and red)
= p(red) x p(red)
As the events are independent.

NIIS
IS

— — 16
= = 19

108

X

2

ed) X p(blue)
As the events are independent.

® The probability that one counter will be red
and one counter will be blue is not the same
as the last example.
No order is specified, so you must find the
probability that the first counter will be red
and the second counter will be blue or the
first counter will be blue and the second
counter will be red.
= p(red and blue or blue and red)
= p(red and blue) + p(blue and red)

As the events are mutually exclusive.
= p(red) x p(blue) + p(blue) x p(red)
4As the events are independent.

4 3 3
=7X7+7X7
12 12
=% txn
_
- 49
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Handling data 9-14
1 The following information shows the marks
awarded to students on two examination papers.
|30 392510 45| 15|53 [39]32]50
[30 |56 40|14 64]28]79 48] 44]59

German
French

Plot these points and comment on your findings.

Draw the line of best fit and use it to calculate the

other mark of someone who gets:

(a) 65 in French (b) 65 in German.

Which of these answers is the more accurate? Why?
(5 marks)

A manufacturer produces components. In a
sample of 500 it is found that 12 are faulty.

(a) What is the probability that a componéQ0

faulty?
(b) How many faulty components wq
expect in a batch of 100?

The probability that a plane arriy
and the probability that it arriyl S
What is the probability that. ?

0 (1 mark)

In an experiment, a coﬁls to and a die is
thrown. Draw a possibility spa€€ and use it to
calculate the probability of scoring:
(a) a head and a six

(b) a tail and an odd number.

109

(3 marks)

C

5 A counter is chosen
blue and two ora
is chosen fro

wbox of three red, four
ers. A second counter
e yellow and two green

green counter
a yellow counter.

acturer makes microchips and the

ility that a microchip is faulty is 0.01. Two
ochips are picked out at random. Draw and

el a tree diagram to show the outcomes and
calculate the probability that:

(a) neither of the mlcrochlps is faulty

(b) exactly one microchip is faulty. (3 marks)

7 A bag contains cubes coloured red, blue or green
and numbered 1, 2 or 3. The table shows the
probabilities for these cubes.

Colour of cube

(3 marks)

Red Blue  Yellow
1 0.2 0 0.1
Number 2 0.2 0.1 0.1
3 0.1 0.1 0.1

What is the probability that a cube taken at
random is:

(a) red and numbered 3
(c¢) red or numbered 2?

Total marks = 20

(b) blue or numbered 1
(3 marks)
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1 Scatter diagram for 100
marks in French 90
and German 80

EEEEEEEEEE AT
0 1020 30 40 50 60 70 80
German

The points show strong a positive correlation.

(a) 46 marks Reading from the graph.

(b) 96 marks Reading from the graph.

The first answer is more accurate as it lies

w1th1n the glven papers’ range of marks.
2 (a) 125 500 ;

(b) 2 (to an approprlate degre

100 x 73 = 2 4,
3 0.29 p(late) — plearly og
) |
L2 2
Head ["HIgH2
Coin il | 110 T2

(a) 15 From the table.
(b) 1 From the table (

N\w
m—

110

PANSWERS & TUTORIA

epnne’
9
4_
9
M = green
s 5—— yell
\ g yellow
2‘green
st 2nd counter
(a) & and green counter) =3x 2 = &
=2

21 ¢
% p(blue and yellow counter) = § x 2 = 2.
6

faul
0.01 ty
faulty
0.0 Tose_
not faulty
T~~~ faulty
099 . not 0.01
faulty
o9
== not faulty
1st chip 2nd chip

(@) 0.9801 p(both microchips are not faulty)
= 0.99 x 0.99 = 0.9801
(b) 0.0198 plexactly one switch is faulty) =
(0.01 x0.99) + (0.99 x0.01) = 0.0198
7 (a) 0.1
(b) 05 0.1 + 0.1 + 0.2+ 0.1 =0.5.
(c) 0.7 0.2 +02+ 0.1 +0.1+0.1=0.7
NB Do not count ‘red and numbered two’ twice.

