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PREFACE

O Level Additional Mathematics Topical Revision Notes has been written in
accordance with the latest syllabus issued by the Ministry of Education, Singapore.

This book is divided into 16 units, each covering a topic as laid out in the syllabus.
Important concepts and formulae are highlighted in each unit, with relevant worked
examples to help students learn how to apply theoretical knowledge to examination
questions.

To make this book suitable for N(A) Level students, sections not applicable for
the N(A) Level examination are indicated with abar (= ).

We believe this book will be of great help to teachers teaching the subje%l audents

preparing for their O Level and N(A) Level Additional Mathemagics ations.
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Simultaneous Equations,
Polynomials and Partial

Fractions

Simultaneous Linear Equations

1. The solution(s) of a pair of linear and/or non-linear equations correspond to the
coordinates of the intersection point(s) of the graphs.

ax+by=p
cx+dy=gq,
where
a, b, ¢ and d are constants, 0\

x and y are variables to be determined.

2. A pair of simultaneous linear equations is of the form o

3. There is usually one solution to a pair of simulta; ear equations.

4. Methods of solving simultaneous linear equati

¢ Elimination (covered in ‘O’ level i

e Substitution (covered in ‘O’ 1 maﬁcs)
e Matrix method (not in syllabe

e Graphical method (cover

Q""‘Q

evel Mathematics)

Simultaneous Equations, Polynomials and Partial Fractions



5. The methods most commonly used to solve simultaneous linear equations are

e Elimination
The coefficient of one of the variables is made the same in both equations. The
equations are then either added or subtracted to form a single linear equation
with only one variable.

Example 1

Solve the simultaneous equations
2x+3y=15
3y+4x=3

Solution 0

2x+3y=15 — (1)
3y+4x=3 —(2) Vs

(D +@2): \
2x +3y)+ (3y+4x) =18 O

6x =18

x=3

When x=3,y=3. c0

&




e Substitution
A variable is made the subject of the chosen equation. This equation is then
substituted into the equation that was not chosen to solve for the variable.

Example 2

Solve the simultaneous equations
2x-3y=-2,
y+4x=24.

Solution

2—3y=-=2 —(1) o
y+d4r=24 — (2

From (1): Vs

24y N

2

x=-l4 2y —(@) 0
Substitute (3) into (2):

y+4(—1+%y)=24 ‘ 0

y—4+6y=24
7y=28

. Substitution
. Graphical method (covered in ‘O’ level Mathematics)
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8. The method most commonly used to solve simultaneous non-linear equations is
e Substitution

9. The substitution method:
Step 1: Use the linear equation to express one of the variables in terms of the other.
Step 2: Substitute it into the non-linear equation.
Step 3: Substitute the value(s) obtained in Step 2 into the linear equation to obtain
the value of the other variable.

Example 3

Solve the following pair of simultaneous equations.
3y=x+3 0
v =13 +2x

Solution Py

3y x+3 —(1) \

yV'=134+2x — (2)
From (1):

y= %x +1 —(3) (Use the linear equati xpress y in terms of x.)

Substitute (3) into (2): c 0

1 2
(3x+1 =13 +2x

lx +x+1—13+2Q

x —
X —12x
(x —18)
8orx=-6
00
WQ (Substitute the values of x into the linear equation to obtain

When X ,y=—1. the corresponding values of y.)

x=18,y=7 or x=-6,y=-1




Example 4

Solve the simultaneous equations

X - 2y2 =-17,
x—y=-4.
Solution
X =2y=-17 — (1)
x—y=-4 —(2)
From (2),
y=x+4 —(3) (Use the linear equation to express y in terms of x.)
Substitute (3) into (1):
#* —2(x+4)’=-17 (Substitute the linear equation into the ar
X —2x —16x—32=—-17 equation.)
X —16x-15=0 ¢
P +16x+15=0 \
(x+ D(x+ 15)=0 (Factorise the quadratic exp, )

x=-lorx=-15

When x=-1,y=3. (Substitute the val into the linear equation

Whenx=-15,y=-11. toobtamthecQ ing values of y.)
x=-1,y=30orx=-15,y= !o

4
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Example 5

The line 2x + y = 5 meets the curve x* + y* + x + 12y — 29 = 0 at the points A and B.
Find the coordinates of A and B.

Solution
2x+y=5 — (1)
F+y +x+12y-29=0 — (2)

From (1),
y=5-2x — (3) (Use the linear equation to express y in terms of x.)

Substitute (3) into (2): Q
X+G-20)+x+12(5-2x)-29=0 (Substitute the linear i

X +25-20x +4x" + x + 60 —24x—29 =0 into the non-linear
55 —43x+56=0

L/
5x-8)(x—7)=0 (Factorise th@ﬁc expression.)
3

x=1 35 orx=
When x = 1é ,y= 1i . (Substitute the value

5 5 .
h
When x=7,y=-9. to obtain the corry

the linear equation
values of y.)

.. The coordinates of A and B are

Q""‘Q

and (7,-9).

&




Definitions

10. A polynomial in x is a mathematical expression of a sum of terms, each of the form
ax", where a is a constant and 7 is a non-negative integer. It is usually denoted as f(x).

ie.fX)=ax"+a, X' '"+a, X'+ ... +a,xX +ax+aq,

11. Examples of polynomials include x* + 2x — 1, 6x* — % x> and =0.2x + x° + 5x°.

2
Examples of non-polynomials include 2x” + % ,4—+xand x + x°.

12. a,,a,_,,...,qa, are coefficients.

a, is also called the constant term.

13. The degree (or order) of a polynomial in x is given by the highest power of x.
For example, the degree of 6x° — 2x* + x — 8 is 3 and the degree of 1 —@c“ is 4.

14. The value of f(x) at x = ¢ is f(c).
For example, if f(x) = 2x’ + x* — x — 4, then the value of f(x)
f()y=201+1"-1-4=-2.

R
Identities 0‘

15. An identity is an equation in which the expre; the LHS (left-hand side) is
equal to the expression on the RHS (right-h e).

16. Methods of finding the unknown @an identity:
S0

e By substitution of special va
* By comparing coefﬁ01ent

Q”Q
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Example 6

It is given that for all values of x, 2x* + 54" = x — 2 = (Ax + 3)(x + B)(x — 1) + C.
Find the values of A, B and C.

Solution
Letx=1:21 +5(1Y°=1-2=(A+3) (1 +B)(1 - 1)+ C (Letting x be 1 leaves
C=4 us with 1 unknown, C.)

Let x=0:2(0)+50)Y-0-2=0+3)0+B)0—-1)+4 (Letting x be 0 leaves
B=2 us with 1 unknown, B.)

Comparing coefficients of x°,
A=2
L A=2,B=2and C=4
Example 7 0

Given that 2x* + 3x" — 14x - 5= 2x - 3)(x + ax + b, where Q(x) is a
polynomial, find the value of a and of b. 0
Solution
Let x = —3: 2(-3)’ + 3(-3)* - =3a+b
10=-3a+b

0 3a-b=-10 — (1)

2
3 3 3
) —14(5)—5=§a+b

§—§a+b
0? 272
2 2
¢ g 3a+2b=-25 — (2)
-0
=-5
a=-5




Long Division

17. When 3x’ + 4x” — 6x + 3 is divided by x — 1,
o the dividend is 3x’ + 4x" — 6x + 3
e the quotient is 3x* + 7x + 1
e the divisoris x —1
e  the remainder is 4.

3x7+7x+1 <— Quotient
Divisor —» x — 1) 3x* + 4x? — 6x + 3 <— Dividend

—(3x* = 3x%)
7x*—6x+3
—(7x* = 7x)

x+3

—(x-1)
4 <«— Remainder
L/

18. Dividend = Quotient x Divisor + Remainder *\

19. The order of the remainder is always at least one ss than that of the divisor.

20. The process of long division is stopped wh egree of the remainder is less
than the degree of the divisor.

Synthetic Method o

21. The synthetic method can b divide a polynomial by a linear divisor.
<?x -1,

To divide 3x° + 4x* — 6
4 —6 3 <«— Coefficients of
3 7 1 the Dividend
3 7 1 4

Coefficients of T
the Quotient  Remainder
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Remainder Theorem
22. The Remainder Theorem states that when a polynomial f(x) is divided by ax — b,

the remainder is f (%) .

23. If f(x) is divided by a quadratic divisor, then the remainder is a linear function or a

constant.

Example 8

Find the remainder when x” — 2x* + 3x — 1 is divided by x — 1.

Solution 0
Let f(x) =x° — 2x° + 3x — 1.

By Remainder Theorem, 0\
The remainder is f(1) = (1) = 2(1)* + 3(1) - 1

SR, o
o""‘&

Q""‘Qﬁ




Example 9

Given that f(x) = ax’ — 8x* — 9x + b is exactly divisible by 3x — 2 and leaves a
remainder of 6 when divided by x, find the value of a and of b.

Solution

. 2
Since (§) =0,

LRGRC

8 -
ﬁa 9 6+b=0

8a—96-162+27b=0 o
8a+27b=258 — (1)
Since f(0) = 6,
a0y’ = 8(0*-9(0) +b =6 \

b=6—(2)
Substitute b = 6 into (1):

8a +27(6) =258 :
a=12
a=12,b=6 0

Q""‘Qﬁ

Simultaneous Equations, Polynomials and Partial Fractions



Example 10

Given that f(x) = 6x° + 7x’ — x + 3, find the remainder when f(x) is divided by x + 1.

Solution

Method 1: Long division
6x” +x—2

x+1) 6X° +7x*—x+3

—(6x" +6x%)
X —x+3

—(x*+x)

-2x+3 0
—(2x-2) e q

.. The remainder is 5.

Method 2: Synthetic method

.. The remainder is 5.

Method 3: Remainder Theorem o
f)=6x"+7x"—x+3

f(=1) = 6(=1)" + 7(=1)* = (-1

=5
.. The remainder is i @

Factor T

24’. B
(e

25. Conversely, if ax — b is a factor of f(x), then f (g) =0 and f(x) is divisible by ax — b.

states that when a polynomial f(x) is divided by ax — b and

n ax — b is a factor of f(x).

UNIT 1



Example 11

Given that x + 2 is a factor of x* + ax’ — x + 4, calculate the value of a.

Solution

Let f(x) =x’ + ax’ —x + 4.

Since x + 2 is a factor of f(x), by Factor Theorem,

f(-2)=0
(2 +a(=2"-(-2)+4=0
8+4a+2+4=0

—2+4+4a=0
1
-2
Example 12

L /

&

Prove that x + 2 is a factor of 4x’ — 13x + 6. Henc @equaﬂom 4 -~ 13x+6=0.

Solution
Let f(x) = 4x’ — 13x + 6.
f(—2) =4(-2)’ - 13(2) + 6
=0
. x + 2 is a factor of 4x’ —
Now f(x) = 4x" — 13x +
Comparing coefficie

( r@t x + 2 is a factor of f(x),
nee to show that f(-2) =0.)

2)(4x* + kx + 3), where k is a constant.

=8+k
k=-8
ie. f(x) —8x+3)
~12x-13)
“?‘0 S +6=0,
000 (x+2)2x-1)(2x-3)=0

snx=2orx=5 orx= 5
2 2
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Example 13

Given that 4x’ + ax’ + bx + 2 is exactly divisible by x* — 3x + 2, find the value of a
and of b. Hence sketch the graph of y = 4x” + ax’ + bx + 2 for the values of ¢ and
b found.

Solution

Let f(x) = 4x° + ax* + bx + 2.

Since x* = 3x+2=(x— 1)(x - 2),

f(x) is exactly divisible by (x — 1)(x — 2), (Factorise the quadratic divisor.)
ie. f(1)=0and f(2) = 0.

When (1) =0, 0
417 +a(1)’ +b(1)+2=0
d+a+b+2=0

a+b=-6 — (1) P i}
When £(2) = 0, \
427 + a2’ +b(2)+2=0 *

32+4a+2b+2=0 0

4a +2b=-34

2a+b=-17 — (2)
(2)-(1):

a=-11 0
b=5

ca=-11,b=5

f(x) 47 — 11X+ 5x + 2 Q@)(px+q)

Comparing coefficients of

1
x=lorx=2orx= -7 (It is a good practice to find the intercepts with
the coordinate axes before sketching the graph.)

UNIT 1



When x =0,

£(0) = 2.
X
0,2) y =1f(x)
> X
1 [0)
(‘Z’O)/ (1,0) 2,0)
Factorisation of Cubic Expressions @

26. A cubic expression is of the form ax’ + bx* + cx + d.

27. Cubic expressions are factorised into: 0\
e 3 linear factors, i.e. (px + q)(rx + s)(tx + u), or *
e 1 linear and 1 quadratic factor, i.e. (px + g)(rx “Where rx” + sx + ¢ cannot

be factorised into 2 linear factors

28. Methods of factorising cubic expressions:
e Trial and error

e Longdivision 0
e Synthetic method
e Comparing coefficients @

29. Sum and difference of ¢
Sum of cubes:

a3
. DifferenccQ

Solving

+b)(a* —ab + b
b =(a-b)a*+ab+b)

quations

30. To soly n f(x) =0,
f(x) using the Factor Theorem.
¢ +8tep synthetic method or compare coefficients to factorise f(x)
*

Simultaneous Equations, Polynomials and Partial Fractions



Example 14

Solve the equation 2x” + x*— 5x + 2 = 0.

Solution
Let f(x) = 2x° + x> — 5x + 2.
f(H=2+1-5+2
=0
.. (x—=1) is a factor of f(x).

By long division,

2% +3x-2

x=1)2x" + x* - 5x+2 0
—(2x° = 2x%) q

3x* = 5x+2 Vs
—(3x* = 3x) \

2x+2

—(2x+2) O
0
fr) = (x— D2x* +3x-2)
=(x-1DQ2x-D(x+2) o@
When f(x) =0,

x:lorx— 5 orx=-2. Q

4
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Py 4

Example 15

In the cubic polynomial f(x), the coefficient of x” is 4 and the roots of f(x) =0

are 3, %and -4,

(i) Express f(x) as a cubic polynomial in x with integer coefficients.
(i) Find the remainder when f(x) is divided by 2x — 5.
(iii) Solve the equation f (\/;) =0.

Solution

1
(i) Since the roots of f(x) =0 are 3, 5 and —4, the factors of f(x) are x

> 2
2x—landx +4.