TOTAL SCORE OUT OF 20 |
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Histogram — unequal class
intervals

Histograms are like bar charts except that it is the
area of each 'bar’ that represents the frequency.

The bars of the histogram should be drawn at the
class boundaries and the area of the bars should be
proportional to the frequency,

i.e. class width x height = frequency so that
height = frequency + class width.

The height is referred to as the frequency density so:
frequency density = frequency + class width

e.g. The following frequency distribution shows th
height of 38 shrubs measured to the neare
centimetre. Draw the histogram.

Height (cm) | 59 | 10-14 | 15-19 0
Frequency | 4 | 8

To draw a histogram you nee
frequency densities as follg

Height Frequency quency density
5-9 47

10-14 8

15-19 10 10 +5=2.0

20-29 9 10 9+10=09

30-50 7 21 7+ 21=0.3333...

Fr@ density

L
[ . shrubs
X e

20 é
15 ]
0.5

0

0 10 20 30 40 50
Height (cm)

NB Since the height is measured to the nearest
centimetre then the 5-9 interval extends from 4.5 to
9.5, giving it a width of 5 cm, etc.
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Frequency polygons

A frequency polygon can be drawn from a bar chart
or histogram by joining the midpoints of the tops of
the bars, in order, with straight lines to form a polygon.

The lines should be extended to the horizontal axis
so that the area under the frequency polygon is the
same as the area under the bar chart or histogram.

e.g. Draw the histogram for the following
information.
| 59

Height (cm) | 10-14 | 15-19 | 20-29 | 30-50

Frequency | 4 | 8 | 10 | 9 |

7
To draw the frequency polygon, calculate the 0

frequency densities as before.

Height Frequency | Class width Freque;
5-9 4 5

10-14 8 5 =35 S0 6

15-19 10 5 5=20

20-29 9 10 0=09
30-50 7 21 21=0.3333...
The frequency poké is ed at the
mid-interval values i'€7, 1 4.5 and 40.

NB It is often helpful to draw th€frequency polygon
over the top of the completed histogram.

112

v
@ shrubs
X

2.0
2
% 15
S frequency polygon
4
[}
3

A

b

0 10 20 30 40 50
Height (cm)

NB The lines are extended to the horizontal axis on
each side so that the area under the frequency
polygon is the same as the area under the histogram
(see Handling data card 15).
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Standard deviation np XS,
The standard deviation is a measure of spread which, to the square
unlike the range or interquartile range, takes account S .,
of all of the values of a distribution. eviation is the square root of
The following formulae for standard deviation are
used on the examination paper. — \/7 = 1.4142136 = 1.41 (3 Sf)
The standard deviation, s, for a set of numbers x, x,,
, x,, having a mean of X, is given by:

2
J %) ors = an LE—XJ 0 The arithmetic mean
XX
e.g. Use these formulae to find the standard -
deviation of 1, 2, 3, 4, 5.
T(x—x)?
n

variance and is equal
dard deviation.

and the squares of the distribution are:
1,4,9, 16, 25.

The mean of these squares
= 1+4+9+16+25
n o 5
The standard deviation is [Xx* [3x)?

n
Vit-32=v11- 9=\/5
1.4142136 = 1.41 (3 s.f.).

(a) Usings =

The arithmetic mean

and the differences of the =11

the mean (x — x) are:
2,71,0,1,2

The squares of tife

distribution f

4,1,0,1, 4.
The mean of these squares of the differences NB The second formula is usually the easier to
Sx-x)?_4+14+04+14+4_10 _ ) use and can easily be calculated in tabular form
n 5 T 5 as shown in the next example.

113
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Standard deviation (continued)

The second of the two formulae for standard
deviation is usually the easier to use. The standard
deviation can easily be calculated in tabular form.

e.g. Find the standard deviation for these numbers.

Number
X X
1 1
2 4
3 9
4 16
5 25

Zx =15 =2 = 55

2 2 0
The standard deviation = ZTx - % Q

Py 4
-
This method can be extended equency
distributions and to group frequency distributions (by
using the mid-interval values as an ‘estimate’ of the
interval).