Given also that the coefficient of x” is 4, f(x) = 2(x — 3)(2x— )
=4x +2x°

L/
3 2
0 f2) =) (2] -s0[g) 4 N
=-26 0
.. The remainder is —26.
(iii) Since f(x) = 2(x — 3)(2x — 1)(x + 4)
f (\/_) = 2(\/; - 3)(2\/; - 1> +4 ote that x is replaced with v/x .)
When f ( x) =0,
2(Vx -3)(2vx - 1)@%
T _3=

or or \/;+4=0

Jx-3=0 1=
fqﬁ X

1
4

Jx =-4 (no real solution)

A==
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Algebraic Fractions
P(x)

31. An algebraic fraction is the ratio of two polynomials of the form D)’ where P(x)

and D(x) are polynomials in x.

Proper and Improper Fractions

32. If the degree of P(x) is less than the degree of D(x), (( )) is a proper fraction.

P(x)
D(x)

33. If the degree of P(x) is more than or equal to the degree of D(x), is an

improper fraction.

P(x) L
DG’ we can make use of long div, to
R(x

P _ R(x) . .
obtain D) =Q) + D)’ where Q(x) is a polynomial and roper

algebraic fraction.

34. From an improper algebraic fraction

35. To express a compound algebraic fraction into partial fra
Step 1: Determine if the compound fraction is pr oper. If it is
improper, perform long division (or use
denominator is linear).
Step 2: Ensure that the denominator is comp
Step 3: Express the proper fraction inpa ﬁ'w tions according to the cases below.
Step 4: Solve for unknown consta tituting values of x and/or comparing
coefficients of like termsqand/ofusing the “Cover-Up Rule”.

Rules of Partial Fr

3. Algeb.ralc Expression used
fraction
_mx+n A B
(ax+b)(cx+d) ax+b cx+d
s
mx+n A B C
factors (ax +b)(cx +d)’ ax+b * cx+d  (cx+d)
Qu.adratic factor e+ n A Br+C
3 which cannot be (@) P P
factorised




Example 16

X . .
Express ———— in partial fractions.
X +x-6

Solution
First factorise the denominator to get the algebraic fraction in the form

f mx+n
Ot ax+b)ex+d)

X+x-6=(x+3)(x-2)
7-2x 7T-2x
X+x-6 (x+3)(x-2)

7T-2x A B
Then, let (x+3)(x—2)_x+3+x—2' q

Multiply throughout by (x + 3)(x — 2),

0\
7-2x=A(x-2)+ B(x +3) Q‘

Letx=2:7-2(2)=5B (Substituting x =2

with 1 unknown, B.)

3
B=3
Letx=-3:7-2(-3)=A(-5) (Substit x =-3 leaves us with 1 unknown, A.)
13
o
L3
5(x-2)

Simultaneous Equations, Polynomials and Partial Fractions



Example 17

x'+9 . .
Express ———— in partial fractions.
X7+ 3x

Solution
x'+9
First we need to perform long division on ————.
X"+ 3x

X
x3+3x5x4+0x2+9
—(x* +3x%)
-3x%+9

x*+9 -3x°+9
=x+

¥+ 3x x3+3x 2 J

3x%+9

=X+ ——
x(x”+ 3)

3x’+9 A Bx+C 0
Lt +n " a3
Multiply throughout by x(x* + 3),
3x*+9=A("+3) + (Bx+o)x 0
Letx=0:9=3A o
A=3
Comparing coefficients of x2|;50

-3=A+B

0

N




Example 18

2x*—2x*—24x-7

. in partial fractions.
x T —x-12

Express

Solution
By long division,
2x
X -x-— 12)2)(3 —2x*-24x-7

—(2x* = 2x* = 24x)

-7
2x°—2x* - 24x -7 -7 0
2 =2+ 5
x T =x-12 x =—x-12 q
-7
=2t —
(x=4)(x+3)
o é

L = )
et G_)x+3) x4 + 13 (Ignore the 2* xpressing
- iMto its partial fractions.)
(x-4

Multiply throughout by (x — 4)(x + 3),
-T=A(x+3)+Bx-4) 0
Letx=4:-7=7A
A=-1

Letx=-3:-7=-7B Q@
. 1 1
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Example 19

8x" —5x+2 . . .
Express —————— in partial fractions.
Bx+2)(x"+4)
Solution
8x" —5x+2 A Bx+C

vl ) > (Note that x* + 4 cannot be factorised
Bx+2)(x"+4) A X+ 4 into 2 linear factors.)

Multiply throughout by (3x + 2)(x” + 4),
8 —5x+2=A("+4)+ (Bx+ O)(3x + 2)

2 80 40
Letx:—g:vsz 0
A=2 <»
Letx=0:2=4A+2C . é
=4(2) +2C \
2C=-6

Cc=-3

Comparing coefficients of x°, O
8§=A+3B
=2+3B
3B=6 0
i O
o 8xX-5x+2 2 3
T Bx+2)(xP+4) x4+ 4

Q’b

&
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Example 20

9-4x

m in partial fractions.
x+3)(x—

Express

Solution

Lo 9=4x _ A B C

Qx+3)(x—-17* 2x+3  x-1  (x-17"

Multiply throughout by (2x + 3)(x — 1)%,
9—dx=A(x- 1)+ B(x— 1)(2x +3) + C(2x + 3)

Letx=1:5=5C
Cc=1
3 ..._25 0
Letx——z.IS— 4A q
12
O
Comparing coefficients of x°, \

0=A+2B

12 0
0_?+ZB &
12
2B=-=
6 c‘:}

B=—§

. 9_4x _ 12 6 L, 1
x+3)x -1 5( S(x=1)  (x-1)

37. Cover-Up

” is a method to find the unknown numerators of partial

W __A B
b)(cx+d) ax+b cx+d

[-2)+a -]+

, where P(x) is a linear polynomial,

Simultaneous Equations, Polynomials and Partial Fractions



Example 21

Express in partial fractions.

3x —
(x+3)(x=-2)
Solution

Let 3x-1 _ A + B
(x+3)(x=2)  x+3  x-=2°

Method 1: Substitution

3x-1 _ A + B
x+3)(x-2)  x+3  x-2

Multiply throughout by (x + 3)(x — 2), q

3x-1=Ax-2)+B(x+3)
Letx=2:5=5B (Letting x be 2 leaves us with 1 unkno

B=1
Letx=-3:-10=-5A (Letting x be -3 leaves us i own, A.)
A=2
3x -1 2 1

T GAd)x-2) x+3 x-2

Method 2: Cover-Up Rule 00

Using the Cover-Up Rule,

_3:3)-1

A="33

and B =




LUNIT | Quadratic Equations,
Inequalities and

Modulus Functions

Relationships between the Roots and Coefficients
of a Quadratic Equation

1. If a and f are the roots of the quadratic equation ax’ + bx + ¢ =0,

Sum of roots, a + f = b
a

Product of roots, o = 2 q

ie. ¥ —(a+P)x+af=0

2. In general,
x> — (sum of roots)x + (product of roots) = OO

3. Some useful identities
(i) +p=@+p)’-2aB
(i) (@—pBY = (a+p)—4ap 0
(i) ' - B = (0’ + B*)(a + B)a EP)
(v) a*+ B = (" + B’ - 2a°Ba
V) a-p=(@a-Plla+
(vi) @’ + B = (@ + BI( ap]

Q’b

4
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Example 1

The roots of the quadratic equation 2x* — 5x = 4 are a and 3.

Find o ;
i o +p% @) 55+,
Solution
From 2x° — 5x = 4, we have 2x* — 5x — 4 = 0.
55
o +ﬁ =—7 = 5
aff = %‘ =-2
2 2
O CHF=@rfi-2af ) gt = S qz
5\ 41
- (5) ~2(-2) =7+

41

&
Example 2 ad:

Using your answers in Example 1 Quadraﬁc equation with integer
coefficients whose roots are a% .

Solution 0?

ie. 16X +41x+4=0.

UNIT 2



Example 3

If a and S are the roots of the equation 2x* + 5x — 12 =0, where a > 3,
find the value of each of the following.

(@ l+% i) @ +f°

a

Solution

a+pf=-

1 <
=25 =6 q
O

2

= N\
s ((\
(ii) a+ﬂ—(a+ﬂ) -2af OQ

- 2(- 6)

Quadratic Equations, Inequalities and Modulus Functions



Maximum and Minimum Values of Quadratic
Functions

4. The quadratic function ax’ + bx + ¢ can be expressed as a(x + h)* + k.

a>0 a<0
A =a(x+h)+k A)i
\ y=a(x+h) (-h. k)
y=alx+h?+k
(=h, k)
> X 7 A} > X
Minimum value = k, when x = —h Maximum value = k, when
Minimum point: (-, k) Maximum point: (-4,
- . L/
Sketching of Quadratic Graphs \
5. Method of sketching a quadratic graph: *
Step 1: Determine the shape of the graph from a
Step 2: Express the function as a(x + h)’ + k to ordinates of the maximum or

minimum point.
Step 3: Substitute x = 0 to find the y-int
Step 4: Substitute y = 0 to find the &-inte (s), if the roots are real.

Q”Qlé

¥
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Example 4

Sketch the function y = x* — 1.

Solution

Step 1: Since y =x” — 1 is a quadratic function and a is positive, the graph is
U-shaped.

Step 2: Comparing with the form a(x + k) + k, we get a = 1, which is greater than 0
so it has a minimum point.

From the function y=x"—1,h=0,k=—-1. (We can express x" — |
.. Minimum point = (0, -1) as (x + 0)* + (1) and co
with the form a(x +

Step 3: When x =0, f(x) =-1.
Step4: Wheny=0,x=1and-1.

Quadratic Equations, Inequalities and Modulus Functions



Quadratic Inequalities

6. If(x—a)x-b)>0,
thenx < aorx>b.

x—a)(x-b)>0

X<a\, x>b
7 >X
a /b
N L
7. If(x—a)(x-b) <O,
thena < x < b.

1 1
1 1
\ 1
\ 1
\ 1
\ 1

\ 1

\ 1

\‘ I,

\\\ [’

\\ ,’

\a<x<b /
\o—————o/ -
a b

(x—a)(x-b)<0

4

If(x-a)x-b)=0,
thenx <aorx=b.

x—a)x-b)=0
X S ; x=b
a, //b X

~o -

If(x-a)x-b) =<0,
thena < x < b.

Q""‘Qo
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Example 5

Find the range of values of x for which 3x* — 4x + 6 < 7x.

Solution
3x* —4x + 6 < 7x (When solving quadratic inequalities, ensure that the RHS of
3 —11x+ 6 <0 the inequality is zero before factorising the expression on the
(Bx-2)(x-3)<0 LHS)

\
\

\

(‘:
w ~

L /

,0(
Jb ac.

—bx b -
8. The roots of a quadratic equation ax, + bx + ¢ =0 are given by x = B P —

9. b —dacis called the discrim@

10. A quadratic equation ha roots when b° — 4ac < 0.
Given a quadratic i *—bx+c,

.. Range of values of x is % sx=<3

Roots of a Quadratic Equajs

it is found
given that < 0 and a > 0, ax’ — bx + ¢ > 0 for all real values of x, and
given th 0 and a < 0, ax* — bx + ¢ < 0 for all real values of x.

Quadratic Equations, Inequalities and Modulus Functions



Example 6

Is the quadratic expression 5x” + 4x + 1 greater than zero for all real values of x?

Solution
Discriminant = 4> — 4(5)(1)
=4

Since b* —4ac < 0 and a > 0, 5x* + 4x + 1 > 0 for all real values of x.

Example 7 0

Find the range of values of k for which the equation 2x° + 5x — real

roots. 0\

Solution

2 +5x—k=0 :
a=2,b=5,c=-k

For the equation to have no real roots

b’ —4ac <0 0
X

57 —42)-k) <0

8k < -25




Conditions for the Intersection of a Line and a
Quadratic Curve

11.

&

Py 4

Nature Intersection of Intersection of
b - dac of y=ax’ +bx+c quadratic curve with a
roots with the x-axis straight line
>0 2realand | y=ax’+bx+ccutsthe | Line intersects the curve
distinct x-axis at 2 distinct points | at two distinct points
roots y \ /
x
a>0
y
0\
X
a<0
=0 2real and | y=ax’ ches | Line is a tangent to the
equal the x-axis curve
roots

Q

i@

y
A

X
a>0
_TTC
a<0

s

Quadratic Equations, Inequalities and Modulus Functions




<0 No real y=ax’ + bx + ¢ lies Line does not intersect
roots entirely above or entirely | the curve

below the x-axis i.e.
curve is always positive
(a > 0) or always negative
(a<0)

y

A

w
%60 )\




Example 8

Find the range of values of k given that the straight line y = x — k cuts the curve
y = kx* + 9x at two distinct points.

Solution

y=x-k — (1)

y=k+9x —(2)

Substitute (1) into (2): (Substitute (1) into (2) to obtain a quadratic equation in x.)

x—k=hke’+9x
ke +8x+ k=0
Since the straight line cuts the curve at two distinct points, o
Discriminant > 0
—4(k)(k)>0
64 —4k*>0  (Remember to invert the mequaht dividing

K¥—-16 <0 by anegative number.)

(k+4)(k-4)<0 o

.. Range of values of k i 4

Q’b

4
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Example @

Find the range of values of m for which the line y = 5 — mx does not intersect the

curve x° +y” = 16.

Solution

y=5-mx —(1)
Y+y'=16 —(2)

Substitute (1) into (2):
X+G-mx)’=16

X+ mx*— 10mx +25=16

(1+m)x* = 10mx+9=0

Since the line does not intersect the curve,
Discriminant < 0

(—=10m)* = 4(1 + m*)(9) < 0
100m> = 36 — 36m*> < 0
64m* —36 <0

16m* -9 <0
4m+3)4m-3) <0

rond
3

) 3
mls—Z<m<Z

3
4

.. Range of

&

*

L /

QO

N
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Absolute Valued Functions

12. The absolute value of a function f(x), i.e. |f(x)|, refers to the numerical value of f(x).

f(x) if f(x) =0
13. |iw)| = () i f(r) < 0

14. [f(x)| = 0 for all values of x.

Example 10

Solve [4x - 3| = 2x.

Solution 0
[ax - 3| = 2x éq

4x—3=2x or 4x—-3=-2x L
2x=3 6x = 3 \
x:é X= —

2

o ¥
..x=§orx=§ &
Example 11 o

Solve |2x— 3| =15. Q
Solution Q@

|2x - 3| =
2x-3

..’.’?,

SoX =

2x-3=-15
2x=-12
x=-6

Quadratic Equations, Inequalities and Modulus Functions



Example 12

Solve [2x 5| =4 —x].

Solution

|2x—5|=|4—x|

2x—5=4-x or 2x-5=—(4-x)
3x=9 =—4+x
x=3 X =

sx=3orx=1

<
Example 13 éq

Solve [x* - 3| = 2x. \

Solution o
|x2 - 3| =2x
X -3=2 or r@—%
X -2x-3=0 & =0
x-3)x+1)=0 -1)=0
x=3orx=-1 3orx=1
Checking the solutions, :Q = 1. (Substitute your answers into the original
é equation to check for any extraneous
Q solutions.)

4
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Example 14

Solve |2x2 - 5x| =x.

Solution
|2x2 - 5x| =X
2 —5x=x or 2% = Sx=—x
28 —6x=0 2% —4x=0
2x(x—-3)=0 2x(x-2)=0
x=0o0rx=3 x=0o0rx=2
Sx=0,x=2o0rx=3 qe
’ é
Graphs of y = |f(x)| \
15. Method of sketching the graph of y = |f(x)|: 0
Step 1: Sketch the graph of y = f(x).
Step 2: The part of the graph below the x- ected in the x-axis.

2
'aQoo
Q

4

Quadratic Equations, Inequalities and Modulus Functions



Example 15

Sketch the graph of y = 2x.
Hence, sketch the graph of y = |2x|

Solution
Sketch the graph y = 2x.

|
I I I I
-2 -1 y 1 2

<
TG
4 \
1, O

To draw y =|2x], reflect the part of th @t ies below the x-axis.

)
1, /y=i

o

P
;

4
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Example 16

Sketch the graph of y = |2x + 1| for the domain —1 =< x =< 1 and state the

corresponding range.

Solution

" (It is necessary to find the coordinates of the

»

critical points.)
T Jy=l|

. Rangeis0 =y =<3 0

Quadratic Equations, Inequalities and Modulus Functions



Example 17

Sketch the graph of y = |x2 —2x = 3| for -2 < x =< 3. State the corresponding range.

Solution

qe
, ¢
y=p—2x-3 '\

e that x* — 2x — 3
x=3)x+1))

o
\

s RangeisO0ssy=<35 c0

+d,

-s h.
-shaped graph.

+ c| is translated up by d units.

16. If a function is defined as y
(@) Ifa>0,itisaV
Ifa<O0,itis

(b) Ifd >

Ifd + c| is translated down by |a'| units.

&

*
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Example 18

Sketch the graph of y = 2|x| - 1.

Solution
Step 1: Sketch the graph y = 2|x].
y
A
1o /y=2
<
| | | | »
T T T X
2 - © 12 p q
41 \

Quadratic Equations, Inequalities and Modulus Functions



LUNIT | Binomial Theorem

Binomial Theorem

1.

For a positive integer n,

@+by=a+| " | b+ " |a" B | T a4 "
1 2 r

n_ n! _n(n-1D..n(n—r+1) o
where ( r )_r!(n—r)!_ rl eq

Number of terms in the expansion of (a + b)"is n + 1 *\

Special case: O
Whena=1, &
(1+b)”=1+['11]b+[ZJb2+...+ %..+b”




Example 1

Find the value of k and of n given that (1 + kx)" = 1 + 48x + 1008x” + ... .

Solution

(I+ko)'=1+ ( ’1‘ ) (kx) + ( g ) (kx)*+ ... (Use the expansion of (1 + b)".)

=1 + nkx + n(n2— D et ..
By comparing coefficients,
x: nk=48 (Compare coefficients to obtain a pair of simultaneous

=B (1) equations.)

: <
X @ = 1008 eg

n(n— DK =2016 — (2) 0\

Substitute (1) into (2):
2304

n(n—1)=—=—=2016 o
n
2304n — 2304 =2016n
o

Q""‘Qo

S k=6,n=8

4
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Example 2

Write down the first 4 terms in the expansion of (1 + 2x)’ in ascending powers of x.
Hence, find the coefficient of x’ in the expansion of (1 + 2x + 3x°)(1 + 2x)’.

Solution
. 7 7 2 7 3 .
(1+2x)' = 1+( )(2x)+( )(235) +( )(Zx) + ... (Use the expansion
1 2 3 .
of (1 +b)")
=1+ 14x + 84" + 280X + ...

(1+2x+ 331 +2x)" = (1 + 20+ 3 (1 + 14x+ 84x° +280x° +...)
S S <

. +280x" + 168x° +42x° + ... (There, to obtain

490X + ... te& anx3.)
. Coefficient of x° is 490 0‘

The notation n!
4. n!=nx(n-1)x(n-2)x...x3x©0

5. Some useful rules:




Example 3

Find the value of n given that, in the expansion of (3 + 2x)", the coefficients of X
and x* are in the ratio 3 : 4.

Solution

G+20)"=... +(;)3"'2(2x)2+( z )3"-3(2x)3 .

=... +(;)3"2(4x2)+( ’; )3”3(8x3) +...

s s 3
%(ilf (®) ) 0\éq

an—(n-2) 2‘2 0
——
°

&~

Find the first 4 term ansion of (1 + 2x)’ in ascending powers of x.

IQi the value of 1.027.

7 2 7 3
1)(2x)+(2)(2x) +(3)(2x) +.

=1+ 14x + 84x* + 280X + ...

Example 4

Use your resu

Solufj
00’&+

Let (1 +2x)' =1.027, thenx=0.01.
1.02" =1+ 14(0.01) + 84(0.01)* + 280(0.01)° + ...
=1.148 68

Binomial Theorem



Example 5

5
Expand (l + %) in ascending powers of x. Hence, deduce the expansion of

5 5 5
@) (1-%), (i) (1%) +(1-%).

Using your answers in (i) and (ii), find the exact value of 1.05” + 0.95".

Solution

bR

’ X 5 5 1
N PR R 3 1 s
(ii) (1+—) +( _5) [1+2x+2x +4x +32x]
5 @ ’ 1 |
+{1—2x+0 = 32x]
=2+ 5x

+50.1)° + %(0.1)4
050 0625




Example 6

Write down the expansion of (1 + p)® in ascending powers of p. Hence, find the
first 3 terms in the expansion of (1 + 2x + 2x)° in ascending powers of x. Use your
result to find the value of 1.002 002° correct to 6 decimal places.

Solution

6_ 6 6|2 [6] 3 6|4, [6)5,([6]6
e A N H N

=1+6p+15p°+20p° + 15p* + 6p° + p°

By comparing (1 + p)° with (1 + 2x + 2x%)°, 0
p=2x+2x
(1420 +20)°=1 +6Q2x + 2x) + 15Q2x + 2x°)° + ... (The first8 onsist of
=1+ 12x+ 126" + 60x" + ... thegeoiStanPtht term in x
=1+ 12x+72x + ... ap@MReIm in x°.)
1.002 002 = 1 +2(0.001) + 2(0.001)° &

Let x=0.001. 0
- 1.002002°=1 + 12(0.001) + 72(0.001)* +

=1.012072 (to 6 d.p.)

General Term o

6.

&

Py 4

o

The (r + 1)" term is

Q

Binomial Theorem



Example 7

Find the 8" term in the expansion of (3 + x)'* in ascending powers of x.

Solution
(r+ )" term = ( 1r2 )3”"x’

8" term = (7 + 1)™ term

— ( 172 ) 312-7x7
=792 (3%) X' o
=192 456x’

Example 8 {\

In the expansion of (1 + x)" in ascending powers of.x, efficient of the third
term is 21. Find the value of n.

Solution 0
In the expansion of (1 + x)", the (r + o“\

Hence, in the expansion o the third term is ( 5 )xz = n(nz— D x x°
.. The coefficie @ term is:
2
’ . . ., . . .
n=-6 (Since n is a positive integer, reject n = —6.)




Term Independent of x

7. Term independent of x refers to the constant term.

Example 9

Find the term independent of x in the expansion of (x2 + %)12 .
Solution
Using T,,, = ( ’: )a"_'b' (Recall the formula for the general term.)
(et <
IERI -
N\
- NS
stant term, i.e. x".)

24 -3r=0 (Term independent of x refers t
r=38

.. Term independent of x is ( 182 @£ 405

Example 10 Q

Find the term i @‘- of x in the expansion of (2x + 3)".

Solut,
,f& of (2x + 3)*, the (r + 1)" term is ( 4 ) x)* 3.
A r
For t rm independent of x,
4-r=0
r=4

. Term independent of x is ( j ) (2x)**3*=81

Binomial Theorem



Indices, Surds and
Logarithms

4

Rules of Indices

1. (a) d"xa"=d""" (b) d"+d"=a"""
() @)'=a™ (d) a"=1,provided a =0
1
() a" = ain ® a =¥a
® a" =4a" = ({a) 0 (@xby=a'xb' qo
. a "_ a" .
(i) (3) = 75 provided 0 . é

N

Example 1 &O
Simplify 812 % 2° = 6. 0
Solution 00

3 3
812x2°+6"=(3*)2x2° =
=3"%2°+




Example 2

Simplify each of the following.
25x5"?

i) 3"x15"+5" i) —————

( ) ( ) 5n _ sn—l

Solution

() 3" x15"+5"=3"x3"x5"+5" (Recall that (a x b)" =a" x b")
- 35n X 52n

25x5""%  5°x5"?
Sn_Sn—l 5n—1(5_1)
=75n

45" o
{\&")

Definition of a Surd

(5" is a common factor in the denominator.)

(i)

2. A surd is an irrational root of a real number, d+/3.

Operations on Surds

3. (@ ax+a=a <(bi a x~/b =ab
(c) %=\/% 0 d) ma+nJa=(m+n)ia
(&) mva-n'a= (%!Q

Exam

'30Iu

V8 =2

I
Ngl
[ oo

Indices, Surds and Logarithms



Example 4

Given that (a + \/5) (3 + b\/f) =8+ 5\/5, find the possible values of a and of b.

Solution
(a+ﬁ)(3+bﬁ):3a+abﬁ+3ﬁ+2b
=3a+2b+(ab+3)V2

By comparing,
3a+2b=8 — (1) (Equate the rational terms and the irrational terms to obtain
ab+3=5 —(2) 2equations.)

From (2), o
ab=2 q
2
b==—0) p é
Substitute (3) into (1): \

3a+2(2) 8

S,
3¢°-8a+4=0
(Ba-2)a-2)=0 z

a= g,b=3ora=2,b=:e
Conjugate a
4. aym+b — b~/n are conjugate surds.
5 Jm. = b\/;) = a’m — b*n, which is a rational number.
6. pro air of conjugate surds is always a rational number.
*

UNIT 4



Example 5

simplify (v3+3v2)(v3-342).

Solution

(V3 +3V2)(V3 - 32) = (V3) - 9(2)

Rationalising the Denominator

7. To rationalise the denominator of a surd is to make the denominato: @al

number.
w YE_Jb Ja
Va Ja  Va
Jab

a-+b
T a-b c
Example 6 0
Rationalise the a g\/\/gii
3J2-3
P, ¥3 7 32-3
A (32) + 652 -9v2 -6
) -
_12-3{2
-9
42
-3

Indices, Surds and Logarithms




Example 7

The sides of rectangle ABCD are (3 + J§) cm and (5 - i) cm in length.

V2

Express, in the form of a + bx/f , where a and b are integers,
(i) the area of the rectangle in cm’,
(ii) the area of a square in cm’, given that AC is one of its sides.

A B

b (3+x/§)cm ¢

<
Solution éq

(i) Area of rectangle ABCD = (3 + \/g)(S - %)

=15- 12 +54/8 ationalise the
V2 denominator of 12 )
enominator of —= .
1242 Ng)

=15-

(7
(i) Area of square = AC®

Np)

4\
= 5- ﬁ) (Apply Pythagoras’ Theorem.)
Qbﬁ +8425 -

= 50+12v2 - 2042

= (50 - 8\/5) cm?

ﬂ+8
V2




Common Logarithms and Natural Logarithms
8. log,, is called the common logarithm and it is represented by Ig.

9. log, is called the natural logarithm and it is represented by In.
Laws of Logarithms

10. (a) log,x +log,y =log, xy (b) log,x—log,y= logag
(¢) log,x =rlog,x

More Formulae on Logarithms

lo
11. (a) log,b= 1026 (Change of Base Formula)

(b) log, 1= 0
(¢) log,a=1 é

(d) d°*=y (Forlog,y to be a real number, y > 0) 0\

(e) log,a"=x
Example 8 0
Simplify log; 81 —logs 125 + logo
Solution Q
log, 8
log, 81 — o 5@8_10& 3*_log, 5 + mggﬁ
=41log,3 -3 log 5+ M
510g22
Py 4 —4-346
» =7

Indices, Surds and Logarithms




Solving Exponential Equations

12. Givena'=b,
e If b can be expressed as a power of a,e.g.b=a’,thena’'=a’ = x=y.
e If b cannot be expressed as a power of a,
Igb
e take common logarithms on both sides,i.e. xlga=1gb=x= lg_a ,or

e take natural logarithms on both sidesifa=e,ie.xIne=Inb=x=1Inb

Example 9

Solve the exponential equation 9 = 3*.

Solution qo
&

3?=3" o
2=4x \
_1

r=2

Example 10 ed :
Solve the equation 3¢’ — 5 =2¢™. o

Solution
3¢’ -5=2e" 0
3¢’ -5- =Q/‘
ultiply by e’.)

3(e”)* - 5¢’
Letw=¢"

% or w=2
e = —% e’=2 (Note thate’>0.)
(no solution) y=In2

=0.693 (to 3 s.f.)

UNIT 4




13. Given p(a™) + g(a’) +r=0,
Step 1: Substitute u = a* to get a quadratic equation pu’ + qu + r = 0.
Step 2: Solve for u and deduce the value(s) of x.

Example 11

Solve the exponential equation 2™ *' = 6(2") — 4.

Solution
22x+l - 6(2x) _4
(2)(2) =6(2" -4
Let2'=y. 0
2y’ =6y —4
2y’ —6y+4=0
Y =3y+2=0 L\ /

0-20-D=0 \

y=2 or y=1
2"=2' 2°=2°

x=1 x=0 &
Example 12 CQ

Without using a calculator, s@ equation 9" — 2—38(3") +3=0.