114

Group

of the following
ibution.

0-25 | 2530 | 30-50

Frequency

9

| 6

3

Group id-interval & "
X
15 105 1575
225 202.5 4556.25
27.5 165 4537.5
40 120 4800
Sfc = 592.5 | fx? = 15468.75

The standard deviation for a frequency
distribution is modified as:

Ry

The standard deviation

15468.75 _[592.5

25

25

=V618.75 - 23.7*

V57.06

7.553 807

7.55 (3 s.f)
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Using the standard deviation
It can be shown that:

o [f all the values of a distribution are increased (or
decreased) by an equal amount then the mean will

increase (or decrease) by that amount and the

standard deviation (spread) will not be affected.

o [f all the values of a distribution are multiplied (or
divided) by an equal amount then the mean and
the standard deviation will also be multiplied (or

divided) by that same amount.

=1;
e.g. The following five numbers have a mean of 2 ando the standard dev1at10n is divided by 2,

a standard deviation of 4.
4,71,3,5,7
Find the mean and standard deviation of
following sets of numbers.
(@) 3,0,4,6,8
New series = original seri
So the new mean = me

o
(b) 10, 7311’0
New series = orlgmal es—6
So the new mean = mean - 6

the standard deviation ’is unaffected = 4.

115

o
AR

the standard thlo ted = 4.

(c) 712,73,9, 15,
New series | series x 3
So thege mean X 3 = 6;

eviation is multiplied by 3,

( 0.5, 1.5,25,35
'w series = original serles +2
So the new mean = mean + 2

4+2=2
The new standard deviation is 2.

(e) 7,71,7,11,15
New series = original series x 2 then + 1
So the new mean = mean x 2 + 1

=5,
the standard deviation is multiplied by 2,
4x2=2_8

The new standard deviation is 8.

NB The addition of 1 has no effect on the standard
deviation in the last part of the example.
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Interpreting the standard deviation Under normal circumstz
The standard deviation shows the spread (or 68% of the distribut vithin one standard

dispersion) of values about the arithmetic mean; deviation of the‘&O
the greater the standard deviation then the greater
the gpread. € 95% of the dis n lies within two standard

deviatio
NB When comparing sets of data, you should always

make reference to the mean and standard deviation
and convince the examiner that you understand what
they each measure.

99% of ribution lies within three standard
devi

68% of
distribution

95% of
distribution

99% of
distribution

Mean — 1sd —»
Mean — 2 sd —3»
Mean + 2 sd —»
Mean — 3 sd —»
Mean + 3 sd 3

Mean + 1sd

Mean
Mean
Mean

116
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Dependent events

Two or more events are dependent if one event
happening affects the other event happening as
shown in the following example.

e.g. A bag contains four red and three blue counters.
A counter is drawn from the bag and then a
second counter is drawn from the bag.

With replacement (independent events)
Where the first counter is replaced before the second

counter is drawn then the two events are independent 0
and the probabilities for each event are the same. G

Probabil

4
RR 7X

3x3
77

&lo

first counter  second counter
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Without replacement
Where the first counte
second counter is dra
independent (i.&,tt »
iliti second event will be affected by

dent events)
replaced before the
the two events are not

Probability
4,3_12_2
g_—'"ed RR7IXg=25=7
/6
red~—__ 3
6~— 4,3_12_2
<‘7l/ 6 blue RBSxg=75=5
%\ 4_—red BR3xE=12-2
blue——86
\2
6 3,2_6 _1
o Tbwe BBRxEegp=y
first counter second counter

NB In the second diagram, the probabilities for the
second counter depend upon the outcome of the first
counter.
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HANDLING DATA

Sampling methods

Sampling should be representative of the population
as a whole and sample sizes should be as large as
possible. You will need to know the following
sampling techniques.

Convenience sampling

In convenience sampling or opportunity sampling,
the first people who come along are chosen.

Convenience sampling might involve sampling friends
and members of your own family and is therefore
likely to involve some element of bias.