Solution

1
y=3 or y=9
x_l X
3—3 3=
x=-1 or x=2

Indices, Surds and Logarithms



Solving Logarithmic Equations

14. To solve logarithmic equations,

Step 1: Change the bases of the logarithmic functions to the same base.
We usually choose the smaller as the final base.

Step 2: Use one of the following methods to solve the equations.
(a) Iflog,x=1log,y,then x =y and vice versa.
(b) Iflog, x=b,thenx =a’.
(¢) Use the laws of logarithms to combine the terms into the forms

described in method (a) or (b).

Example 13 0

Solve the equation log, 32x — log, (2x” + x — 54) = 3 log, 2.
L/

Solution \

log, 32x —log, (2x° + x — 54) =3 log, 2

32x 3 :
log ————— =log, 2
& 2x2 +x—54 & &
=8
2x 4 x — 54 0
32x = 16x 8x4432

16x% — 24x — 432 =
2x -3x-5
2x+9)(x —
= % (rejected) or x =6 (Substitute your answers
Q into the original equation
to check if any solution

needs to be rejected.)

¥




Example 14

Solve the equation log; (x + 2) = 5.

Solution

log;(x+2)=5
x+2=3°
x =241

Example 15

(a) Solve the equation Ig (6x +4) —1g (x-6) = 1. 0
(b) Find the value of x given that ¢" = 10.
L/ i }

Solution \

(@ lgx+4)-lgx-6)=1 0
6x+4
lg Y6 =1 &
6xx +64 =10 ( a@ ¢ exponential form.)

6x+4=10x=60
4x =

x=

(b) e °=10

x—e= ead of Ig because Ine =1.)

Indices, Surds and Logarithms



Example 16

Solve the simultaneous equations

e«/e_"=e2y ,

log, (x+2)=1+1log, y.

Solution
eer =e¥ — (1)

log, x+2)=1+1log,y — (2)

From (1),
ele% =e” 0
e 1 el
1+ 5=2 °
x=4y-2 — (3) \
From (2),

log, (x+2) =1+log,y (Apply the ;; Base Formula.)
log, 4
log, (x+2)=2+2log,y (Rearr eYogarithmic terms to one
log, (x +2) —log, y" =2 Sj @quation.)
X+2
log, —— =2
y
xX+2
v !

(Substitute your answers into the original
equations to check if any solutions need to be
rejected.)




Example 17

At the beginning of 1980, the number of mice in a colony was estimated at 50 000.

The number increased so that, after n years, the number would be 50 000 x el o,

Estimate

(i) the population of the mice, correct to the nearest thousand, at the beginning of
the year 2000;

(ii) the year during which the population would first exceed 100 000.

Solution
(i) At the beginning of year 2000, n = 20.

. Population of the mice = 50 000 x e***” 0

= 136 000 (to the nearest thousand)
(i) Let 50 000 x " = 100 000
e0A05n — 2 0
0.05n=1n2 \
n=13.86
.. The population will exceed 100 000 in t 93.

15. Graphsofy=a"

Graphs of Exponential @ns

y=a",where a> 1 y=a',where0<a<1

X X

=]

a“ must pass through the point (0, 1) because a’ = 1.

Indices, Surds and Logarithms



Graphs of Logarithmic Functions

16. Graphs of y =log, x

y y
A A
y =log, x,
where a > 1
0 1 » X 0 1 » X
y=log,x,
where 0 < a <1
Example 18 % é

Sketch the graph of each of the following function@*

(@ y=e¢ '+1 (b) y=2e!
(¢) y=In(2x-3) @ y= X)
Solution oiz:

(a)




(b) "

2e
\y=2el—3x
> X

(c)

>

y=1In(2x-3)

Indices, Surds and Logarithms



Example 19

Sketch the graph of y = ¢**'. By drawing a suitable straight line on the same graph,
find the number of solutions of the equation x + 1 =1n (5§ — 2x).

Solution

x+1=In(5-2x)
e =5-2
Draw y =5 —2x.

y
A
\5
_—/e
o

.. There is 1 solution.

Q""‘Qo




ILJNIT | Coordinate Geometry

»
-

(0]

e and Collinear Points

X=X X=X

Coordinate Geometry



4. m>0 m<0
ie.0°<6<90° i.e.90° < 6 < 180°
(line slopes upwards) (line slopes downwards)
y y
9 ‘ \’\ﬁ ‘
ol - 0 o
m=0 m is undefined
ie.0=0° ie.0=90°
(horizontal line) (vertical line)
y {1 A
A
5. IfA(x,,y), B(x,,y,) and C(x;, y;) are collinear, t nt of AB = gradient of

BC = gradient of AC and area of AABC =0.

Parallel and Perpendicu I@s

6. Given that two lines /, and /, hav, s m, and m, respectively,
e [ isparallel to [, if m, =
e [, is perpendicular to /

7. The perpendicul
midpoint of

a’line AB is defined as a line passing through the
it into two equal halves and it is also perpendicular to AB.

Perpendicular bisector




Equation of a Straight Line

8.

9.

10.

2

Gradient form: y = mx + ¢, where m is the gradient and c is the y-intercept

X . .
Intercept form: PR Y= 1, where a and b are the intercepts the line makes on the

b
x-axis and y-axis respectively

General form: Ax + By + C =0, where A, B and C are constants

Example 1

Find the equation of the perpendicular bisector of AB, where A is (3 1@ Bis
(7,2).

Solution 2/
Midpoint of AB = 3 7 , 10+ 2) (The perpendi isector of AB passes
5.6 through the tof AB.)
Gradi f AB = 10-2
radient o =37
=2
Gradient of perpendicular bisec v (mm,=-1)

Equation of perpendicular bi

y—6= % x=95) y—y, =m(x —x,), we require the gradient and the
nates of a point on the line.)

Coordinate Geometry E



Example 2

A line segment joins P(5,7) and Q(x, y). The midpoint of the line segment is (4, 2).
Find the coordinates of Q and the equation of the perpendicular bisector of PQ.

Solution
S+x T+y)_
( 5 )—(4,2>
S+x T+y
S =4 5= =2
x=3 y=-3 0
- 0(3,-3)
Gradient of PQ = = _(_33) Py

| \

Gradient of perpendicular bisector = — 3

Equation of perpendicular bisector: 0
y-2 1
x—-4 5 &
Sy—10=—x+4 0
b O
5 5

Collinear Points Q
11. Q@
C
B
e A

** Fro 1agram, three points A, B and C lie on the same line. We can say
that they are collinear.

To show that the points are collinear, determine 2 of the 3 gradients of the line
segments AB, AC and BC. The gradients must be equal, i.e. m,; = m,,

My = Mpc O Myp= Mpc.

UNIT 5



Area of Polygons
12. If A(x,, y,), B(x,,¥,), C(x3,y5), ... , and N(x,, y,) form a polygon, then

X Xy X3 ... X, X
Area of polygon = LI :

2 N PR DU A
1
=3 (2 +XY3+ o F XY Y XYy e = XY,)
13. If A(x,, y,), B(x,, y,) and C(x;, y;) form a triangle ABC, then
X X, X3 X
Area of AABC = L % A n
2lm v v
14. Vertices must be taken in a cyclic and anticlockwise order. 0
Example 3 Py
Find the area of a triangle with coordinates A(20,—1), and C(10,5).
y
A
€(10.5) ( a\@iagram to visualise the relative
: ns of the vertices of the triangle.)
B(30,0)
0 X

Soluti

Q""‘Q

(| 30 10 20 30
C=3
”‘Q 0 5 -1 0
AS |
= E|(150 —10) — (100 — 30)
1
= §|(140_7O)|
= 35 units’

Coordinate Geometry



Example 4

A triangle has vertices A(4,0), B(10, 4) and C(9, 0). Given that ABCD is a

parallelogram, find
(i) the coordinates of the point D,

(ii) the area of the parallelogram ABCD.

Solution
y
A
(Use a sketch to help you
l B visualise the position of De
A ‘ﬂc.l »x
0 V 910 Vs \
D

O

(i) Let the coordinates of D be (x, y).

Midpoint of BD = Midpoint of A
10+x 4+y) (4+9 0+
2 2 )27
10+x 4+9 4+y
2 T 22
x=3
~.D(3,-4)

am ABCD
10 4

4 0

-16+ 36+ 36— 16)

=20 units’

@ iagonals of a parallelogram
ect each other.)

(Remember to take the vertices in a
cyclic and anticlockwise order.)

UNIT 5



Example 5

A(-1,-1),B(-2,2) and C(2, 1) are three vertices of a parallelogram ABCD.
Find the midpoint of AC. Hence, find the coordinates of D.

Solution
Let the coordinates of D be (h, k).

B(—Z ’ 2) T

O

)

(Use a dket elp you
visuaﬁ( osition of D.)

o0
K

A1, -1

-1+2 -1+
2 72

Midpoint of AC = (

Coordinate Geometry



Ratio Theorem

15.

Internal point of division

External point of division

Let the point P divide the line AB
internally in the ratio m : n, then P is

the point |+ X 1y + MYy, )
m+n m+n
y
A
"B (x,,y,)
2P

A (x5 1)

Let the point Q divide the line AB
externally in the ratio m : n, then Q is

mx, —nx,  my, — nyl) ,

m-—n

m-—n

the point (




Example 6

y
A ¢
A(=2,4)
P(0,2)
04, 1)
TN 7 @
B

The diagram shows a triangle ABC in which A is the poi X . The side AB
cuts the y-axis at P(0, 2). The point Q(4, 1) lies on BC the’line AQ is

perpendicular to BC. Find

(i) the equation of BC,

(ii) the coordinates of B.

Given further that Q divides BC internallysin the ratio 1 : 3, find

(iii) the coordinates of C,
(iv) the area of triangle ABC. o
Solution @

(i) Gradient of

2ol
2
=2
‘:?. BC:y-1=2(x-4) (To use y —y, = m(x — x,), we require
*

y=2x-7 —(1) the gradient and the coordinates of a
point on the line.)

Coordinate Geometry



ii) Gradi fAB—ﬂ
(ii) Gradient o =350

=—1

Equation of AB: y=—x+2 —(2) (We can usey = mx + ¢ because we know
that the y-intercept is 2.)

Solving (1) and (2), (Since B lies on AB and BC, we solve the equations of

x=3 these 2 lines simultaneously.)
y=-1
- B@3,-1)
(iii) C(x,y) (Use a sketch to help you visualise the
position of C.)
3

0@, 1) ‘\

B@3,-1)
Let the coordinates of C be (x, y). O
Using Ratio Theorem,
33)+1(x) 3D +1(y)) _
( 341 0 3+1 )L 0
9+x _ y-3_ o
4 =4 4 =1

_ -2 (Remember to take the vertices in a cyclic
‘, » 4 and anticlockwise order.)
oo
00’: +28-12+7+ 14)

= 30 units’

UNIT 5



(UNIT | Further Coordinate
Geometry

6

Equation of a Circle

1. Standard form
(x-a)+@-b’=r
where (a, b) is the centre and r is the radius

2.  General form o
XAy +28x+2fy+¢c=0
where (=g, ~f) is the centre and y/g” + f* — ¢ is the radiug

Example 1 O*\

Find the equation of the circle with centre (&adius of 8.
Solution 0

Equation of circle:

x-17+@y-2 =8 0

x-17+(y-2) =064

Q’b

4

Further Coordinate Geometry



Example 2

A circle has centre (-1, 1) and passes through (2, 5).
(i) Find the equation of the circle.
(i) Determine if (3, 3) lies on the circumference of the circle.

Solution
(i) Radius, 7 =4/(2+1)*+(5-1)> (To find the equation of the circle, we need

=5 the radius and the coordinates of the centre.)

. Equation of circle is (x + 1)’ + (y — 1)’ =25
X +2x+1+y -2y+1=25

X+y +2x-2y-23=0 q
(ii) Substitute x=3,y=3into (x + 1)’ + (y — 1)™:

L /

BG+1)+3-17=20 \
.. (3, 3) does not lie on the circle. (In fact, (3%‘1@ the circle.)

Example 3
A circle has the equation x* + y* — 10x + 6§+ 9 = 0.
Find the coordinates of the cent: 1us of the circle.
Solution Q
N
(x—5) =25 -9+49=0
(y+3)’=5

e =(5,-3), radius =5




Example 4

Find the coordinates of the centre and the radius of a circle with the equation
X4y —2x—4y+5=64.

Solution

X4y —2x—4y+5=064
X +y -2x-4y-59=0

Comparing this with x* + y* + 2gx + 2fy + ¢ =0
2g=-2 2f=—4 c=-59
g=-1 f=-2

Centre of circle (—g,—f) = (1,2) 0
Radius of circle = ./gz +fi-c
= JCD? + (27 +59 ’\

=38

Example 5 &

Find the radius and the coordinate§ of th tre of the circle

2 42y =3x+4y+1=0.

Solution

3
.. Radius = g, coordinates of centre = (Z’ - 1)

Further Coordinate Geometry



Example 6

Show that the line 4y = x — 3 touches the circle x* + y* — 4x — 8y + 3 =0.
Hence, find the coordinates of the point of contact.

Solution

dy=x-3 — (1)
X +y —4x-8y+3=0 —(2)

From (1),
x-3
Substitute (3) into (2): 0
2
x2+(—x;3)—4x—8(x;3)+3=0 q
, L/
x2+x_1676x+9—4x—2x+6+3=0 \

1687+ —6x+9—64x —32x +96 + 48 =0

17x* = 102x + 153 =0 o
X—6x+9=0
Discriminant = (—6)” — 4(1)(9) 0
=0 ‘ |l
.. The line is a tangent to the ci%

Solving X’ —6x+9 =0,
(x=37=0

:0)

.. Point of

&

*




Further Graphs

3.  Graphs of the form y* = kx, where k is a real number

(@) k>0

>

Y =kx, k>0

o/
—

4. Graphsof y=ax"

(a) nisevenanda >0
eg.y=3x

y
A

(¢) nisoddan ; (d) nisoddanda <0

eg.y=-2x

(b) k<0

V= ke, k<0

L

_

(b) niseven and < a

e.g.y=-3x

‘Q

0’0

»
-

Further Coordinate Geometry



5.

Graphs of y = ax™

(@) nisevenanda >0
eg.y=3x"

A

/N

(¢) nisoddanda >0
eg.y=3x"

»
|

Q

(b) nisevenanda <0
-2

e.g.y=-3x

WOF
(d) nisoddanda <0 éq

eg.y=-3x"

O
7

X

o
s




1
6. Graphsof y = ax”"

(a) nisevenanda >0 (b) nisevenanda <0
1 1
e.g.y=4x° eg.y=—4x°
y y
A A
5 > X 2 >

1

1
eg.y=3x7 eg.y=-3x" ¢

x O

0 0
o&o
Q

(¢) nisoddanda >0 @) nisoddanda <0 Q

»

Further Coordinate Geometry



1
7. Graphsof y=ax "
(@) nisevenanda >0

1
eg.y=4x 10

N

y
A

(¢) nisoddanda >0

1
eg.y=05x"

<

X

N

Q

(b) nisevenanda <0

1
eg.y=—4x10

y
A

(d) nisoddanda <0 QE
1
X

y

o [9) ‘ /

o
s




Linear Law

(not included for NA)

The Linear Law

1.
y
A
gradient = m
L/
P \
X
o e
If the variables x and y are relate uation y = mx + c, then a graph of the
values of y plotted against thei e values of x is a straight line graph.
The straight line has a gra nd it cuts the vertical axis at the point (0, ¢).
2. Linear Law is used t on-linear functions to the linear form y = mx + c.

3. To reduce conflis ometimes denote the horizontal axis as X and the vertical

Linear Law



4. Some of the common functions and their corresponding X and Y are shown in the

table.

Function X Y
1. y=ax"+b X' y

1
2 y=_”+b xn y
n " 1
3. —=ax"+b X -
y
4. y=a¥/x+b x y
S. y=ax/;+i ieyJx =ax +b y\/;

Jx
6. xy=%+bx ie. X’y=bx'+a Xy
or y=%+b y
X

X X
y
1 1
x y
1 1
X y
2 y

X
y—n
X X




&

Q

£

Function X Y
10. y=a’x’ + 2abx + b’ ie. y =ax+b X \/;
or fy =—ax-b X \/;
11. y= a ie l=lx—é X 1
x=b y a a y
12.y=ax’ ie. lgy=blgx+lga Ig x gy
or Iny=blnx+Ina In x Iny

13.y=ax"+n ie. lg(y—n)=blgx+lga Ig x (y-n)
14. y = ab* ie. lgy=xlgb+lga Igy

i L)

15. y”=% ie. 1gy=x(%)—lg7“ @ x lgy
16.ya'=b+n ie.lgy=(-lga)x n) X Igy
17. 3 = 107+ ie. lg@@ % Igy
18. )’ =™ ' @%x+% x Iny

Linear Law



Example 1

The variables x and y are related in such a way that when y — 3x is plotted against
x%, a straight line passing through (2, 1) and (5, 7) is obtained. Find

(i) yinterms of x,

(i) the values of x when y = 62.

Solutfion

With reference to the sketch graph and using Y to represent y — 3x and X to represent x”,
. . .. Y-1_ 7-1

the equation of the straight line is X_2-5.3"

ie.Y-1=2(X-2) y—3x 0
Y=2X-3 i

@) y—3x=2x2—3
y=2x"+3x-3

(5 ,0\
(i) Wheny =62, :‘

2 +3x-3=62

2 +3x-65=0

(x=-52x+13)=0
13

x=50rx=—7

Q""‘Q

¥
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Example 2

It is known that x and y are related by the formula xy = a + bx, where a and b are

constants.

X

2

4

6

8

10

y

38

21.3

15.8

13.1

11.5

Express this equation in a form suitable for drawing a straight line graph. Draw this

graph for the given data and use it to estimate the value of a and of b.

Solution
Since xy = a + bx,
=2 4p
y= P .

o1 . . .
Plot y against o gradient = a, vertical-axis intercept =

b‘\

Q""‘Qo

x 2 4 10
y 38 213 115
% 050 | 025 0.10

Linear Law E



353

From the graph, vertical-axis intercept = 4.8

L.a=6067,b=438

Using (0.08, 10) and (0.5, 38), gradi =@m
=66.7 (to 3 s.f.)




&

Example 3

The volume (V) of a container and the height of the container (x) are connected by
an equation of the form V = hk", where h and k are constants.

X

1

2 3

4

5

|4

12.6

25.1 50.1

90.0

199.5

(a) Express V= hk"in a form suitable for drawing a straight line graph.
(b) Plot this straight line graph and use it to estimate the value of /4 and of k.

Solution
(a)

Py 4

V = hk'

lgV=(Ighkx+l1gh
Y=mX+c

Gradient = 1g k

Y-intercept =1g h

Q

L /

N

O
o’z‘&

o
s

QG

Linear Law



(b) x 1 2 3 4 5
14 12.6 25.1 50.1 90.0 199.5
IgVv 1.10 1.40 1.70 1.95 2.30
oV
A
R
4,201
9]
0 [
3 1 > X
1
\
[
From the graph, 0

vertical-axis interce

£631 (to 3s.f)
44,2.1),

k=197 (to3s.f)




IUNIT | Trigonometric Functions
and Equations

Basic Trigonometric Ratios

1.
A
90° -0 Eq
o0

. sinO:%
o cosc9=%
o tant9=z

x

e ¢o0s (90°- 0) =sin O
e cot(90°-0) =tan 6

cosec 6 e cosec (90° —6) =sec O

Trigonometric Functions and Equations



Basic Angle (or Reference Angle)

3. The basic angle, a, is the acute angle between a rotating radius about the origin and
the x-axis.

. sin (-6) = —sin 0

4 cos (—0) =cos 0

° tan (—0) = —tan 6 0

Signs of Trigonometric Ratios in the Fou ants
4.

Sine positive

x=180°-«a

x=180°+a x=360°-a

Cosine positive




Example 1

Given that cos 6 = —i and that 180° < 6 < 270°, find the value of sin 6 and

5

tan 6.
Solution

y

A

—4 N .
0 z
|
’ é !
0 lies in the 3" quadrant. \
4’ +a* =5
@=25-16 0
=9
a=-3 (Since a lies in the negati ,a<0)

o c_,’&‘
Q""‘Q

%

Trigonometric Functions and Equations



Example 2

Given that sec o = }—; and that a is an acute angle, find the value of each of the

following.

(i) sina

(i) tan (90° — )
(iii) cos (180° — a)

Solution

17 . 15
sec a = 5 i.e.cosa= 7 (Recall that sec x = o5t )

<
y {\é@

»
-

17 50° - a (Use Pyth eorem to find the length
8 of the g site a.)
a
: cfa
(i) sina=-5

(i) tan (90° —a) =

@Q

(iii) cos (180>

4




Example 3

Given that 270° < < 360° and sin 3 = —% , find the value of each of the
following without using a calculator.

(i) cosp

(i) tanf

Solution

lies in the 4" quadrant.
q

Y+a=5
a=25-16
=9

a=3 (Since a lies in the
positive x-axis, a > 0.)

) cosf= %

(ii) tanf = —%

Trigonometric Functions and Equations



Trigonometric Ratios of Special Angles
5.

0 sin 6 cos 6 tan 0
0° 0 1 0
3002 & 1 V3 V3
) 2 2 3
5o 8 N & 1
4 2 2
60°= = V3 1 J3
3 2 2
"7
90° = 3 1 0 U
180° =7 0 -1 Py
270° = 37” -1 @ Undefined
360° =21 0 @ 0




Example 4

Find all the angles between 0° and 360° inclusive which satisfy each of the following

equations.
(i) Ssinx—6sinxcosx=0

(i) 1+2 sin (%+15°) =0

Solution

(@ Ssin*x—6sinxcosx=0 (Do not make the mistake of dividing throughout
sinx (5§ sinx—6cosx) =0 by sin x, as you will then be short of answers.)

S5sinx—6cosx=0
5sinx=6cos x
tan x = 6 (Recall that tan x = s
5 cos
a =50.19° (to 2 d.p.)
x=150.2°,230.2° (to 1 d.p.)

~ox =0°,50.2°,180°,230.2°, 360°

(i) 1+2 sin (%+15°) =0 0
sin (% + 15°) = l@o
EL, 330° (The required angles are in the 3 and

4™ quadrants.)

3 195°, 315°

-y =130°,210°

Trigonometric Functions and Equations E



Graphs of Trigonometric Functions

6. y=
7. y=
8. y=

a sin bx
amplitude = a
360°

period = b

a cos bx
amplitude = a
360°

period = b

a tan bx

period = L

y =acos bx

9. To sketch the graphs of y=asin bx + cory=acos bx+cory=atan bx +c:

Step 1: Draw the graph of y = a sin bx or y = a cos bx or y = a tan bx.

Step 2: If ¢ > 0, shift the graph up by c units.
If ¢ < 0, shift the graph down by |c| units.

UNIT 8



Example 5

Sketch the graph of y = 3 sin 2x — 1 in the domain 0° < x < 180°.

Solution

First, sketch y = 3 sin 2x.
It has an amplitude of 3 and period of 180°.

Trigonometric Functions and Equations 101




Example 6

Sketch the graph of y = tan x| + 1 for 0° < x < 360°.

Solution

First, sketch y = |tan x|.

y
A

y =|tan xl

s e T TE TR e
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Example 7

Sketch on the same diagram, for 0 < x < 2, the graphs of

(i) y=1+4sinx,

(i) y=2cosx.

Hence, deduce the number of roots of the equation 2 cos x = 1 + 4 sin x for

0=x=2m
Solution
y
A
5T (Todraw y =1 + 4 sin x, we first draw y = 4 si before
translating it by 1 unit upwards.) z
24 y=2cosx
11 / S
0 NG 2m ot \
2
24 y=1+4sinx 0
3+

From the graph, there are 2 roots.  (The joft is asking for the number of

C jon points between the graphs.)
Fundamental Identiti

o

10. sin cos

tan

9{&. )

*

S|

0

12. cotf = sn 0
13. sec O = 1
: ~ cos O

14. cosec 6 = L
sin 6

Trigonometric Functions and Equations 103




UNIT | Trigonometric Identities
and Formulae

Fundamental Identities

siffA+cos’A=1
tan’ A + 1 =sec’ A
3. cot? A+ 1=cosec’ A 0

Example 1 0\

1+sinx
Prove that —— — =tan x + cot x + sec x.
sin x cos x

Solution &
RHS = tan x + cot x + sec x 0

sinx Ccosx 1

= +—+
cosx sinx cosx

sin® x + cos” x + sin
sin X coS x

1+ sin x
sin x ¢os

e identity sin® x + cos’ x = 1.)

4
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Example 2

1 1

_ 2
T+cosf " 1—cos@ =2 cosec 0.

Show that

Solution

_ 1 + 1
1+cos@ 1-cosé

_ I—cos@+1+cos0

LHS

1-cos’ 0
= —5— (Use the identity sin’ 6 + cos’ 6 = 1.)
sin” @ 0
1
=2 cosec” § = RHS (proven) (Recall that cosec 6 = ] Q

L /

N

Example 3

Prove that sec* 6 — sec’ 0 = tan® 0 + tan® 6. &
Solution C 0

LHS = sec* @ —sec’ 0

roven)

=tan’ 0 + tan* 0 =

=sec’ O (sec’ O 1) @
= (1 + tan’ f)(tan’ Q)Q e identity tan” 6 + 1 = sec’ 6.)

4

Trigonometric Identities and Formulae 105




Example 4

Find all the angles between 0° and 360° inclusive which satisfy the equation
3tan’y +5=7sec y.

Solution

3tan’ y+5="7secy
3(sec’y—1)+5=7secy (Usetan’y+ 1=sec’yto obtaina

3sec’y—Tsecy+2=0 quadratic equation in sec y.)
(Bsecy—1I)secy—-2)=0
3secy—1=0 or secy—-2=0
1
secy =3 secy=2
cos y =3 (no solution) cosy= 1

2

“=g0

Compound Angle Formulae
4. sin(A+B)=sinAcos B=+cos AsinB

5. cos(A+B)—cosAcosB+smAs6
At B
6. tan(A+B)= tan

1¥tan A tan B

Q""‘Q

&
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Example 5

Find all the angles between 0° and 360° which satisfy the equation
5 sin (x + 60°) = cos (x — 30°).

Solution

5 sin (x + 60°) = cos (x — 30°)
5[sin x cos 60° + cos x sin 60°] = cos x cos 30° + sin x sin 30°

1. V3 3 1.
5[§smx+700sx}—700sx+5smx

5 sin x + 54/3 cos x =+/3 cos x + sin x 0
4 sin x = —-4/3 cos x
tan x =—/3 (Recall that tan x = &
a =60 Py

sox=120°,300° (x lies in t@w 4™ quadrants.)
Special Identities &c

7. sin (0 + 2nm) = sin 6, where n is an integ
8. cos (6 + 2nm) = cos 0, where n is

9. tan (0 + 2nm) = tan O, where n is an inte@er
10. sin (90° + ) = cos 6

11. cos (90° = 0) =Fsin 0 @
12. tan (90° = 0) = Fcot
13. sin (180° = Q

14. cos (180° s6
15. tan (180, n 6

&

*

Trigonometric Identities and Formulae
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Double Angle Formulae

16.
17.

18.

&

sin 2A =2 sin A cos A
cos2A =cos’ A —sin® A
=2cos’A-1
=1-2sin*A
tanzA: ﬂ
1-tan" A
Example 6

Given that tan 6 = —% and 270° < 0 < 360°, find the value of
(i) cos(-0),

(i) cos (90° -6), 0
(iii) sin (180° + 0),

(iv) sin 26.

Solufion *
(i) cos(-60)=cos O 0

_3 y
-5
(i) cos (90° — 0) =sin 0
__4 9 3 .
P
(iiii) sin (180° + 0) = —sin Q -4
5
4
s;

(iv) sin 20 =

23

*
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Example 7

Given that cos 2x = % and 270° < 2x < 360°, find the value of

(i) cosux,
(ii) sin x.

Solution
(i) Since 270° =< 2x =< 360°, then 135° < x < 180°.
-, x lies in the 2" quadrant.

127
162
127

B Q
2cos x—-1= 6
28
2005%:%
L
, 289 \
cos x = 37
cosx == 289
Y=E\3g

17
=+ —
18
S COSX = —% (cos x <G@s in the 2" quadrant.)

cos 2x =

(i)
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Half Angle Formulae
Replace A with 4 in the Double Angle Formulae.