Random sampling

In random sampling, each member of the
has an equally likely chance of being s

Random sampling might involve gi
of the population a number and t
numbers at random, using some
to generate random num@r
o 2
Systematic sampli

Systematic sampling uses random sampling with
some system involved in choosing the member of the
population to be sampled.

118

?,
Systematic sampling mi de numbering each
member of the pop cording to some system
(e.g. by their nar‘ne ht, etc.).

Stratified

In stratifi
groups

ing
ing, the population is divided into

. From each stratum you choose a
tematic sample so that the sample size
ional to the size of the group in the

ion as a whole.

a class where there are twice as many girls as
boys, the sample should include twice as many
girls as boys.

Quota sampling

Quota sampling involves choosing population
members who have specific characteristics which are
decided beforehand.

Quota sampling is popular in market research where
interviewers are told that:

® there must be equal numbers of men and women or
® there must be twice as many adults as teenagers or

® the sample should include ten shoppers and five
commuters

etc.
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Handling data 15-22

1 The populations of three
villages are given in the
table.

What is the most
appropriate way to take
a sample of 240 villagers?

2 The following table shows
the weights of 50 parcels.

Draw a histogram to
represent these data.

3 The Geography and Physics marks fo;
are shown in the following table.
mean and standard deviation a
comparison of the two sets of

d 5, their mean is 2
n is V2. Find the mean
the following sets of

4 For the numbers 1, 2

numbers.

(a)369&x

5

i &
(© 103, 104, 105
(2 marks) d& 31, 41, 51

(1 mark for each part)

Village Population

Lasminster 2500

Marton 4100

Newcliffe 5900

Weight (kg) Frequency
6-10

11-15

16-25

26-35

ag contains four red and three blue balls. One
all is chosen at random and its colour is noted.
T

he ball is not replaced, then a second ball is

36-55

chosen at random and its colour noted. Draw a
tree diagram to represent this situation and use it
to calculate the probability of obtaining:

(a) two red balls

(b) one ball of each colour.
(2 marks for diagram and 1 mark for each part)

6 The probability that Ben passes the driving theory

Geography | 8 | o9
Physics [ 10 45 6

L L DV

*Q

*

119

test on his first attempt is 7. If he fails then the

(4 marks ) probability that he passes on the next attempt is

¢. Draw a tree diagram to represent this situation
and use it to calculate the probability that Ben
passes the driving test on his third attempt.

(2 marks for diagram and 1 mark for probability)

Total marks = 20
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’,

1 Stratifie_d sampling_A 4 (a) New mean = 6, d =3v2
Population of all villages = 12 500. New series series X 3.
Lasminster: 2500_ 240 = 48 (b) New mean e s.d. = V2

12500 New serl iginal series x ~1.
Marton: 4100, »40 = 78.72 = 79 (c) New m 102, new s.d. = V2
12500 Nagw, = original series + 100.
Newcliffe: VX 240 = 113.28= 113 (d) Newmean = 21, new s.d. = 11%\/?}] L
— ries = original series X en .
All answers given to the nearest integer. 5 & s . e

2 3
200 NB For the >4 s biue
2 weights 6-10, 3 4 red
Ea the boundaries [ T |
8 10 are 5.5 and S — T
g 10.5 0 the 0 Tst ball 2nd ball

° 10 20 30 40 50 60 class widt (@ 7 ixi=1
Weight in ki
B ) §  Ixitixi=
Weight (kg) | Frequency 6 <%/ pass
l(]k:(‘; %\ fail /% " 8. ass
16-25 \%\ s g
26-35 \17‘\ fail
36-55 b ¢ 0‘ L 1st attempt 2nd attempt 3rd attempt
3 Geography: mean = 8, SiP'= 1.41 (3 s.f) $37 Plpassing on third attempt)
Physics: mean = 6.4, s.d. = 2.42 (3 s.f) _ . .
The Physics marks are lower than the - ’;(fal]l anc(l) falll?nd piass)
Geography marks and more spread out. =5X7+t 37 Xqmur = 17
120 TOTAL SCORE OUT OF 20 |
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