2
. . A
19. smA_Zsmi cosi
_ 2 A A
20. cos A =cos 5 sin )
=20052%—1
.2 A
_1_ 2 A
=1-2sin 5
2ta.né
21. tanA:—zA
1-tan’ 2 0
2
R-Formulae q
22. asinO+bcosO=Rsin (0 +a) 0\

23. asinf@—bcosO=Rsin (0 —a
( ) WhereR:,/a2 na=
24. acosO+bsinO=Rcos(0—-a)

Q|

25. acosO—-bsinO=Rcos (0+a)
26. For the expression a sin 6 + b cos 6 or a % sin 6,

e Maximum value = R
e Minimum value = -R

&
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Example 8

Using the R-formula, find the maximum and minimum values of 6 sin x — 5 cos x
for values of x, where 0° < x < 360°.

Solution

6 sinx—5cos x =R sin (x —a)

R:,/62+52 =61
—eac (S
o = tan (6)

=39.8°
- 6sinx—35 cos x =61 sin (x — 39.8°) o

Minimum value = —v/61 (when sin (x — 39.8°) = —1)

Maximum value =+/61  (when sin (x —39.8°) = 1) Py

N
Example 9 o*

Solve 3sin2x+2sinx=0for0° =x <

Solution o
3sin2x+2sinx=0 0

3(2 sin x cos x) + 2 sin x
3 sin x cos x + si

sinx (3¢
mnx=0 or 3cosx+1=0
x=0°, 180°, 360° S x = — 1

3

a="7

e
g

o

(The required angles are in the 2" and 4" quadrants.)

Trigonometric Identities and Formulae m
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Example 10

By expressing 4 cos x — 3 sin x in the form R cos (x + &), where R > 0 and 0 < o < % ,

(i) obtain the maximum value of 4 cos x — 3 sin x + 5 and the corresponding value
of x,

(ii) solve the equation 4 cos x — 3 sin x = 2.5 for values of x between 0 and 27
inclusive.

Solution

4 cosx—3sinx=Rcos (x+a)
R=,/42+3 =5 o
tan o = 3
T4
a=0.6435 (to 4 s.f)

s 4 cosx—3sinx =5 cos (x +0.644)

0\
(i) Maximum value=5+5 (Maximum value 0@* sin x is 5)

=10

Maximum value occurs when cos (x + 0.

x=564(to3s.f)

(ii) 4cosx-3sinx=25
5cos (x+0.6435) =25 ¢«
cos (x +0.6435) =0.

X 47,5235 (to4 sf)  (x+0.6435 lies in the 1™ and
=0.404,4.59 (to 3 s.f) 4™ quadrants.)

expression obtained earlier to solve the

UNIT 9



UNIT | Proofsin

Plane Geometry

(not included for NA)

Useful Properties and Concepts that are learnt in
O Level Mathematics

1. Angle Properties

(a) Alternate angles between parallel lines are equal o
P >
&
®
R > 4 >7%b

Since PQ// RS, Za=/dand /b= /c o
ar@ are equal

(b) Corresponding angles between

between parallel lines are supplementary

/Od )
R > G>b s

Since PQ // RS, Za+ £c=180° and £b + £d = 180°

\4

Proofs in Plane Geometry
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2. Properties of Congruent Triangles
e Corresponding sides are equal in length.
e Corresponding angles are equal.

3. Congruence Tests for Triangles

@i SSS
AB=XY,AC=XZand BC=YZ

Z
(ii) SAS
AB=XY,AC=XZand LZA=/X XE
A s B
\\’J Y
¢ VA
(iii) AAS or ASA

AB=XY,/A=/Xand /B =

6 x
A B
Q@ :
¢ Z
for right-angled triangles.
XYand £C = 2£Z=90°

A Z
C B X

(iv) RHS

S
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4. Properties of Similar Triangles

A

e All corresponding angles are equal.
e All corresponding sides are proportional in length.

AE _AB _EB

AD ~AC = DC v

Area of AAEB _(AEY

Area of AADC (E)

D > C

5. Similarity Tests for Triangles

(i) AA
/A=/Xand /LB=/,Y

B ’ 0

AB _BC _AC
XY YZ Xz

:C
A C
(iii) SAS Q
AB /B=1Y X
¥ A
3 B

Y
V4
Y
A C
V4

Proofs in Plane Geometry
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6. Circles

(a) £ at centre =2/ at circumference
An angle at the centre is twice any angle at the circumference subtended by
the same arc,ie. La=2/b.

(b) Rt. £ in a semicircle
Every angle at the circumference subtended by the diameter of a circle is a
right angle,i.e. Za = 90°.

(¢) 4sin the same segment
Angles in the same segment of a circle
Or

D
If AB=BC, then ZADB = /B
QQQ :
’
d) zsi nts are supplementary
TS rilateral, the opposite angles are supplementary,
L o4 “’i.e. 180° and £b + £d = 180°.
*
d

X
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(e)

®

(g

(h)

1 bisector of a chord passes through the centre of the circle
A straight line drawn from the centre to bisect a chord is perpendicular to the
chord,ie. OC L AB < AC =BC.

Equal chords are equidistant from the centre
Chords which are equidistant from the centre are equal, i.e. AB = DE < OC = OF.
(AOAB = AODE)

Tangent L radius

A tangent to a circle is perpendicular to
drawn to the point of contact, é
ie.OC L PQ. ‘ |!

Tangents fi 1 point
(i) Tang to a circle from an external point are equal, i.e. PA = PB.
(ii) The the external point to the centre of the circle bisects the angle

ngents,
/. BPO and £ AOP = /. BOP. A

Proofs in Plane Geometry
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7. Midpoint Theorem for Triangles
In AABC, if D and E are the midpoints of the sides AB and AC respectively, then

DE /| BC and DE = %BC.

8. Tangent-chord Theorem (Alternate Segment Theorem)
The angle between a tangent and a chord meeting the tangent at the contact
is equal to the inscribed angle on the opposite side of the chord,

ie. LBAE = /BCA and LCAD = LCBA. 0\
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Example 1

The diagram shows a circle, centre O, with diameter AC and AB = AD. AC and BD
intersect at X.

(a) Prove that AABC and AADC are congruent.

(b) Prove that BD is perpendicular to AC.

B

N
NN

D

Solution 0\

(a) AB=AD
AC is a common side for the two triangles.
LABC = LADC = 90° (rt. £ in a semicirc
AABC is congruent to AADC (RHS co

ypotenuse of both
gles are the same.)

(b) Since AABC is congruent to
BX =DX.
Since AC passes through thE f the circle, AC L BD (L bisector of a

y share the same base (AC),

chord passes through the of the circle).

Q°Q

Py 4

Proofs in Plane Geometry
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Example 2

In the figure, BD and FE are tangents to the circle, centre O. BED is a tangent to
the circle at B and ACD is a straight line. ZCED = 90°.

A F
19) C
B E D 0
Prove that
(i) LABC = LECD, L/
(i) AABD is similar to ABCD. \

Solutfion 0
(i) Z4ECD = LACF (vert.opp. £Ls)

LACF = LABC (/s in alt. segment

LABC = LECD <

(ii) In AABD and ABCD,

UNIT 10



(UNIT | Differentiation and its
Applications

11

Formulae

1

d n n—
1. a(x)—nx

1

d n n—
2. a(ax)—anx

d <
3 HzWw=0 é@

Addition/Subtraction Rules ‘\

4. Ify=u@) =), % = %[u(x)] + %[v(x)] 0
Example 1 @5
1

respect to x.
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Chain Rule

. . dy dy _du
5. Ifyis afunction of u, then i el

6. % (ax + b)"]: an(ax + b)" ™!

7. In general, % [fO)] = nlf()]" " x £'(x)

Example 2

Differentiate 1/5 — 4x” with respect to x.

<
Solution éq

&) \

=45 4x2)%

& :
- %(5 —4x*)2(8x)  (Chain Rule)
. 0
- [5-ax o

Product Rule
8. Ify=uwv,w v are functions of x, then b ug X vd—u
’ ’ dx “dx o dx

&

*
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Example 3

Differentiate 2x(3x’ — 2)° with respect to x.

Solution

%[2x(3x3 - 2)3]

=2x(3)(3x* = 2)’(9x%) + 2(3x* = 2)’  (Product Rule and Chain Rule)
=203x=2)’27x +3x’=2) (Take out common factors.)

=23x" = 2)*(30x’ - 2)

=4(3x° = 2)*(15x' - 1)

Quotient Rule éq
dx

9. Ify= % , where u and v are functions of x, then _I 2
Example 4 0d :

. . 3x%+4
Differentiate ———= with res
J2x+5

Solution

(Quotient Rule)

_ 9x*+30x-4

J2x+5)
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Equations of Tangent and Normal to a Curve

10. Equation of a straight line: y — y, = m(x — x,)

y
A

¥ tangent

30

P normal

<

11. To find the equation of a tangent, we need:

Gradient of tangent, m = ﬂ

dx ®
Coordinates of a point that lies on the tangent, (x,, y,) \

12. To find the equation of a normal, we need:

Gradient of tangent = % &
i —q-%Y

Gradient of normal = —1 = o @

Coordinates of a point that lies on t@ s (X, )

Q""‘Qo

&
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Example 5

A curve has the equation y = x* + 3x.
(i) Find the equation of the tangent to the curve at (1, 4).
(i) Find the equation of the normal to the curve at (1, 4).

Solution

(i) Sdtep 1: Find % .
Qb _
o =2x+3

dx

dy _
T=2)+3 q
=5

Step 3: Find the equation of the tangent. \
y—4=5x-1)

y—4=5x-5 0
y=5x-1
(ii) Step 1: Find the gradient of the norn

Gradient of normal = —

Step 2: Substitute x = 1 into &y to find the gradient of the tangeqz
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Example 6

The equation of a curve is y = ﬁ . Find
d
W 3
(ii) the equation of the tangent to the curve at x = 2,
(iii) the equation of the normal to the curve at x = 2.

Solution

5
@ Y= 1 3x

dy _ (I-3x)(0)-5(3)

dx (1-3x)° 0
15
"~ (1-3x)?

(ii)) Whenx=2, \
y=-1
dy_3
<
. 3
.. Equation of tangent: y + 1 = = (x
Y= x-
. 5
(iii) Gradient of normal = — = ,=-1)
. 5
.. Equation of no =-3 x=2)

R
A

&
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Connected Rates of Change

13.

14.

15.

If % is the rate of change of x with respect to time ¢ and y = f(x), then the rate of
. o dy _dy dx

change of y with respect to 7 is given by o ar

A positive rate of change is an increase in the magnitude of the quantity involved

as the time increases.

A negative rate of change is a decrease in the magnitude of the quantity involved
as the time increases.

Example 7 0

Two variables, x and y, are related by the equation y = ate of

X i
3x+ 74
change of x at the instant when x = 1, given that y is changi of 3.5 units/s at
this instant.

\
Solution 0
&

X
y= 3x+7
dy _ Gx+ (1) - x(3) 0
dx ™ (3x+7) o

_3x+7—3x

.,
oY

Differentiation and its Applications
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Example 8

A cube has sides of x cm. Its volume, V cm’, is expanding at a rate of 30 cm’/s.
Find the rate of change of x of the cube when the volume is 64 cm’.

Solution

When V=064,x=4.
When x =4,
v 2
2 )
=48
. dv
Given that E—3O, P é
v _av dr N
dr ~ dx * dr
dx

30=48 x — 0
& dr

— =0.625 cm/s &

dr

Q

128 UNIT 11




LUNIT | Further Applications
of Differentiation

Increasing/Decreasing Functions

1.
Function in x y f(x)
First derivative b f'(x)
0 <
d2
Second derivative —Z £ (x)
dx L/
3
Third derivative %
2. Ifyis an increasing function (y increases a creases), the gradient is positive,

»
|

ie. % > 0. <
e.g. A 0 "
(x) /y=g(x)

y=k)

<

Further Applications of Differentiation




Example 1

Find the set of values of x for which f(x) = 2x” — 10x” + 14x + 5 is an increasing
function.

Solution
f(x) = 2x° = 106 + 14x + 5
f'(x) = 6x" - 20x + 14

When f'(x) > 0,

6x*=20x+14>0
3x-10x+7>0
BGx-7Hx-1)>0

x<1 or x>% I @
e,

N\

3. Ifyis adecreasing function (y decreases as x increases), ient is negative,
dy

ie. M <0. &
y 0 y
A
V= \\ y=g(x)

X > X

o

y=kx)
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Example 2

Find the set of values of x for which y = %x3 - % x> + 6x is a decreasing function.
Solution
_laoss
yEFX - x4 6x
dy _
it 5x+6

For y to be a decreasing function, % <0.

X=5x+6<0

(x=3)(x-2)<0 qz

2 3

o
g

Q""’Q@

£
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Stationary Points

4. If a point (x,, y,) is a stationary point of the curve y = f(x), then % =0 when
X = X,, i.e. the gradient of the tangent at x = x,, is zero.

5. A stationary point can be a maximum point, a minimum point or a point of inflexion.

Determining the Nature of Stationary Points

132

6. First Derivative Test: Use % .
Maximum point Minimum point
X X, x X X, X

dy dy
— > < —= <
ax 0| O 0 ax 0| O

slope / - \ slope

stationary /\ stationary
point point

Point of inflexion of inflexion
X X, x X X X

dy dy

- == <

o >0 0 | >0 @ = 0 0 | <0
slope / - / slope \ —

stationary stationary \

point point

23
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2
7. Second Derivative Test: Use %

e If — <0, the stationary point is a maximum point.
dx
d2

o If —Z > 0, the stationary point is a minimum point.
dx
d’y

o If e =0, the stationary point can be a maximum point, a minimum

point or a point of inflexion. Use the First Derivative Test to determine
the nature.

Problems on Maxima and Minima

8. Step 1: Find a relationship between the quantity to be maximised or miftimised

and the variable(s) involved.

Step 2: If there is more than one variable involved, use substitu educe it to
one independent variable only.

Step 3: Find the first derivative of the expression obtairﬁ\s 3

Step 4: Equate the first derivative to zero to obtain th{ ) of the variable.

Step 5: Check the nature of the stationary poin
Step 6: Find the required maximum or mini& f the quantity.
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Example 3

A curve has the equation y = 3(x + 1)*. Find the coordinates of the stationary point
and deduce the nature of the stationary point.

Solution

dy _

4 =0+
Let % =0,
6(x+1)=0

x=-1
When x=-1,y=0. 0

To find the nature of the stationary point, we perform the First Deri

x -1.1 -1
dy
@ <0 >0

stationary point

(-1, 0) is a minimum poinQ

&
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Example 4

Itis given that y = g and that z = x* + 2y. Given that x is positive, find the
X

value of x and of y that makes z a stationary value and show that in this case, z

has a minimum value.

Solution

16
=— -
Y= (D

7=xX+2y —(2)

Substitute (1) into (2):

, 32
=X+ —
X
=2+ 327"
dz _ B
I =2x—128x
:2x—%
X
When%:O,
2x—%=0
X
2x=g
X
¥=64
x==*2

Given that x is

(Express z in terms of one variable.) 0

&~

.. zhas a minimum value.

O
S

= 2 into (1) to obtain the value of y.)

(Use the Second Derivative Test to show that z has a
minimum value.)

Further Applications of Differentiation
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Example 5

__________‘_________

The diagram shows a rectangle of length x cm and 2 semicircles each of radius » cm.
The perimeter of the figure is 400 cm and the area of the rectangle is A c@

(a) Show that A = 4007 — 270,

(b) Find an expression for %

(¢) Calculate 0\
(i) the value of r for which A is a maximum,
(ii) the maximum value of A. 0
Solution 0< :

(a) Given that the perimeter is 400 €m,
2x + 2mr = 400 (AsAis ed in terms of r only, we make use of

x=200-mr the er to obtain an equation involving x and r,
A =x(2r) stituting it into A.)
=2r(200 — 7ur)
= 4007 — 2mz
dA
b) 5 =4

&

*
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(¢ ()

(ii)

When % =0,

dr —
400 -4nr=0
= 100
&4 T
dar?

—- =-4n <0 (Use the Second Derivative Test to check

that A is a maximum.)

o A is a maximum.

When r = @ s
n
2
A= 400(@) - 2n(@)
7 T
40 000 3 20 000

T oon T

20000

T oon

=6370 (to 3 s.f.)

qz

L/
. The maximum value of A is 6370 (to 3 s.f.)‘\

Q""‘Qo

Further Applications of Differentiation
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Example 6

A cylinder, which is made using a thin sheet of metal, has a volume of 500 cm’, radius

of x cm and height of 7 cm.
(a) Express & in terms of x and hence, express the total surface area, A cm’, in terms

of x.
(b) Find the value of x for which A will be a minimum.

h

<
Solution q

L /

(@ V=m'h \

h = 500
500

h=22 0
i’
A =27 + 2mx (&2)
" 0

o 4 1000 c
X

(b)  A=2m + 1000x7"
dA >
e 47tx — 1000x

=430 (to 3 s.f.)
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Differentiation of Trigonometric,
Logarithmic & Exponential

1 3 Functions and their Applications

(not included for NA)

Differentiation of Trigonometric Functions
1. Ensure that your calculator is in the radian mode.
2. 4 (sin x)=cos x 4 (cos x)=—sinx

dx dx

- friere o2
a(tanx)—sec X dx(secx)-secxtanx

d d _
o (cot x) = —cosec” x e (cosec x) = cose: X é
3. %[sin(A“B)] = A cos (Ax + B) *\

i[cos (Ax + B)] = —A sin (Ax + B)

ax
tan(Ax + B)]= A sec* (Ax + B) &

Example 1 o
Differentiate each of the ;; with respect to x.

(@) 3sin(2x+1) (b) (2x+ 1) cos 3x
(¢) x’tan (3x Q@

+1)] = 3[2 cos (2x + 1)]

0’0 =6cos (2x + 1)
(b) P (2x + 1) cos 3x = (2x + 1)(3)(=sin 3x) + cos 3x (2) (Product Rule)

=-3(2x + 1) sin 3x + 2 cos 3x

(© %[ﬁ tan (3x + 2)] =x'(3) sec’ (Bx+2) +tan (3x +2) (3x) (Product Rule)
=3x" [x sec® (3x + 2) + tan (3x + 2)]

Differentiation of Trigonometric, Logarithmic & Exponential Functions and their Applications
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Example 2

Find the gradient of the curve y = x sin x at the point where x = 1.

Solution

y=xsinx
Y _ + si (Gradient of fers t Q)
g = Ycosx+sinx radient of curve refers to .
Whenx=1,
dy . .
a - oS 1+sin1 (Radian mode)

=138 (to 3 s.f)

.. Gradient of curve at x = 1 is 1.38 e q

4. %sin”x] =nsin""' x cos x 0
% cos” x] =-ncos" 'xsinx &
%[tan" x] =ntan""' xsec’x 0

5. % sin"(Ax+B)]=An sin”~! (Ax + (Ax + B)
%[cos” (Ax + B)] =—An co B) sin (Ax + B)
%[tan" (Ax+ B)|= A@ + B) sec’ (Ax + B)

In general,

6. lsin"¢ ) x L [sin £(x)]

dx dx

cos" ' f(x) x %[cos f(x)]

%[tan (x)] =ntan" "' f(x) x %[tan f(x)]

UNIT 13



Example 3

Differentiate each of the following with respect to x.
(a) cos® (1 —3x)

(b) 3 tan’ (2x—m)

(c) sin* (3x +2) cos x°

Solution

(a) %[cosz(l - 3x)] =2 cos (1 - 3x)[~(=3) sin (1 - 3x)]

=6 cos (1 —3x) sin (1 — 3x)

(b) %[3 tan® (2x — n)] = 3[(3) tan® (2x — n)][(Z) sec’ (2x — n)] ( a®e)

= 18 tan” (2x — ) sec” (2x — ) e
(c) % [sin® (3x + 2) cos x°] 0\

= (2) sin 3x + 2) (3) cos (3x + 2) (cos x°) + sin’ 2x) (=sin x%)
=6 sin (3x + 2) cos (3x + 2) cos x° — 2x sin’ sin x> (Product Rule and
Chain Rule)

Differentiation of Logarc%unctions
1

7. %(m X)=—
where £'(x) = 4 [¢(x)] .
’ ar

X

d
8. a[ll’l (ax+b)]=axL+

9. In general, d

10. As far as ake use of the laws of logarithms to simplify logarithmic
expressi nding the derivatives.
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Example 4

Differentiate each of the following with respect to x.

(@ InGx+1) () In(2x* +5)
2x 8 +4x
© ln(&c2 + 4) @ 1n(?)x— 5)
(e) In[x(5x’ -2)] # XIn@x-1)
Solution
d 3
(a) a[ln (3x + 1)] = m
(b) %[m x> +5 )3] = %[3 In (2% + 5)] qe
4 .
= 3(2x2)i 5) (Power Law of Log@@
_ 12x *
2:7+5 0
d 2x | _d ~ )
(©) a[ln(?)xz " 4)] = [1n 2x—In(3x% + 4&

=2_ 6x 0

C) ~1In (3x-5)]
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© %ln[x(sz' -2))= %[lnx +In (5x* -2

1, 154°
=—+—
X 5x -2
dr.s _ .3 4 2 _
® 4 In(4x - )] =x (4x_1)+3x In (4x—1)
_ 4x3 2
_4x_1+3x In(4x —1)
Example 5
Two variables, x and y, are related by the equation y = 31n-:c7 . Find th f
X

change of x at the instant when x = 1, given that y is changing at.a n @ 0.18 units/s
at this instant.

L /

Solution *\
_ Inx 0
T &
1
o (3x + 7)(x) —3lnx
dr Bx+7)
_3x+7-3xInx
T x(Bx+7) @
= X
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Example 6

x and y are related by the equation y = In 22x

instant when y = 0, given that x is changing at a rate of 2 units/s at this instant.

Solution
_In2x
T3
1,
=3 In 2x
% —(—Z)x"3 In 2x + ;x (22x) (Product Rule)

21n 2x 1 0
=" st T3
3x 3x
_1-21In2x é
3x° \

When y =0,
In2x=0

O
0@

Using dy dy dx

1—21n2

uol»—

%

of Exponential Functions

11. %(e")
12. %(ewwb):aewﬁb

i N _ £ 1(x) reoN i
13. In general, AP (™) =f"(x)e™, where f'(x) = i [f(x0)].
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Example 7

Differentiate each of the following with respect to x.

@ & (b) xe”
e3x esinx +1

(C) H (d) oo

Solution

(a) % (62—3X) - _3e2—3x

(b) % (e =x*(4e™) + 2xe™  (Product Rule)

= 2xe™ (2 + 1) qe
d [ " ]= (X’ +1)(3)e™ —e™(2x)  (Quotient Ry b

e
© dr|x?+1 (x*+1) &
_ 32+ e — 2xe™ 0‘
(*+1)
e3P+ - 24]
(x> +1)
@a < T+ 1)e“ (=sinx) (Quotient Rule)

Cosx

d esinx+l _ ecosx(cosxesin
P =

[§

+ (™™ + e sinx

e2<:osx
Q cosx + (™ + l)sinx]

2cosx
€

sinx sinx

e cosx + (e

Ccosx

S

+ 1)sinx
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Example 8

The equation of a curve is y = " cos x, where 0 < x < 7.
Find the x-coordinate of the stationary point of the curve.

Solution
y=¢"cosx
dy

dx =¢" (-sin x) + cos x (e")

=¢" (cos x — sin x)

dy
When a = 0, o
e (cosx—sinx)=0
€' = 0 (no solution) or cosx—sinx=0
coS x = si

tan x m

Example 9

Given that the equation of a curve i§ y =

X
e?

(i) find the coordinates of the @ny point on the curve,
(ii) determine the nature o 1@ ationary point.

Q’b

Solutio
@)

*
’* 1
dy P Lo
dx 2 2
1 1
:%e2 —2e?
UNIT 13



dx
1 1
%e? —2¢2'=0
1. L,
%e2 =2e?
L
eZ
[ 4
e 2
e'=4
In4
Lina 4
y = ez * 1l 4
<
4
_2+§
=4 Py
.. Coordinates of stationary point are (In 4, 4) \

d’y _

o e A
= %e%x + e_7x &
When x =1n 4, 00
((ilxi =1>0 0
.. The stationar%Q minimum.
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(UNIT | Integration

14

Integration
1. Ify=f(x), then fydx= ff(x) dx.

2. If % = g(x), then f g(x) dx =y + ¢, where c is an arbitrary constant.

Formulae and Rules qz
3. fkdx:kx+c,wherekls a constant Py é

n+1
4. fax"dx: X ¢ wheren#—1 \

n+1l

5. f(ax +b)" dx= (a;(+ b)n; + ¢, where n # — 0
6. f [0 = g(0] dr = ff(x) dx + + g(x) dx
Example 1

Find Q
@ [5dx. 0 ) [3x dr,

. 7
(d) fx(3x +;)dx,

© [or

-,

*
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Solution
(a) fs dy=5x+¢

B B 3x5+1
(b) fsx de= T +c
=§x6+c
5 B 2x3+1_3x1+1
© f(2x—3x+6)dx——3+1 4 bre
=%x4—% >+ 6x+c

(d) fx (3)(2 + %) dx = f(3x3 +7) dx (Multiply x into the terms in the bracket

30t before doing the integration.
= +7x+c

3+1
= 3 i Tx e é
4 L/
6 _ 32x-5°" : . .
(e) f3(2x -5 dx= G+D2) +c¢ (Itisnot o find the expansion
3 of 2x =
_ 2 _ 7
=11 2x-5)"+c
Example 2 o
Find the equation of the ch passes through the point (2, 10) and

for which % = 2@

Integration
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Whenx=2,y=10,
4
— 3 —
10=2"+ > +c
c=0

. . 4
. Equation of the curve is y = x’ + <

Integration of Trigonometric Functions
7. fsinxdx:—cosx+c
8. fcosxdx=sinx+c

9. fseczxdx=tanx+c

10. sin(Ax+B)dx=_% cos (Ax + B) + ¢ q@

11. Jcos (Ax+B)dx= —sin(Ax+B) +c¢ &

N
O
&
'oc’@
Q
o?

12. (sec’ (Ax+ B)dx= —tan (Ax+B) + ¢
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Example 3

Find
(a) fcos (5x +3) dx, (b) fs sin (3x — 1) dx,

© fz sec? (8 — 3x) dr.

Solution
(@) [cos (Sx+3)dx= %sin(5x+3)+c

(b) f3 sin 3x - 1) dx = 3[%

=—cos(Bx-1)+c¢ 0
(c) fl sec’ (8 —3x) dx =2 [%3_3)6) +¢  (Note that Jé@x) dx
2
2 #——se +c)
= —Jtan 8-30) +c 9{‘
13. Methods of Integrating Trigonometric Fun

e Use trigonometric identities e.g. 1 sec” x
e Use double angle formulae e.g 0s’x—1orcos 2x=1—2sin" x

Q""‘Qo

+c

&

Integration
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Example 4

Find
(a) f4 tan® 3x dx, (b) |sin x cos x dx,

2 X
(© f6 cos’ 2 d

Solution
(a) f4 tan® 3x dx = 4f(sec2 3x—1) dx

= 4[%tan3x—x]+c

=%tan3x—4x+c eq
(b) fsinxcosxdx: lf2 sin x cos x dx \

= 5 sin 2x dx

_ 1[—cos 2x &:
= ——cos 2x+°®
(c) f6 cos —dx 3f2 cos’

A
_ 2
_3f(COQ (cosA—QCosj—l)

=3[

UNIT 14



Example 5

Prove that (2 cos 6 —sin 0)* = % cos 20 — 2 sin20 + % .

Hence, find f(2 cos x — sin x)* dx.

Solution

LHS = (2 cos 6 —sin 0)
=4 cos’ 0 +sin* O — 4 sin 6 cos O

-4 1+ cos20 . 1-cos26
- 2 2

:2+200529+%—%cos20—25in20 0
3 . 5

—Ecos20—251n20+§ q

= RHS (shown) l\

f(2cosx—sinx)2dx=f(%cos2x—2sin2x+ %

sm 2x ( 2 cos

== sm 2x ‘os 2@

) —2(2sinf cosB)

+ x+c

Integration of
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Example 6

Find
S 4
@ iz W [55;dn

457+ 3x*
() |==——— dx.
f 2x3

Solution

B 1
@[5z
= % f 3x?:- 5 dx (Manipulate the efcpreL 1 in
5 . f'x)
=3 In(B3x+5)+¢ one in the form 3
4 1
) [aTgpde=tfaar e 0

_Ar 3
T 3J2-3x

=_iln(2—3x)+ 0
3
4x7 + 3x* 4x*
(Y 2T de ===+
() f 2x3 f(2x3

= dx

QZ nx+ %x2+c

&

*
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Example 7

2x+4 . . . 2x+4
Express m in partial fractions. Hence, find f m dx .
Solution
L 2x+4 A B

I DGE_2) x+l o2

By Cover-Up Rule,
2 8

A=—§andB=§

2x44 2 8 o
G+Dx=2) 3x+D) 3x-2)

2x+4 2 8
(x+1)(x—2)dx=f[_3(x+l)+3(x—2)}dx * él

N

2

:—31n(x+1)+§1n(x—2@

Q’Z‘Qo

Integration 155




Example 8

x+15
Find [ &

Solution

x+15 A B

Lt G " r 2 7+3

By Cover-up Rule,

17 12
A—?a dB——?

x+15 _ 17 12

(x—2)(x+3) 5(x-2) 5(x+3) é
x+15 17

(x—2)(x+3)dx=f[5(x 2) 5(x+3)

_ Hl n(x _2)——1n(x+3)00*
Integration of e* 05
17. |Je"dx=¢e"+c o
18. fe‘“*bdx=ée’”+b+c |q
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Example 9

Find

(@ [erd, ) [e= dr,

(© f6e§dx, @ [ =4
2e”

Solution

(a) fes"dx=%es"+c
(b) f2x+3dx ; 2x+3+c

© f6e%dx=$+c q
3 i:}

X

—18e’ +¢ *\
@ [ 2; O
=f e2 —2e” !d&&

:Q@

Integration 157
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1.

2.

W

=

bl

=)

Applications of Integration

15

Definite Integrals

b
f f(x) dx =[F(x)] =F(b) - F(a)

faf(x) dx=0

. f:f(x) dx= —fb f(x)dx
. fbcf(x) dx = cf f(x)dx

fcf(x) dx = f f(x) dx+ f(x) dx &

. fbf(x)+g(x)dx ff(x)dx#

o
;g)

&

R
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Example 1

Evaluate
? 10 4
(@) f (x2 -+ S)dx (b) f 5x—4dx
1 X 1
Solution

3 10 3
(a) f (x2 -+ 3) dx =f (x2 —10x72+ 3) dx
1 X 1

_1 3

= —x3+10x‘1+3x]

] <
r 3
=1x3+&+3x] q
.3 X 1
o410, 0] [1 @ i }
—_9+ 3'+9] [3+10+3] \

=38

4 4 1 0
(b) f 5x—4dx=f (5x — 4)? dx &
1 1
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Example 2

5
Given that f f(x) dx =10, find the value of each of the following.
1

1 5
@) f f(x) dx (ii) f 2f(x) dx
5 1

(iii) f 4[f(x)+3J§] dx + f Sf(x) dx
1 4

Solution

(i) f f(x)dx=—

(i) f 52f(x) dx=2 f 5f(x) dx éq
L J
N

=2(10)
=20

(iii) f 4[f(x)+ 3&] dx + f 5f(x) dx = f 4f(x) 2 dx + f 5f(x) dx

UNIT 15



Example 3

. d 1 2 12x
Find —|——| and hence find the value of —=%  _dx.
1mn dx(9_2x2) an ence 1n € value o fl (9—2x2)2 X
Solution
df 1) _9-2x")0)-1(4x)
dx{9 - 247 (9-2x*)

- 4x

(9-2x%)

2 2
f (912+2)2 dx = 3f (94+2)2 dx (Make use of the answer 'n@st part
1 — X 1 — X

) of the question.)
=3[9 12 2} @
i1 (\
T 0

_18

7 &
Example 4 c 0
Evaluate each of the followin%

(a) f *3sin 3x dx (b) f * (sec? x + 2cos x) dx
0 0

Q

Soluti

= —[cos 7t — cos 0]
=—[-1-1]
2

Applications of Integration 161




(b) f * (sec? x + 2cos x) dx = [tan x + 2sin x]*
0

T . TC .
=[tanz+ ZSIHZ] - [tanO + 2sin O]

=1++2

Area bounded by the x-axis

7. For aregion above the x-axis:
Area bounded by the curve y = f(x), the lines x = @ and x = b and the x-axis is

b
f f(x)dx. z
a y \

P Y“Q\

o a b, X

Area bounded by the curve y = f(x),the lines x = @ and x = b and the x-axis is

8. For aregion below the x-axis: ( 0
b
f f(x)dx
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Example 5

Find the area of the shaded region bounded by the curve y = 2x’, the x-axis and the
linesx =1 and x = 3.

0 1 3 > Qe
Solution ¢ é

3
Area of shaded region = f ydx \
1
3
=f 2x7 dx c
1
PT

Applications of Integration
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Example 6

The figure shows part of the curve y = (x — 2)(x — 5). Find the area of the shaded
region.

y
A

IO'\ /y(x2><x5>
2 5 >

Solution éq
L/
5 5
f(x—2)(x—5)dx=‘f (x* = 7x+10)dx \
3 7(2)2

3 2

5

3 2
Xt Tx
—[3— > +10x]

2

53

_ 7(5)°
3 2<
=45 uni%

+ 10(2)}

below the x-axis:
=%(x) and the x-axis as shown below is

9. For an area enclosed
Area bounded by

b
f f(x)d

00“?’ )
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Example 7

The diagram shows part of the curve y = (x — 1)(x — 2).
Find the area bounded by the curve and the x-axis.

y
A

]

y=(x-Dx-2)

0] 1 2
Solution 0

(xl

Area of shaded region f (x=1D(x-2)dx +

f(x 3x+2)dx% X+ 2)dx
1 3

[3x ——x +2x — ——x +2x
15
_[6 0 3

Area bounded
10. For a regio
Area bou

b
f f(y

o

*

y-axis
side of the y-axis:
curve x = f(y), the lines y = @ and y = b and the y-axis is

yA /
b x=1(y)

Applications of Integration 165
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Example 8

The figure shows part of the curve y = x’. Find the area of the shaded region.

y=x

<

27—

<
Solution p éq

y=x' Q\}
x=3y
\®)
27
Area of shaded region = f xdy &
"ot O

_3
=32
= 48.75 units’

[81-16]

4

UNIT 15



11. For aregion on the left side of the y-axis:

Area bounded by the curve x = f(y), the lines y = a and y = b and the y-axis is

oo

\ Ay
x=1y)

=Y

<
&
\®,

Applications of Integration 167
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Example @

Calculate the area of the shaded region shown in the figure.

1,5

1.3

x=(y -4y

Solution

5
Area of (P + Q) =f (y—4y2dy vy
3 A

Jy-4T
- 3

3

Areaof s

= Area of rectangle — Area of (P + Q)

2
’;Q =(HQ2) - 3
* 4 102
= gumts
UNIT 15



Example 10

The diagram shows the curve y = x* — 4. It cuts the line y = 5 at P(3, 5). The line x = 4
intersects the curve at R(4, 16). Find the area of the shaded region POR.

y
A

Solution

Area of POR =f4[(x2 -4)-5] dx &
| ?

Applications of Integration 169




Kinematics

(not included for NA)

16

Relationship between Displacement, Velocity and
Acceleration

1. Differentiation:

ds dv d2
dr dr — dt
displacement, s VCIOCIty, acceler&o
Integration: s = f v dt

Common Terms used in Kin

2. Displacement, s, is defined as the di ce
direction.

3. Velocity, v, is defined as the rat nge of displacement with respect to
time. v can take on positiv ive values.

4. Acceleration, a, is
a can take on al

ed by a particle in a specific

rate of change of velocity with respect to time.
tive values.

5. t =0
L o4 y =
VvV =
Particle s at the fixed point s =
Maximum/minimum displacement v = 0
Maximum/minimum velocity a=0
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6.

7.

Total distance travelled
Total time taken

Average speed =

To find the distance travelled in the first n seconds:

Step 1: Let v =0 to find 7.

Step 2: Find s for each of the values of 7 found in step 1.

Step 3: Find s for t=0 and ¢ = n.

Step 4: Draw the path of the particle on a displacement-time graph.

Example 1

A particle moves in a straight line in such a way that, # seconds after p

through a fixed point O, its displacement from O is s m. Given th %,
find

(i) expressions, in terms of ¢, for the velocity and accel0 i the particle,

(ii) the value of r when the velocity of the particle is 04
(iii) the acceleration of the particle when it is 1

Solution
4 0
(l) s=2 - m
V= ds__ 4 (Appl in Rule of Differentiation)
a=¥o 8
da (r+ 223
(ii) When

2 ort=-6 (rejected) (The negative value of 7 is rejected since
time cannot be negative.)

Kinematics
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(iii) Whens =1,

2 — i =1
r+
4 —
r+2
t+2=4
t=2
. . 8
Substitute t=2into a = ———:
(t+2)
-8
(2+2)
1
-3 1
.. Acceleration of the particle when it is 1 m from O is — gms - 0

Example 2 {\

A particle moves in a straight line such that its dis
A, is given by s = 2t + 3 sin 2¢, where ¢ is the ti
Find

(i) the initial position of the particle
(ii) expressions for the velocity and'acceleration of the particle in terms of ¢,

(iii) the time at which the particle E es to rest.
Solution
@sin 2(0)=0.

initially at point A.

t, s m from a fixed point
onds after passing point A.

(i) s=2r+3sin

=—12 sin 2¢
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(iii) When v =0,
2+6¢cos2t=0

1
cos 2t——§

2t=191 (to 3 s.f.
t=0.955

Example 3

A stone that was initially at rest was thrown from the ground into the air, rising at a
velocity of v =40 — 10z, where ¢ is the time taken in seconds.

(i) Find the maximum height reached by the stone.

(i) Find the values of # when the particle is 35 m above the ground 0

Solution .
i) s=fv dr \

= f(40 —107) dt

—40r— 57 + ¢ &
Whent=0,5=0 .. c=0 0

s =40t — 5¢

t=4

At maximum height,
v=0 (v=0at r@!m displacement.)
40-10=0 <: ;?

t=1 or =7

.. The particle is 35 m above the ground when#=1and r=7.

Kinematics 173




74

Example 4

A particle moves in a straight line so that, 7 seconds after passing through a fixed
point O, its velocity, v cm s™, is given by v = 8¢ — 37 + 3. The particle comes to
instantaneous rest at the point P. Find

(i) the value of 7 for which the particle is instantaneously at rest,

(ii) the acceleration of the particle at P,

(iii) the distance OP,

(iv) the total distance travelled in the time interval r =0 to t = 4.

Solution

(i) Whenv=0, 0
8—3f+3=0
37 -8-3=0

GBr+1)(r-3)=0 P

N

t= —% (rejected) or =3
() v=8-37+3 0
a=8-6t
Whent=3,a=-10
. Acceleration of the particle is@m s”.

(iii)s=fvdt @
=f(8t—3t2+3)

soe=0

UNIT 16



(iv) Whent=0,s=0.
Whent=3,s=18.
Whent=4,s=12.

t=4
$t=3 (Draw the path of
=0 > the particle on a

. . . _displacement-time graph.)

0 12 18
.. Total distance travelled = 18 + (18 — 12)

=24 cm

Example 5

. o N R/ : 4
A particle moving in a straight line passes a fixed point O ocityof4ms™.
The acceleration of the particle, a m s, is given by a =2t — 5, where ¢ is the time
after passing O. Find
(i) the values of t when the particle is instant: t rest,

(ii) the displacement of the particle when #

Squlegn 00
(i) v=Jads
=f(2t—5)dt 0

=F—5t+c¢

Kinematics 175




(i) s =fv dt
f(t2—5t+4)dt

13 5 2
= 31‘ —21‘ +4t+¢
Whenr=0,5=0 ..¢,=0
.o 13 5,
Sos= 3t zt + 4t

Whent=2,

= Loy _3ny

s= 32 =327 +4(2)
2

-3
2
.. Displacement of the particle is 3m 0

N

straight line so that,
,ams ", is given by

Example 6

A particle starts at rest from a fixed point O and tra
t seconds after leaving point O on the line, its ac
a=2cost—sint. Find

(i) the value of r when the particle first ¢ an instantaneous rest,
(i) the distance travelled by the p ei first 3 seconds after leaving O.

Solution

(i) a=2cost—sint

en a particle is at instantaneous rest, v =0.)
in ¢) dt
+c

0 ..c=-1 (NotethatcosO=1.)
cost—1
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(i)

Py 4

Whenv =0,
2sint+cost—1=0
2sint+cost=1
V5 sin (1 +0.4636) = 1

sin (¢t + 0.4636) = %

(R-formula is needed to solve this equation.)

basic angle, a = 0.4636 (to 4 s.f.)
t+0.4636 =0.4636,2.677
t=0,2.21(to3s.f)

.. The particle first comes to an instantaneous rest when ¢t = 2.21.

s:fvdt
:f(25int+cost—1)dt 0

=sint—2cost—t+d

Whent=0,s=0 sd=2 0\
sos=sint—2cost—t+2

Whent=0,s5=0. 0
When 1= 2214, s = 1.785. &

Whent=3,s=1.121.
t=2214
=0

I T T
0 gQ» 1.121 1.785

travelled = 1.785 + (1.785 — 1.121)
=245m (to 3 s.f.)

Kinematics
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MATHEMATICAL FORMULAE

1. ALGEBRA

Quadratic Equation
For the equation ax* + bx + ¢ =0,

_ —b++b? —4ac

2a

n n n n-1 n n-232 n n-ryr n
(a+b) =a"+| |a"'b+| _|a"?b* +..4| |a" "B +..+b",
1 2 r
. L [I’t] n! n(n—l)...(n—r+1) 0
where 7 is a positive integer and = =
r : ! !

X

Binomial expansion

<
2. TRIGONOMETR{\

sin® 4 + co

sec’ 4 <1 +tan’ A

Identities

sin(4 B) =sin'A cos B+ cos 4 sin B

cos A cos B F sin 4 sin B
Q (A£8)= 1tj—riaﬁ ;t:lni?
sin 24 = 2sin A4 cos A
Q 08 24 =cos® A —sin A =2cos’ A— 1 =1—2sin* 4
2tan 4

tan24 = >
l—tan” 4

8y 1

Formulae for
a b ¢
sin4A sinB sinC
2 =p%+¢* —2bccos A4
A= lbc sin 4
2

Mathematical Formulae
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